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Outline
1. Friday 27.07

Quantum field theory, dimensional analysis

2. Friday 27.07

elementary particles, different fundamental interactions ’,\'5
Q
o

3. Thursday 02.08

Noether theorem and Symmetries (space-time, internal gauge symmetries, con%uous
global), Fermi theory, effective theory, gauge symmetry, QED, non-abelian gaug&ymmefrles

Standard Model /4
4. Thursday 02.08 2
Spontaneous symmetry breaking, Goldstone theorem, Higgs mechanism %
: (e}
5.Friday 03.08 Z

Electroweak precision test, stability of the EW vacuum, the hierarchy problem. Field 1
quantization, S-matrix, Feynman rules, scattering, cross sections, decay rates, calculation %
tricks, sample calculation \%

6. Friday 03.08

Non-abelian gauge theories, Standard Model Lagrangian and its phenomenological properties
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Recap

1. QM+Special relativity:
i. uncertainty principle + mass <»energy == particle creation

ii. antiparticle: logarithmic corrections to e- mass: running of «
2. Finite number of elementary particles & 3 families

3. There are different fundamental forces among the elementary
particles

4. Non-trivial (quantum) consistency of particle content
— electric neutrality of the atoms
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QFT: the need for particle creation

Heuristically, we saw why QM+Special Relativity cannot live with fixed number of particles
More rigorous proof by considering a QM description of a free relativistic particle

particle localized at the origin at t=0:  (¥]1(0)) = 6°(7)
( equivalently, (k|¥(0)) = 1, as dictated by uncertainty principle)

its time evolution follows from Schrodinger eq.: |1)(¢)) = e‘iﬁtlw(()»

In particular, the probability to find the particle at the time ¢ at the position 7 is given by

(e 1 0) = [ o3 Fle R Fu o)

/ Ak e—i\/E2+m2t€iE-F
(2m)°

ex.1 [

:—/ dzze_zrsinh(\/zQ—m%) >0 for r>t>0

=

non-vanishing probability to be outside the lightcone, i.e. violation of causality

need to consider multiparticle states: H + \/132 + m?2 (Z \//?2 +m? # \/(Z k)2 + m2)
k k
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Beta decay

0K, 400t 4 G0y — S0t 4 SH s 3He™ + e
[ m? +m% —m% p = \/)\(mAamBamC)c
B 2m 4 2mA

A(ma,mp,m¢c) = (ma+mp+me)(ma+mp —me)(ma —mp +me)(ma —mp —me)

fixed energy of daughter particles (pure SR kinematics, independent of the dynamics)

=> non-conservation of energy!?

Pauli ’30: 3 neutrino, very light since end-point of spectrum is close to 2-body decay limit

v first observed in ’53 by Cowan and Reines

2 2 2
O N'bOdy deca)’S:A»B|+BZ+,,,+BN Eglm — mBlcQ Eréllax _ U\ + mBl (mBz T mBN) C2

ZmA

n—p+e —+1,

Fermi theory ’33 L — G]:(T_Lp) (Eee) exp: GF=1.166x10-> GeV-2
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Gauge Theories

, % (paper rejected by Nature: declared too speculative !)
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5 O no continuous limit
A GJ—" E O inconsistent above 300 GeV

Gusge lfeor

microscopic theory
(exchange of a massive spin 1 particle)

Gr = V2g° exp: mw=80.4 GeV ’ ‘

N Sm%/v © g ~0.6, ie, same order as e=0.3
unification EM & weak interactions

‘e
.
.
‘e
‘e
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Why Gauge Theories?

How are we sure that muon and neutron decays proceed via the same interactions?

Ty ~ 10-6s VS. Theutron ~ 9005

L=Gpy? 2m?

[mass|* _o [mass|
| [mass|

3/2x4
[mass
2 05

for the muon, the relevant mass scale is the muon mass m,=105MeV:T',, = 15%5 ~ 107" GeV

G%Am?

3

~ 10728 GeV

for the neutron, the relevant mass scale is (mn-mp)*1.29MeV: I, = O(1)

(T~ — e 1)

— — L~ 1074 ?
(7= = p~vy,)

ex: what about s decay T #10-8s? Why 11:

What about weak scattering process, e.g. eV, — eV, ?

2 172 non conservation of probability
7 0= GFE\ (non-unitary theory)
‘mass] 2 [masfs]—bd mass|? inconsistent at energy above 300GeV
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Why Gauge Theories?

What about weak scattering process, e.g. eV, — eV, ?

5 19 n e
L e =
[mass| ™~ [mass] 2> [mass] ( )
q
Gauge theory P °
4 E2

7 e (B + m2)

. . 2
« match with Fermi theory at low energy G, 9_2

(we say that the Fermi theory is an effective theory "w ’ ‘

of the weak gauge theory at low energy)

* good high energy behavior
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From Gauge Theory to Fermi Theory

We can derive the Fermi current-current contact interactions by “integrating out” the gauge bosons,
i.e., by replacing in the Lagrangian the W by their equation of motion. Here is a simple derivation (a

better one taking into account the gauge kinetic term and the proper form of the fermionic current
will be presented in the lecture, for the moment, take it as a heuristic derivation)

L=—my WIW, g + gWrJ, g* + gW, J n"

JTH = nytp + eyHuve + iy, + . and JH = (J+“)*
0L _ g -
The equation of motion for the gauge fields: +=0 = W, =—-J,
ow, myy

Plugging back in the original Lagrangian, we obtain an effective Lagrangian (valid below the mass of the
gauge bosons): 5

g _
L=—%5J : g nt
m
W
Which is the Fermi current-current interaction. The Fermi constant is given by G — g*
(the correct expression involves a different normalisation factor) B m%/

In the current-current product, the term (ﬁv“p)(ﬂevye)mu is responsible for beta decay, while the
term (ﬁ’YMVM)(ﬂe’er)Uuu is responsible for muon decay. Both decays are controlled by the same
coupling, as indicated by the measurements of the lifetimes of the muon and neutron.
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Why non-abelian Gauge Theories?
EM = exchange of photon = U(1) gauge symmetry

EM LU 1 — @io‘ but 0,0 — e’ (0,¢) +1(0,,) ¢
v S b G

,{1 20 if local transformations

EM field and covariant derivative  0,¢ +ieA, ¢ — €' *(0,¢ + ieA,)

. 1|
If AM — A,u — g&ua \

the EM field keeps track of the phase in
different points of the space-time

photon do not interact with itself because it doesn't carry an electric charge
W carries an electric charge since it mediates charged current interactions
W interacts with the photon m non-abelian interactions

v S
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Gauge Theorles EM & Yang Ml||S

r‘ EMU]. —> but ,uqﬁ%e (u¢) (a,ua)¢
h (1) ¢—ep b (Ou)

,U 20 if local transformations

EM field and covariant derivative  0,¢ +ieA, ¢ — €'*(0,¢ + ieA,)

the EM field keeps track of the phase in
different points of the space-time

| Op +igAup — U(0,¢ +igA,)

ex
F., =0,A, —0,A, +iglA,, A)] = UF,U""

\(_J

nhoh-abelian int.
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Interactions between Particles

Elementary particles interact on each other
by the exchange of gauge bosons

Christophe Grojean Irntro %fp—’f;)eory 39 DESY, July/ 44(34(5# 2018



The Standard Model: Interactions

o ' light
0 U(l)y electromaguetic cnteractiond Ttoms
\ Photon Y molecules

0 SU(2), weak cuteractions b decay
bosons W=, Z0 { .

0 SU(S)C W calenactiond atomic nuclei

a decay
S

238 s AT 1 4He

gluons  gd

strength Y
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The Standard Model
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The underlying principles of the SM

The beauty of the SM comes from the the identification of
a unique dynamical principle describing the different interactions
that seem so different from each others
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The underlying principles of the SM

The beauty of the SM comes from the the identification of
a unique dynamical principle describing the different interactions
that seem so different from each others

at the same time a particular and predictive structure that
still leaves room for a rich variety of phenomena
(long range interaction, spontaneous symmetry breaking, confinement )
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The underlying principles of the SM

The beauty of the SM comes from the the identification of
a unique dynamical principle describing the different interactions
that seem so different from each others

at the same time a particular and predictive structure that
still leaves room for a rich variety of phenomena
(long range interaction, spontaneous symmetry breaking, confinement )

much more rigid theory = unique theory
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Classical field theory
Classica! mechanic.s & 4 system is described by S — / dtﬁ(g) q)

Lagrangian formalism f

, o position momentum
action principle

determines classical 0S5 = (- Euler-Lagrange equations oL 0 0L —0

trajectory: an' Ot @qz
oL |
conjugate momenta P; = 8(] hamiltonian  H (p, q) = sz’% —
(/ .
Extend Lagrangian formalism _ 4 o i
to dynamics of fields 5 = /d CEL(SO’ 8'“90) On = Ot
oL oL
63 p— O -2>=> 0 =0
0p; 1o (Oupi)
conjugate momenta II; = oL hamiltonian H (x ZH )00pi(x) — L
0(0opi)
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Noether theorem

Invariance of action under There is a conserved current/charge
*continuous™ & *global™ >
o _ 3.0
transformation Oug" = Q= /d zj- (@)
example of (X"
transformation p — Q€ (%)
© — Y+ 100
Let us consider small o< 1 590 — iozgp

transformation

00, = 100, p

1) invariance of ,C under (*): 0L = 0 = i« 5£ oL O
590 &?Mgp

2) Euler-Lagrange equations: — — 0 =0 \~

conhserved current
Christophe Grojean Irntro Y/fp—-ﬂeory 44 DESY, July/ 44(34(5{ 201



Symmetries and conservation laws

Noether's theorem (from classical field theory) :
To each *continuous™ symmetry of the system corresponds a conserved quantity
I- Continuous global space-time symmetries:

translation invariance in space = momentum conservation

translation invariance in fime = energy conservation
rotational invariance = angular momentum conservation

Fields are classified according to their transformation properties under Lorentz group:

ot — o't = At o(z) — ¢'(z')
¢/ (‘/B) — ¢($) scalar
VH o AIIL/‘VV vector

The true meaning of spin arises in the context of a fully Lorentz-invariant
theory (while it is intfroduced ad-hoc in non-relativistic quantum mechanics)
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Symmetries and conservation laws

I- Continuous global space-time (Poincaré) symmetries all particles have (m, s)
- energy, momentum, angular momentum conserved

IT- Global (continuous) internal symmetries - B, L conserved
(accidental symmetries)

III- Local or gauge internal symmetries - color, electric charge conserved

SU(S)C X SU(Q)L X U(l)y
IV- Discrete symmetries - CPT

7
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The Standard Model

[Gargamelle collaboration, 73]
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http://cerncourier.com/cws/article/cern/29168

The Standard Model

[G&Pgaamelle COll&bOI’&thIl, 773] e eeeeeeeeaseeaeeeasaesseaneaaneesneeseneneensesneesneenneeans® 4
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The Standard Model

[G&Pgaamelle COll&bOI’&thIl, 773] e eeeeeeeeaseeaeeeasaesseaneaaneesneeseneneensesneesneenneeans® 4
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Gauge Theory as a Dynamical Principle

pus N
.........
-----
......

L
as
------
nut®

30 I | | 11/07/2003
ere- > W*W- LEP

................................................................ PREL IMINARY

et

V * . + $ P " 9
o )
10- -

g YFSWW/RacoonWw
¢ Z ' y W+ 1 ..o ZWW vertex (Gentle)
’,4 only v, exchange (Gentle)
- - 0 - T : | : |
€ W 160 180 200
R ’ ECm (GeV)
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The Standard Model and the Mass Problem

mpus N
lllllllll
......
------

the masses of the quarks, leptons and gauge bosons
don't obey the full gauge invariance

N ( i ) is a doublet of SU(2). but  m, << me

€

a mass term for the gauge field isn't
invariant under gauge transformation

» @neous breaking of gauge sym@ @
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Electroweak Unification
High energy (~ 100 GeV)

ZEUS
% 10 ZEUS (prel.) e'p NC 99-00 E LOW ener'gy
‘% 1 L o ZEUS ep l\.1098-99 i
3 g --- SM e*p NC (CTEQ6D)
¥ T SmepnotEaD) | This room is full of photons
02 but no W/Z
o3 ; The symmetry between W, Z and y
o ] is broken at large distances
ot meen
of  Smence creoem EM forces = long ranges
10 - o
™ I S Weak forces # short range

Q%(GEV?) e _

my+ = 80.425 +0.038 GeV
myzo = 91.1876 + 0.0021 GeV :
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Higgs Mechanism

" Symmetry of the Lagrangian © ¢ Symmetry of fhe Vacuum
U ( 1 ) e.m.

Vacuum Expectation Value

SU(Q)L X U(l)y

Higgs Doublet

+ | 3 0
H = h = | <H>:<L> with v ~ 246 GeV
h() | | I \/§
Re(t) 1 :
_ t gWﬁ +9'B, \/ZQW,]L + 1 1 2
DyH = 0,H — 3 ( SigW-  —gWi+gB, H with W = — (W, +W,)

--------------------------------------------------------------------------------------------------------------------------------------------------------------------

B clectrically charged bosons
Weak mixing angle

_ 3 L C —= g
Zy=cW;, —sB, V9?9
_ 3 /
Y = sW, +cB ¢ — g
, /g2 _I_g/2
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Interactions Fermions-Gauge Bosons

Gauge invariance says:
L=gWi Y Tspihich s | +9'Bu| > vi hic*

Going to the mass eigenstate basis:

_ g
C p—
7, =cW? — sB 21 g2
H K H with Vo jrg
3 g
V=W, +cby, N

L = \/92 + g’QZM <Z(T3Lz S Qz) znguwz) \/92_(_77# (Z Q’L %’U“%‘)

X i i .
protected by U(1)em gauge invariance

not protected by gauge invariance = no correction
corrected by radiative corrections + new physics

electric charge
/

e = 99 = s5qg = cq’
\/92 _|_ g/2
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Custodial Symmetry

B Rho parameter

P 2 1 P \
Vi MW . Zg U L 1 1
.U M2 cos29,, 1/,2 2y.2  gc T,

Z w Z(g —I_ g )U g2—|—g’2 _____ ‘

_____

B Consequence of an approximate global symmetry of the Higgs sector

ht
H = ( 10 ) Higgs doublet = 4 real scalar fields

’U2

2
V(H) =\ (HTH — §> is invariant under the rotation of the four real components

---------------------
-— - - -

<I>T<I>:HTH< L 1)

SU2)L # (ic’H* H)=® V(H) =2 (trdTd — v?)°

2x2 matrix explicitly invariant under SU(2);, x SU(2)r
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Custodial Symmetry

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

<H>=(%) <<I>>=%(1 1)

unbroken symmetry in the broken phase

(Wﬁ, Wi, WEL’ ) transtorms as a triplet

Mz 0 LM 3 *Mz  —csMz Ws#
(Zys ) ( 0 0 ) ( Y ) = (W, Bu) ( —csM2  s2M73 B
The SU(2)y symmetry imposes the same mass term for all W* thus ¢c*Mz = Mg,

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

The hypercharge gauge coupling and the Yukawa couplings break the custodial SU(2)yv,
which will generate a (small) deviation o p =1 at the quantum level.
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Fermion Masses

SM is a chiral theory (z QED that is vector-like)

meerer + h.c. isnot gauge invariant

The SM Lagrangian doesn't not contain fermion mass terms
fermion masses are emergent quantities
that originate from interactions with Higgs vev

3 YijU 7 Yij ; 7
L Hfn = a4+ LLnF fh
yjsz fRJ \/§szij \/5 szfRJ
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Fermion Masses

In SM, the Yukawa interactions are the only source of the fermion masses

3 Yij v Yij ; 7
yijqu;Hij: . thLiij

fr.fr; +
V2 TV2
mass /\ /\ higgs-fermion interactions

both matrices are simultaneously diagonalizable

no tree-level Flavor Changing Current induced by the Higgs

Not true anymore if the SM fermions mix with vector-like par"rners(*ér' for non-SM Yukawa

H|?\ - ViV v\ - V2 Yii . =
Yij (1+Cij? JL, HRr, = NG 1‘|‘Cij2—fQ Jo, /R, + 1+30ij? ﬁhfLiij

Look for SM forbidden Flavor Violating decays h — pt and h — et

(look also at t—hec ATLAS '14)
© weak indirect constrained by flavor data (LL— €7): BR<10

o Blankenburg, Ellis, Isidori ’12
o

© ATLAS and CMS have the sensitivity o set bounds O(1%) Harnik et al’12
o ILC/CLIC/FCC-ee can certainly do much better Cﬁ;ﬁj?ﬁ?ﬁ?&ié&

(*) e.g. Buras, Grojean, Pokorski, Ziegler '11
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Fermion Masses

In SM, the Yukawa interactions are the only source of the fermion masses

3 YijU ¢ Yij ; 7
L Hfp = o+ LIRF e
yjfL'z, fRJ \/iqu,ng \/i fL/LfRJ

mass /\ /\ higgs-fermion interactions

both matrices are simultaneously diagonalizable

no tree-level Flavor Changing Current induced by the Higgs

Quark mixings

Lyue = MG(LL6), + A QL 40)ufy o + AL (QL 0 )dg o + cC

( ) ( h ) ( z )
me _ _
T L L _ EYuk: quad — €L, UL, TL my UR
Ly (\/§>‘ )ER = ( My - ) mr TR
My UR,o -'-
— M - u om_ Omt_ o me CR,a —
up <_“>\U> Up = me <UL, €L 1L, ) " o Vv = DU
\/§ My t ,Q

) ) T my dR,a
md - (dL,aagL,a;bL,a)VKM mg SR,«
M mp bR,

mp

+ cc
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Goldstone Theorem

Goldstone's theorem | edit)

Goldstone's theorem examines a generic continuous symmetry which is spontaneously broken; i.e., its currents are
conserved, but the ground state is not invariant under the action of the corresponding charges. Then, necessarily, new
massless (or light, if the symmetry is not exact) scalar particles appear in the spectrum of possible excitations. There is
one scalar particle—called a Nambu-Goldstone boson—for each generator of the symmetry that is broken, i.e., that does
not preserve the ground state. The Nambu—Goldstone mode is a long-wavelength fluctuation of the corresponding order
parameter.

By virtue of their special properties in coupling to the vacuum of the respective symmetry-broken theory, vanishing
momentum ("soft") Goldstone bosons involved in field-theoretic amplitudes make such amplitudes vanish ("Adler zeros").

In theories with gauge symmetry, the Goldstone bosons are "eaten" by the gauge bosons. The latter become massive
and their new, longitudinal polarization is provided by the Goldstone boson.

QCD example:

ChArs fo/ﬂ/he GroL/'edn

For two light quarks, u and d, the symmetry of the QCD Lagrangian called chiral symmetry, and denoted as
U(2)y x U(2)g, can be decomposed into

SU(2)L X SU(2)R X U(l)v X U(I)A .

The quark condensate spontaneously breaks the SU(2); x SU(2)r down to the diagonal vector subgroup SU(2),
known as isospin. The resulting effective theory of baryon bound states of QCD (which describes protons and neutrons),
then, has mass terms for these, disallowed by the original linear realization of the chiral symmetry, but allowed by the
nonlinear (spontaneously broken) realization thus achieved as a result of the strong interactions.

The Nambu-Goldstone bosons corresponding to the three broken generators are the three pions, charged and neutral.
More precisely, because of small quark masses which make this chiral symmetryonrty-appreximate, the pions are Pseudo-
Goldstone bosons instead, with a nonzero, but still atypically small mass, ,f/ =\ mq [ o S | CI
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Goldstone Boson

28 ¢ — €'

f B
U(l) yageL aung@ugb A (|¢2| 7% J%)

- h — h U(1) non-linearly realized
2L 10(x)/ f
¢ 7 a0 (f iz h(il?)) € 0 — 6 1 CYf shift symmetry forbids any mass term
for 0
2
L=10,h9"h+ % (£1) 9,000 — X (f2h2 + fh° + 1h?)

© remains a massless field
== Goldstone boson ==

To each continuous global symmetry spontaneously broken
corresponds a massless field

If the U(1) symmetry is gauged, the Goldstone boson is eaten and it
becomes the longitudinal component of the massive gauge boson
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Example of Uneaten Goldstone Bosons
" SU(N) — SU(N —1) (N> —1)—= (N=1)>=1)=2N -1 Goldstone bosons

= St

0 8 n\) (0

o ¢ =exp | 4
<¢> o 0 ST — Tty TN—-1 0
N \ o el ORE ) ) \
¢ — @m¢0 (N-1) complex, 7, and 1 real, 7T, scalars

Let us assume that only SU(N-1) is gauged: then the Goldstone are uneaten.

. , ,
¢ — Un_1¢ =Un_1e"UL_ Un_1¢g =€U¥-1"Un_1 4,

R )

WTUL_l ‘ To

linear transformations

SUNY S ool o ) rmem a5}

hon-linear transformations
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Appendix |

Lorentz transformations - Dirac equation
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Lorentz transformations of scalars

Invariance of integration measure: d'z = cdt-dz - dy - dz

Vo /
ct ct’ = o (ct — Box) Bo = — Jio! — Oz d4 o
X x’ = Y0 ( Boct + CL‘) : ox
— ) with
Yy y =Y 1 ~
z 7=z

Yo = T—ﬁg

| Y =By )
det _5'7 Y . — 72(1 _ 52) —1
1

By definition, a scalar remains invariant under Lorentz transformations: ¢(z) — ¢'(2') = ¢(x)

Invariance of scalar kinetic term: 7"70,¢0,¢

L, 0xP O0x°
77 a I 833’” p¢60¢

v =By 1 v =By (1 - B?)
—By 7 1 —By 7 _ V(8% - 1)
1 -1 1 1
1 1 1 -1
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More on Lorentz transformations

Covariant form of a Lorentz transformation: z'* = A", z"

The invariance of the line element: A? = 5, 22" — A”? =5, 22" imposes the following condition

We always raise and lower the space time indices with the metric:

A,Lu/ — 77,upApz/ Auy — nupnyaApa AP =n"7 A,
Transformation inverse: 't = AF, Y ot =AM
p 0z 0 Ay
v 9k gy T TV

Transformation of the space-time derivatives:

Small Lorentz transformations:  A#*, = 6" + wH,

N\ )N o =10 & Wi =wyy
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Lorentz transformations of vectors

ox'™

- Oxv

Transformation law: At (z) — A (2" AY(x) =AM, AY ()

The abelian gauge field strength then transforms as:
F'UJ,/(ZE) — a,uAV — 8’/‘4# — F,l/JJI/(:E/) — A'UJPA,/O-FPJ

The commutator piece of the non-abelian field strength follows the same transformation law

Invariance of vector kinetic term:

F,,F" —
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Dirac equation

(7;7“((% —m)yp =0
For this equation to be consistent with Einstein equation (m2=E2-p2),

the 4x4 v matrices have to obey the Clifford algebra

Dirac representation of the v matrices:

Chirality matrix
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Lorentz transformations of spinors

Transformation law:  ¥(z) — ¢'(z") = S(A)y(z)
We want the Dirac equation to take the same form in the two systems of coordinates x and x’
(iv"0, —m)y =0 (iv"0], —m)y" =0
This implies the condition: SAHAY ST =47
1

We consider small Lorentz transformations:  A,” = o) +w", S=1- ZOW%”/

The covariance of the Dirac equation then implies that the matrices o' have to satisfy the relation
V", 0”7 = 2i(n""7 —n"7")

It is easy to check that the following matrices fit the bill: o”” = |77, 7]
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Appendix Il

Some notes on group theory
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¢ complex N-vector that transformsas ¢ — ¢’ = U ¢
UUT=UU=1 and detU =1

Non-abelian action: in general U Uz # UsUy .

Infinitesimal transformations: U = ¢ 7" ~ 1+ ia®T® +... Ta are the generators of the group
7ot = 1° Tr(T%) = 0
N-1 independent real diagonal elements (rank N-1)
| | * N2-1 generators
1/2 (N-1)N independent complex off-diagonal elements

SU(2): the 3 Pauli matrices
1 0 1 9 0 —1 3 1 0 commutation relations
g = o = ) o = a b abc _c
1 O i 0 0 —1 0%, 0°] = i€"“0

SU(3): the 8 Gell-Man matrices
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Adjoint representation

Consider the N2-1 generators in the fundamental representation: Ta
They satisfy some non-trivial commutation relations: [Ta, TP]=i fabc Tc
By definition of a commutator, the structure constants satisfy the Jacobi identity:
fabdfcde + fbcdfade 4+ fcadfbde — 0

We define N2-1 matrices of size (N2-1)x(N2-1) by (T2)pc=-i fabe
The Jacobi identity ensures that these matrices satisfy the same commutation relation
[Taﬂ'b]:i fabc Q')c

They form an irreducible representation of SU(N), called the adjoint representation

We show that the product of a fundamental and an anti fundamental is the sum of the trivial
representation and the adjoint representation

N®N=1¢(N*-1)
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SO(N)

¢ real N-vector that transforms as ¢ — ¢’ = U ¢
UU'=U'U=1 and detU =1

Non-abelian action: in general U Uz # UsUy .

Infinitesimal transformations: U =€’ 7" ~1+6%7T° + ... Ta are the generators of the group

T°4+T*=0 Tr(T*) =0

1/2 (N-1)N independent real off-diagonal elements * 1/2 (N-1)N generators

SO(3)

0O 0 O 0 0 1 0O 1 0

™m=[0 0 1 ™= 0 0 0 = -1 0 0

0 -1 0 -1 0 0 0O 0 O
commutation relations [T, T = e*beT°

SO(3)=SU(2)
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Symmetries and invariants

SU(N)

the transformations among the components of a complex N-vector that leaves its norm invariant

0]F = d1¢1 + ... Onon — [¢']F = [9]*

SU(N,M)
the transformations among the components of a complex (N+M)-vector that leaves its (N,M) norm invariant
6] = @11 + ... ONON + DN 1ONt1 — - — DN ONtm — |9 = |9
SO(N)

the transformations among the components of a real N-vector that leaves its norm invariant

0]F = d1 +...05 = [&']* = |¢]”

SO(N,M)
the transformations among the components of a real (N+M)-vector that leaves its (N,M) norm invariant
¢ :¢%+“'¢?\7+¢?\7+1 _°'°_¢?\H—M — |¢']* = |9|*

The Lorentz group is thus SO(1,3)
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| orentz transformation

SO(1,3)
The elements of SO(1,3) satisfy U'nU =7 where =diag(1,-1,-,1,-1)
The infinitesimal transformations are U =7 ~1+60°T% + . ..

The generators satisfy the constraints: 7%'n +nT° = 0

0 1 0 O
One particular generatoris 7= (1) 0 8 8
0O 0 0 O
coshf sinhf 0 O
. g7 | sinh® coshf® 0 O
We obtain "' = 0 0 10
0 0 0 1

We indeed recover the Lorentz transformation with the identification

v =coshf and (v =sinh6

1

[V
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