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Text:

At  the  Faculty  of  Mathematics  and  Natural  Sciences,  Department  of  Physics,  is  a  joint

appointment  with  the  German  Electron  Synchrotron  (DESY)  a

W3-S-Chair  of  "Theoretical  Particle  ─  development  of  theories  beyond  the

Standard  Model"

to  be  filled  as  soon  as  possible.

DESY  is  one  of  the  leading  centers  for  Astroparticle  and  Particle  Physics.  The  research

program  of  particle  physics  includes  a  strong  involvement  in  the  LHC  experiments  and

basic  research  in  the  field  of  theoretical  particle  in  the  Standard  Model  and  possible

extensions.  The  Institute  of  Physics,  Humboldt  University  is  also  involved  with  two

professorships  at  the  LHC  experiment  ATLAS.  The  research  interests  of  the  working  groups

in  the  field  of  theoretical  particle  physics  ranging  from  mathematical  physics  on  the

phenomenology  of  particle  physics  to  lattice  gauge  theory.

Candidates  /  students  should  be  expelled  through  excellence  with  international  recognition

in  the  field  of  theoretical  particle  physics  with  a  focus  on  the  development  of  models

beyond  the  Standard  Model.  Is  expected  to  close  cooperation  with  the  resident  at  the

Humboldt  University  workgroups.  In  addition  to  the  development  of  possible  standard

model  extensions  and  phenomenological  studies  of  experimental  verification  to  be  carried

out.  Place  special  emphasis  send  the  Higgs  physics.  It  is  expected  that  he  /  she  maintains

the  scientific  contacts  between  DESY  and  the  HU  and  active  in  the  DFG  Research  Training

Group  GK1504  "Mass,  Spectrum,  Symmetry:  Particle  Physics  in  the  Era  of  the  Large

Hadron  Collider"  cooperates.  He  /  she  should  be  at  all  levels  of  teaching  in  physics  at  the

HU  participate  (2  LVS)  and  will  have  the  opportunity  to  acquire  outside  of  a  creative

research  program.

Applicants  /  inside  must  meet  the  requirements  for  appointment  as  a  professor  /  to

professor  in  accordance  with  §  100  of  the  Berlin  Higher  Education  Act.

DESY  and  HU  aim  to  increase  the  proportion  of  women  in  research  and  teaching  and  calling

for  qualified  scientists  urgently  to  apply.  Severely  disabled  applicants  /  will  be  given
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Outline
1. Friday 27.07 

Quantum field theory, dimensional analysis 

2. Friday 27.07 
elementary particles, different fundamental interactions 

3. Thursday 02.08 
Noether theorem and Symmetries (space-time, internal gauge symmetries, continuous, 
global), Fermi theory, effective theory, gauge symmetry, QED, non-abelian gauge symmetries, 
Standard Model 

4. Thursday 02.08 
Spontaneous symmetry breaking, Goldstone theorem, Higgs mechanism  

5.Friday 03.08  
Electroweak precision test, stability of the EW vacuum, the hierarchy problem. Field 
quantization, S-matrix, Feynman rules, scattering, cross sections, decay rates,  calculation 
tricks, sample calculation 

6. Friday 03.08  
Non-abelian gauge theories, Standard Model Lagrangian and its phenomenological properties 

the order will probably change
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Recap

!30

1. QM+Special relativity:  
i. uncertainty principle + mass �energy == particle creation 

ii. antiparticle: logarithmic corrections to e- mass: running of α 

2. Finite number of elementary particles & 3 families 

3. There are different fundamental forces among the elementary 
particles 

4. Non-trivial (quantum) consistency of particle content  
� electric neutrality of the atoms
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QFT: the need for particle creation
Heuristically, we saw why QM+Special Relativity cannot live with fixed number of particles 

More rigorous proof by considering a QM description of a free relativistic particle

particle localized at the origin at t=0: h~r| (0)i = �3(~r)
h~k| (0)i = 1( equivalently,                     , as dictated by uncertainty principle)

its time evolution follows from Schrödinger eq.: | (t)i = e�iĤt| (0)i

In particular, the probability to find the particle at the time t at the position    is given by ~r

non-vanishing probability to be outside the lightcone, i.e. violation of causality

h~r |e�iĤt| (0)i =
Z

d3~k

(2⇡)3
h~r |e�iĤt|~kih~k| (0)i

=

Z
d3~k

(2⇡)3
e�i

p
~k2+m2tei

~k·~r

=
1

r

Z 1

m
dz z e�zr sinh(

p
z2 �m2t) for r>t>0>0

need to consider multiparticle states: Ĥ 6=
q

~̂P 2 +m2

0

@
X

~k

q
~k2 +m2 6=

s
(
X

~k

~k)2 +m2

1

A

ex.
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Beta decay

Two body decays: A➙B+C EB =
m2

A +m2
B �m2

C

2mA
c2 p =

�
�(mA,mB ,mC)

2mA
c

�(mA,mB ,mC) = (mA +mB +mC)(mA +mB �mC)(mA �mB +mC)(mA �mB �mC)

d�

dE

Ee(MeV)

fixed energy of daughter particles (pure SR kinematics, independent of the dynamics) 

➾ non-conservation of energy?

Pauli ’30: ∃ neutrino, very light since end-point of spectrum is close to 2-body decay limit

ν first observed in ’53 by Cowan and Reines

N-body decays: A➙B1+B2+...+BN Emin
B1

= mB1c
2 Emax

B1
=

m2
A +m2

B1
� (mB2 + . . .+mBN )2

2mA
c2

Fermi theory ’33 L = GF (n̄p)(�̄ee) exp: GF=1.166x10-5 GeV-2

40
19K ! 40

20Ca
+ + e� 64

29Cu ! 64
30Zn

+ + e� 3
1H ! 3

2He
+
+ e�

n
W±
�⇥ p+ e� + �̄e
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Gauge Theories

Fermi $eory (paper rejected by Nature: declared too speculative !)

Gau) (eory

 no continuous limit 
 inconsistent above 300 GeV

microscopic theory
(exchange of a massive spin 1 particle)

n
W±
�⇥ p+ e� + �̄e

A � GFE
2

L = GF (n̄p)(�̄ee)

n

p

e-

νe

W-

exp: GF=1.166x10-5 GeV-2

GF =

�
2g2

8m2
W

exp: mW=80.4 GeV 
��g ≈0.6, ie, same order as e=0.3 
unification EM & weak interactions

!33
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Why Gauge Theories?
How are we sure that muon and neutron decays proceed via the same interactions?

τµ ≈ 10-6s   vs. τneutron ≈ 900s 

L = GF  
4

[mass]4
[mass]�2 [mass]3/2⇥4

� / G2
Fm

5

[mass]

for the muon, the relevant mass scale is the muon mass mµ=105MeV: 

for the neutron, the relevant mass scale is (mn-mp)≈1.29MeV:

�µ =
G2

Fm
5
µ

192⇡3
⇠ 10�19 GeV

�n = O(1)
G2

F�m5

⇡3
⇠ 10�28 GeV

ex: what about π± decay τπ ≈10-8s? Why                                  ? �(⇡� ! e�⌫̄e)

�(⇡� ! µ�⌫̄µ)
⇠ 10�4

What about weak scattering process, e.g.                    ?e⌫e ! e⌫e

[mass]�2
[mass]�2⇥2 [mass]2

� / G2
FE

2 non conservation of probability  
(non-unitary theory) 

inconsistent at energy above 300GeV
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Why Gauge Theories?
What about weak scattering process, e.g.                    ?e⌫e ! e⌫e

[mass]�2
[mass]�2⇥2 [mass]2

� / G2
FE

2
n

p

e-

νe

W-

Gauge theory

� / g4
E2

m2
W (E2 +m2

W )

• match with Fermi theory at low energy 
    (we say that the Fermi theory is an effective theory  
       of the weak gauge theory at low energy) 

• good high energy behavior

GF / g2

m2
W
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From Gauge Theory to Fermi Theory
We can derive the Fermi current-current contact interactions by “integrating out” the gauge bosons, 
i.e., by replacing in the Lagrangian the W by their equation of motion. Here is a simple derivation (a 
better one taking into account the gauge kinetic term and the proper form of the fermionic current 
will be presented in the lecture,  for the moment, take it as a heuristic derivation)

@L
@W+

µ
= 0 ) W�

µ =
g

m2
W

J�
µThe equation of motion for the gauge fields:

Plugging back in the original Lagrangian, we obtain an effective Lagrangian (valid below the mass of the 
gauge bosons):

L =
g2

m2
W

J+
µ J�

⌫ ⌘µ⌫

L = �m2
WW+

µ W�
⌫ ⌘µ⌫ + gW+

µ J�
⌫ ⌘µ⌫ + gW�

⌫ J+
⌫ ⌘µ⌫

Which is the Fermi current-current interaction. The Fermi constant is given by
(the correct expression involves a different normalisation factor) 

GF =
g2

m2
W

J+µ = n̄�µp+ ē�µ⌫e + µ̄�µ⌫µ + . . . and J�µ =
�
J+µ

�⇤

In the current-current product, the term                                 is responsible for beta decay, while the 
term                                 is responsible for muon decay. Both decays are controlled by the same 
coupling, as indicated by the measurements of the lifetimes of the muon and neutron.

(n̄�µp)(⌫̄e�
⌫e)⌘µ⌫

(µ̄�µ⌫µ)(⌫̄e�
⌫e)⌘µ⌫
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Why non-abelian Gauge Theories?
EM = exchange of photon = U(1) gauge symmetry

EM U(1) but

EM field and covariant derivative

if

≠0 if local transformations

{

the EM field keeps track of the phase in 
different points of the space-time

� � ei�� ⇤µ⇥ � ei� (⇤µ⇥) + i(⇤µ�)⇥

⇥µ�+ ieAµ� � ei�(⇥µ�+ ieAµ�)

Aµ ⇥ Aµ � 1

e
⇥µ�

Fµ⇥ = �µA⇥ � �⇥Aµ ! Fµ⌫

photon do not interact with itself because it doesn’t carry an electric charge 
W carries an electric charge since it mediates charged current interactions 

W interacts with the photon ☛ non-abelian interactions

W-

W+

γ
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Gauge Theories: EM & Yang-Mills

!38

EM U(1) but

EM field and covariant derivative

if

≠0 if local transformations

{

the EM field keeps track of the phase in 
different points of the space-time

� � ei�� ⇤µ⇥ � ei� (⇤µ⇥) + i(⇤µ�)⇥

⇥µ�+ ieAµ� � ei�(⇥µ�+ ieAµ�)

Aµ ⇥ Aµ � 1

e
⇥µ�

Fµ⇥ = �µA⇥ � �⇥Aµ ! Fµ⌫

Yang-Mills : non-abelian transformations

if

non-abelian int.

{
— Ghost propagator

a b
=

iδab

k2 + i0
. (5)

• Three-gluon vertex

a
α

k1

b
β

k2

c
γ

k3

= −gfabc
[

gαβ(k1 − k2)
γ + gβγ(k2 − k3)

α + gγα(k3 − k1)
β
]

. (6)

• Four-gluon vertex

a
α b

β

c
γd

δ

= −ig2

⎡

⎢

⎣

fabef cde(gαγgβδ − gαδgβγ)

+ facef bde(gαβgγδ − gαδgγβ)

+ fadef bce(gαβgδγ − gαγgδβ)

⎤

⎥

⎦

. (7)

• Quark-gluon vertex

a

µ

i f

j f ′

= −igγµ × δf ′

f × (ta)ji . (8)

2

— Ghost propagator

a b
=

iδab

k2 + i0
. (5)

• Three-gluon vertex

a
α

k1

b
β

k2

c
γ

k3

= −gfabc
[

gαβ(k1 − k2)
γ + gβγ(k2 − k3)

α + gγα(k3 − k1)
β
]

. (6)

• Four-gluon vertex

a
α b

β

c
γd

δ

= −ig2

⎡

⎢

⎣

fabef cde(gαγgβδ − gαδgβγ)

+ facef bde(gαβgγδ − gαδgγβ)

+ fadef bce(gαβgδγ − gαγgδβ)

⎤

⎥

⎦

. (7)

• Quark-gluon vertex

a

µ

i f

j f ′

= −igγµ × δf ′

f × (ta)ji . (8)

2

� � U�

⇥µ�+ igAµ� � U(⇥µ�+ igAµ�) Aµ ⇥ UAµU
�1 � i

g
U�µU

�1

Fµ⌫ = @µA⌫ � @⌫Aµ + ig[Aµ, A⌫ ] ! UFµ⌫U
�1

ex
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Elementary particles interact on each other  
by the exchange of gauge bosons

γ

e
−

e
−

e
−

e
−

Interactions between Particles

!39
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electromagnetic interactions

weak interactions

strong interactions

strength

Photon

bosons

gluons

light
atoms

molecules

β decay

α decay

{

{
{

atomic nuclei

10-5

10-2n
W±
�⇥ p+ e� + �̄e

e+ + e�
Z0

�⇥ D+
(cs̄) +D�

(c̄s)

238
92U �⇥ 234

90Th + 4
2He

U(1)Y

SU(2)L

SU(3)c

γ

W±, Z0

ga

!40

The Standard Model: Interactions

1
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The Standard Model

description of all 
elementary particles and 

their interactions

Nobel P!ze ‘79

!41
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The underlying principles of the SM
The beauty of the SM comes from the the identification of 

 a unique dynamical principle describing the different interactions  
that seem so different from each others 

gauge theory = spin-1 

!42
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The underlying principles of the SM
The beauty of the SM comes from the the identification of 

 a unique dynamical principle describing the different interactions  
that seem so different from each others 

gauge theory = spin-1 

at the same time a particular and predictive structure that  
still leaves room for a rich variety of phenomena 

(long range interaction, spontaneous symmetry breaking, confinement )  

!42
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The underlying principles of the SM
The beauty of the SM comes from the the identification of 

 a unique dynamical principle describing the different interactions  
that seem so different from each others 

gauge theory = spin-1 

at the same time a particular and predictive structure that  
still leaves room for a rich variety of phenomena 

(long range interaction, spontaneous symmetry breaking, confinement )  

gravitation = general relativity= spin-2 

much more rigid theory = unique theory

!42
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a system is described by S =

Z
dtL(q, q̇)

position momentum

�S = 0 ➔➔ Euler-Lagrange equations

pi =
@L
@q̇i

H(p, q) =
X

i

piq̇i � L

action principle 
determines classical 

trajectory:

conjugate momenta hamiltonian

Classical mechanics & 
Lagrangian formalism

@L
@qi

� @

@t

@L
@q̇i

= 0

Extend Lagrangian formalism 
to dynamics of fields

H(x) =
X

i

⇧i(x)@0'i(x)� L

�S = 0

⇧i =
@L

@(@0'i)

@µ =
@

@xµ

@L
@'i

� @µ
@L

@(@µ'i)
= 0➔➔

S =

Z
d4xL(', @µ')

conjugate momenta hamiltonian

Classical field theory
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Invariance of action under 
*continuous* & *global* 

transformation 
➔

There is a conserved current/charge

@µj
µ = 0 Q =

Z
d3xj0(x, t)

' ! '+ i↵'
Let us consider small 

transformation ↵ ⌧ 1 �' = i↵'

example of 
transformation (*)' ! 'ei↵

Noether theorem

�@µ' = i↵@µ'

1) invariance of      under (*):L �L = 0 = i↵

✓
�L
�'

'+
�L

�@µ'
@µ'

◆

2) Euler-Lagrange equations:
�L
�'

� @µ
�L

�@µ'
= 0 {

⌘ J
conserved current

@µ

✓
'

�L
�@µ'

◆
= 0

!
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Noether’s theorem (from classical field theory) :
To each *continuous* symmetry of the system corresponds a conserved quantity

 translation invariance in space ➔  momentum conservation
translation invariance in time ➔  energy conservation
 rotational invariance ➔ angular momentum conservation

I- Continuous global space-time symmetries:

Fields are classified according to their transformation properties under Lorentz group:

xµ ! x0µ = ⇤µ
⌫x

⌫ �(x) ! �0(x0)

V µ ! ⇤µ
⌫V

⌫

�0(x) = �(x) scalar

vector

spinor L/R(x) ! exp[(�i~✓ ⌥ ~⌘).
~�

2
] L/R (9)
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The true meaning of spin arises  in the context of a fully Lorentz-invariant 
theory (while it is introduced ad-hoc in non-relativistic quantum mechanics)

Symmetries and conservation laws 
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I- Continuous global space-time (Poincaré) symmetries all particles have (m, s)
➔ energy, momentum, angular momentum conserved

III- Local or gauge internal symmetries
SU(3)c ⇥ SU(2)L ⇥ U(1)Y

➔ color, electric charge conserved

IV- Discrete symmetries ➔ CPT

II- Global (continuous) internal symmetries ➔ B, L conserved
(accidental symmetries)

Symmetries and conservation laws 
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the  strong, weak and electromagnetic interactions of the 
elementary particles are described by gauge interactions 

SU(3)CxSU(2)LxU(1)Y

The Standard Model

[Gargamelle collaboration, ’73]Fig. 14: First νµe elastic scattering event observed by the Gargamelle Collaboration [10] at CERN. Muon neutrinos enter the

Freon (CF3Br) bubble chamber from the right. A recoiling electron appears near the center of the image and travels toward the

left, initiating a shower of curling branches.

By analogy with the calculation of theW -boson total width (2.43), we easily compute that

Γ(Z → νν̄) =
GFM3

Z

12π
√

2
,

Γ(Z → e+e−) = Γ(Z → νν̄)
[
L2

e + R2
e

]
. (2.47)

The neutral weak current mediates a reaction that did not arise in the V − A theory, νµe → νµe,
which proceeds entirely by Z-boson exchange:

νµ

νµ

e

e

This was, in fact, the reaction in which the first evidence for the weak neutral current was seen by the

Gargamelle collaboration in 1973 [10] (see Figure 14).

To exercise your calculational muscles, please do

Problem 3 It’s an easy exercise to compute all the cross sections for neutrino-electron elastic scattering.

Show that

σ(νµe → νµe) =
G2

FmeEν

2π

[
L2

e + R2
e/3

]
,

σ(ν̄µe → ν̄µe) =
G2

FmeEν

2π

[
L2

e/3 + R2
e

]
,

σ(νee → νee) =
G2

FmeEν

2π

[
(Le + 2)2 + R2

e/3
]

,

σ(ν̄ee → ν̄ee) =
G2

FmeEν

2π

[
(Le + 2)2/3 + R2

e

]
. (2.48)

19

νµ e- → νµ e-

!47

Xe-

νµ

W - e-

νµ

http://cerncourier.com/cws/article/cern/29168
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the  strong, weak and electromagnetic interactions of the 
elementary particles are described by gauge interactions 

SU(3)CxSU(2)LxU(1)Y

The Standard Model

[Gargamelle collaboration, ’73]Fig. 14: First νµe elastic scattering event observed by the Gargamelle Collaboration [10] at CERN. Muon neutrinos enter the

Freon (CF3Br) bubble chamber from the right. A recoiling electron appears near the center of the image and travels toward the

left, initiating a shower of curling branches.

By analogy with the calculation of theW -boson total width (2.43), we easily compute that

Γ(Z → νν̄) =
GFM3

Z

12π
√

2
,

Γ(Z → e+e−) = Γ(Z → νν̄)
[
L2

e + R2
e

]
. (2.47)

The neutral weak current mediates a reaction that did not arise in the V − A theory, νµe → νµe,
which proceeds entirely by Z-boson exchange:

νµ

νµ

e

e

This was, in fact, the reaction in which the first evidence for the weak neutral current was seen by the

Gargamelle collaboration in 1973 [10] (see Figure 14).

To exercise your calculational muscles, please do

Problem 3 It’s an easy exercise to compute all the cross sections for neutrino-electron elastic scattering.

Show that

σ(νµe → νµe) =
G2

FmeEν

2π

[
L2

e + R2
e/3

]
,

σ(ν̄µe → ν̄µe) =
G2

FmeEν

2π

[
L2

e/3 + R2
e

]
,

σ(νee → νee) =
G2

FmeEν

2π

[
(Le + 2)2 + R2

e/3
]

,

σ(ν̄ee → ν̄ee) =
G2

FmeEν

2π

[
(Le + 2)2/3 + R2

e

]
. (2.48)

19

νµ e- → νµ e-

!47

e- e-

νµ νµ

"X

http://cerncourier.com/cws/article/cern/29168
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the  strong, weak and electromagnetic interactions of the 
elementary particles are described by gauge interactions 

SU(3)CxSU(2)LxU(1)Y

The Standard Model

[Gargamelle collaboration, ’73]Fig. 14: First νµe elastic scattering event observed by the Gargamelle Collaboration [10] at CERN. Muon neutrinos enter the

Freon (CF3Br) bubble chamber from the right. A recoiling electron appears near the center of the image and travels toward the

left, initiating a shower of curling branches.

By analogy with the calculation of theW -boson total width (2.43), we easily compute that

Γ(Z → νν̄) =
GFM3

Z

12π
√

2
,

Γ(Z → e+e−) = Γ(Z → νν̄)
[
L2

e + R2
e

]
. (2.47)

The neutral weak current mediates a reaction that did not arise in the V − A theory, νµe → νµe,
which proceeds entirely by Z-boson exchange:

νµ

νµ

e

e

This was, in fact, the reaction in which the first evidence for the weak neutral current was seen by the

Gargamelle collaboration in 1973 [10] (see Figure 14).

To exercise your calculational muscles, please do

Problem 3 It’s an easy exercise to compute all the cross sections for neutrino-electron elastic scattering.

Show that

σ(νµe → νµe) =
G2

FmeEν

2π

[
L2

e + R2
e/3

]
,

σ(ν̄µe → ν̄µe) =
G2

FmeEν

2π

[
L2

e/3 + R2
e

]
,

σ(νee → νee) =
G2

FmeEν

2π

[
(Le + 2)2 + R2

e/3
]

,

σ(ν̄ee → ν̄ee) =
G2

FmeEν

2π

[
(Le + 2)2/3 + R2

e

]
. (2.48)
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νµ e- → νµ e-

!47

e- e-

νµ νµ

Z

http://cerncourier.com/cws/article/cern/29168
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the  strong, weak and electromagnetic interactions of the 
elementary particles are described by gauge interactions 

SU(3)CxSU(2)LxU(1)Y

e+e- → W+W-

e+

e-

W+

W -

ν

e+

e-

W+

W -

Z, γ

Gauge Theory as a Dynamical Principle

!48



Christophe Grojean Intro HEP-Theory DESY, July/August 2018

a mass term for the gauge field isn’t 
invariant under gauge transformation

the  strong, weak and electromagnetic interactions of the 
elementary particles are described by gauge interactions 

SU(3)CxSU(2)LxU(1)Y

the masses of the quarks, leptons and gauge bosons  
don’t obey the full gauge invariance 

is a doublet of SU(2)L but

spontaneous breaking of gauge symmetry

The Standard Model and the Mass Problem

�
�e

e�

⇥

m�e � me

�Aa
µ = ⇤µ⇥

a + gfabcAb
µ⇥

c

  

!49
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This room is full of photons  
but no W/Z 

The symmetry between W, Z and γ     
is broken at large distances

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

1

10

10
3

10
4

ZEUS

ZEUS e+p CC 99-00
ZEUS e−p CC 98-99
SM e+p CC (CTEQ6D)
SM e−p CC (CTEQ6D)

ZEUS (prel.) e+p NC 99-00
ZEUS e−p NC 98-99
SM e+p NC (CTEQ6D)
SM e−p NC (CTEQ6D)

Q2 (GeV2)

dσ
/d

Q
2  (p

b/
G

eV
2 )

EM

Weak

High energy (~ 100 GeV)

Low energy 

EM forces ≈ long ranges

Weak forces ≈ short range

m� < 6� 10�17 eV

mW± = 80.425± 0.038 GeV

mZ0 = 91.1876± 0.0021 GeV

Electroweak Unification

!50



Christophe Grojean Intro HEP-Theory DESY, July/August 2018

Higgs Mechanism
Symmetry of the Lagrangian Symmetry of the Vacuum

Higgs Doublet Vacuum Expectation Value

Gauge boson spectrum 

electrically charged bosons 

electrically neutral bosons

!51

SU(2)L � U(1)Y

H =

�
h+

h0

⇥

U(1)e.m.

⇥H⇤ =
�

0
v�
2

⇥
with v � 246 GeV

DµH = �µH � i

2

⇤
gW 3

µ + g⇤Bµ

⇤
2gW+

µ⇤
2gW�

µ �gW 3
µ + g⇤Bµ

⌅
H with W±

µ = 1⌅
2

�
W1

µ ⇥W2
µ

⇥

|DµH|2 = 1
4 g

2v2 W+
µ W�µ + 1

8

�
W 3

µ Bµ

⇥⇤ g2v2 �gg⇥v2

�gg⇥v2 g⇥2v2

⌅⇤
W 3µ

Bµ

⌅

Weak mixing angle

M2
W = 1

4g
2v2

Zµ = cW 3
µ � sBµ

�µ = sW 3
µ + cBµ

c = g�
g2+g�2

s = g��
g2+g�2

M2
Z = 1

4 (g
2 + g�2)v2

M� = 0
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Interactions Fermions-Gauge Bosons
Gauge invariance says:

!52

with

Going to the mass eigenstate basis:

Zµ = cW 3
µ � sBµ

�µ = sW 3
µ + cBµ

c = g�
g2+g�2

s = g��
g2+g�2

L = gW 3
µ

�
⇤

i

T3L i ⇥̄i�̄
µ⇥i

⇥
+ g�Bµ

�
⇤

i

yi ⇥̄i�̄
µ⇥i

⇥

electric charge

protected by U(1)em gauge invariance 
➾ no correctionnot protected by gauge invariance 

corrected by radiative corrections + new physics

L =
⌅

g2 + g�2Zµ

�
⇤

i

(T3L i � s2Qi) ⇤̄i⇥̄
µ⇤i

⇥
+ gg�⇤

g2+g�2
�µ

�
⇤

i

Qi ⇤̄i⇥̄
µ⇤i

⇥

e =
gg��

g2 + g�2
= sg = cg�

Q = T3L + Y
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Rho parameter

Custodial Symmetry

!53

⇥ � M2
W

M2
Z cos2 �w

=
1
4g

2v2

1
4 (g

2 + g�2)v2 g2

g2+g�2

= 1

2x2 matrix explicitly invariant under

SO(4) ⇥ SU(2)L � SU(2)R

SU(2)L

SU(2)R

�
i�2H� H

⇥
= �

�†� = H†H

�
1

1

⇥

V (H) = �
4

�
tr�†�� v2

⇥2

SU(2)L � SU(2)R

Higgs doublet = 4 real scalar fields

is invariant under the rotation of the four real components

H =

�
h+

h0

⇥

V (H) = �

�
H†H � v2

2

⇥2

Consequence of an approximate global  symmetry of the Higgs sector
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Custodial Symmetry

Higgs vev

The hypercharge gauge coupling and the Yukawa couplings break the custodial SU(2)V,  
which will generate a (small) deviation to ρ = 1  at the quantum level.

ρ = 1

unbroken symmetry in the broken phase

!54

�H⇥ =
�

0
v�
2

⇥
��⇥ = v�

2

�
1

1

⇥

SU(2)L � SU(2)R ⇥ SU(2)V

�
W 1

µ ,W
2
µ ,W

3
µ

⇥
transforms as a triplet

(Zµ �µ)

⇤
M2

Z 0
0 0

⌅⇤
Zµ

�µ

⌅
=

�
W 3

µ Bµ

⇥⇤ c2M2
Z �csM2

Z
�csM2

Z s2M2
Z

⌅⇤
W 3µ

Bµ

⌅

The SU(2)V symmetry imposes the same mass term for all W i thus c2M2
Z = M2

W
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Fermion Masses

SM is a chiral theory (≠ QED that is vector-like) 

meēLeR + h.c. is not gauge invariant

The SM Lagrangian doesn’t not contain fermion mass terms 
fermion masses are emergent quantities 

that originate from interactions with Higgs vev

yij f̄LiHfRj =
yijvp

2
f̄LifRj +

yijp
2
hf̄LifRj
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Fermion Masses
In SM, the Yukawa interactions are the only source of the fermion masses

yij f̄LiHfRj =
yijvp

2
f̄LifRj +

yijp
2
hf̄LifRj

mass higgs-fermion interactions

both matrices are simultaneously diagonalizable  

no tree-level Flavor Changing Current induced by the Higgs

Not true anymore if the SM fermions mix with vector-like partners  or for non-SM Yukawa 

yij

✓
1 + cij

|H|2

f2

◆
f̄LiHfRj =

yijvp
2

✓
1 + cij

v
2

2f2

◆
f̄LifRj +

✓
1 + 3cij

v
2

2f2

◆
yijp
2
hf̄LifRj

(*) e.g. Buras, Grojean, Pokorski, Ziegler ’11 

(*) 

Look for SM forbidden Flavor Violating decays h � µτ and h � eτ

weak indirect constrained by flavor data (µ� eγ): BR<10% 
ATLAS and CMS have the sensitivity to set bounds O(1%) 
ILC/CLIC/FCC-ee can certainly do much better 

 Blankenburg, Ellis, Isidori ’12

Harnik et al ’12
Davidson, Verdier ’12

CMS-PAS-HIG-2014-005

(look also at t→hc ATLAS ’14)

http://arXiv.org/abs/1105.3725
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Fermion Masses
In SM, the Yukawa interactions are the only source of the fermion masses

yij f̄LiHfRj =
yijvp

2
f̄LifRj +

yijp
2
hf̄LifRj

mass higgs-fermion interactions

both matrices are simultaneously diagonalizable  

no tree-level Flavor Changing Current induced by the Higgs

Quark mixings
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Goldstone Theorem

QCD example:

sic!
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Goldstone Boson

U(1)
φ → eiαφ

φ = 1
√

2
(f + h(x)) eiθ(x)/f h → h

θ → θ + αf

non-linearly realizedU(1)

shift symmetry forbids any mass term 
for θ

L = ∂µφ†∂µφ − λ
(

∣

∣φ2
∣

∣

2
−

f2

2

)2

L =
1
2
∂µh∂µh +

1
2

(

f+h
f

)2

∂µθ∂µθ − λ
(

f2h2
+ fh3

+
1
4
h4

)

If the U(1) symmetry is gauged, the Goldstone boson is eaten and it 
becomes the longitudinal component of the massive gauge boson

!58

θ remains a massless field 
== Goldstone boson  ==    

To each continuous global symmetry spontaneously broken 
corresponds a massless field
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Example of Uneaten Goldstone Bosons

Let us assume that only SU(N-1) is gauged: then the Goldstone are uneaten.

Goldstone bosonsSU(N) → SU(N − 1) (N2
− 1) −

(

(N − 1)2 − 1
)

= 2N − 1

(N-1) complex,    ,  and 1 real,      , scalars

⟨φ⟩ =

⎛

⎜

⎜

⎜

⎝

0

.

.

.

0

f

⎞

⎟

⎟

⎟

⎠

φ = exp

⎛

⎜

⎜

⎜

⎝

i
f

⎛

⎜

⎜

⎜

⎝

−π0 π1

. . .
...

−π0 πN−1

π⋆
1 . . . π⋆

N−1
(N − 1)π0

⎞

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

0
...
0
f

⎞

⎟

⎟

⎟

⎠

φ = eiπφ0 π⃗ π0

φ → UN−1φ = UN−1e
iπU

†
N−1

UN−1φ0 = eiUN−1πU
†
N−1φ0

SU(N − 1)

linear transformations

π →

(

UN−1

1

) (

π0 π

π† π0

)(

U
†
N−1

1

)

=

(

π0 UN−1π

π†U
†
N−1

π0

)

φ → exp

(

i

(

α⃗

α⃗†

))

exp

(

i

(

π⃗

π⃗†

))

φ0 ≈ exp

(

i

(

π⃗ + α⃗

π⃗† + α⃗†

))

φ0

non-linear transformations

SU(N)

SU(N − 1)

!59
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Appendix I
Lorentz transformations - Dirac equation
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Lorentz transformations of scalars
Invariance of integration measure:

0

BB@

ct
x
y
z

1

CCA !

0

BB@

ct0 = �0 (ct� �0x)
x0 = �0 (��0ct+ x)

y0 = y
z0 = z

1

CCA

�0 =
v0
c

with
�0 =

1p
1� �2

0

d4x = cdt · dx · dy · dz

d4x0 =

����
@x0

@x

���� d
4x

z }| {��������
det

0

BB@

� ���
��� �

1
1

1

CCA

��������
= �2(1� �2) = 1

Invariance of scalar kinetic term: ⌘µ⌫@µ�@⌫�

By definition, a scalar remains invariant under Lorentz transformations: �(x) ! �0(x0) = �(x)

⌘µ⌫@µ�@⌫� ! ⌘µ⌫@0
µ�

0@0
⌫�

0 = ⌘µ⌫
@x⇢

@x0µ
@x�

@x0⌫ @⇢�@��

0

BB@

� ���
��� �

1
1

1

CCA

0

BB@

1
�1

�1
�1

1

CCA

0

BB@

� ���
��� �

1
1

1

CCA=

0

BB@

�2(1� �2)
�2(�2 � 1)

�1
�1

1

CCA



Christophe Grojean Intro HEP-Theory DESY, July/August 2018!62

More on Lorentz transformations
Covariant form of a Lorentz transformation: x0µ = ⇤µ

⌫ x
⌫

The invariance of the line element: �2 = ⌘µ⌫x
µx⌫ ! �02 = ⌘µ⌫x

0µx0⌫ imposes the following condition

⌘µ⌫⇤
µ
⇢⇤

⌫
� = ⌘⇢�

We always raise and lower the space time indices with the metric:

⇤µ⌫ = ⌘µ⇢⇤
⇢
⌫ ⇤µ

⌫ = ⌘µ⇢⌘
⌫�⇤⇢

� ⇤µ⌫ = ⌘⌫�⇤µ
�

Transformation inverse: x0µ = ⇤µ
⌫ x

⌫ xµ = ⇤⌫
µ x0⌫

Transformation of the space-time derivatives: 
@µ =

@x0⌫

@xµ

@

@x0⌫ = ⇤⌫
µ@

0
⌫

@0
µ =

@x⌫

@x0µ
@

@x⌫
= ⇤µ

⌫@⌫

Small Lorentz transformations: ⇤µ
⌫ = �µ⌫ + !µ

⌫

⌘µ⌫⇤
µ
⇢⇤

⌫
� = ⌘⇢� , !µ⌫ = !⌫µ
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Lorentz transformations of vectors

  Transformation law: 

The abelian gauge field strength then transforms as:

Aµ(x) ! A0µ(x0) =
@x0µ

@x⌫
A⌫(x) = ⇤µ

⌫A
⌫(x)

Fµ⌫(x) = @µA⌫ � @⌫Aµ ! F 0
µ⌫(x

0) = ⇤µ
⇢⇤⌫

�F⇢�

The commutator piece of the non-abelian field strength follows the same transformation law

  Invariance of vector kinetic term: 

Fµ⌫F
µ⌫ ! ⇤µ

⇢⇤⌫
�⇤µ↵⇤⌫�F⇢�F↵� = Fµ⌫F

µ⌫

= ⌘⇢↵

= ⌘��
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Dirac equation
(i�µ@µ �m) = 0

{�µ, �⌫} = 2⌘µ⌫
For this equation to be consistent with Einstein equation (m2=E2-p2), 

the 4x4 # matrices have to obey the Clifford algebra

Dirac representation of the # matrices:

�0 =

✓
12

�12

◆
, �i =

✓
�i

��i

◆

�1 =

✓
0 1
1 0

◆
�2 =

✓
0 �i
i 0

◆
�3 =

✓
1 0
0 �1

◆

Chirality matrix

�5 = i�0�1�2�3

�
�5

�2
= 14
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Lorentz transformations of spinors
Transformation law:  (x) !  0(x0) = S(⇤) (x)

We want the Dirac equation to take the same form in the two systems of coordinates x and x’

(i�µ@µ �m) = 0 (i�µ@0µ �m) 0 = 0

This implies the condition: S�µ⇤⌫
µS

�1 = �⌫

We consider small Lorentz transformations: ⇤µ
⌫ = �µ⌫ + !µ

⌫ S = 1� i

4
�µ⌫!µ⌫

The covariance of the Dirac equation then implies that the matrices $!% have to satisfy the relation

[�⌫ ,�⇢�] = 2i(⌘⌫⇢�� � ⌘⌫��⇢)

It is easy to check that the following matrices fit the bill: �⇢� =
i

2
[�⇢, ��]
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Appendix II
Some notes on group theory
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& complex N-vector that transforms as & → &’ = U & 

Non-abelian action: in general                     .     U1U2 6= U2U1

Infinitesimal transformations: 

UU† = U†U = 1 and detU = 1

U = ei↵
aTa

⇡ 1 + i↵aT a + . . . Ta are the generators of the group

T a† = T a Tr(T a) = 0

N-1 independent real diagonal elements (rank N-1) 

1/2 (N-1)N independent complex off-diagonal elements 
N2-1 generators

SU(3): the 8 Gell-Man matrices

�1 =

✓
0 1
1 0

◆
�2 =

✓
0 �i
i 0

◆
�3 =

✓
1 0
0 �1

◆
SU(2): the 3 Pauli matrices

�1 =

0

@
0 1 0
1 0 0
0 0 0

1

A �2 =

0

@
0 �i 0
i 0 0
0 0 0

1

A �3 =

0

@
1 0 0
0 �1 0
0 0 0

1

A �8 =
1p
3

0

@
1 0 0
0 1 0
0 0 �2

1

A

�4 =

0

@
0 0 1
0 0 0
1 0 0

1

A �5 =

0

@
0 0 �i
0 0 0
i 0 0

1

A �6 =

0

@
0 0 0
0 0 1
0 1 0

1

A �7 =

0

@
0 0 0
0 0 �i
0 i 0

1

A

[�a,�b] = i✏abc�c

commutation relations 

SU(N)
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Adjoint representation
Consider the N2-1 generators in the fundamental representation: Ta  

They satisfy some non-trivial commutation relations: [Ta,Tb]=i fabc Tc 

By definition of a commutator, the structure constants satisfy the Jacobi identity: 

We define N2-1 matrices of size (N2-1)x(N2-1) by (Ta)bc=-i fabc  

The Jacobi identity ensures that these matrices satisfy the same commutation relation 

 [Ta,Tb]=i fabc Tc 

They form an irreducible representation of SU(N), called the adjoint representation

fabdf cde + f bcdfade + f cadf bde = 0

We show that the product of a fundamental and an anti fundamental is the sum of the trivial 
representation and the adjoint representation

N ⌦ N̄ = 1� (N2 � 1)
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SO(N)
& real N-vector that transforms as & → &’ = U & 

Non-abelian action: in general                     .     U1U2 6= U2U1

Infinitesimal transformations: Ta are the generators of the group

1/2 (N-1)N independent real off-diagonal elements 1/2 (N-1)N generators

SO(3)

commutation relations 

UU t = U tU = 1 and detU = 1

T at + T a = 0 Tr(T a) = 0

U = e✓
aTa

⇡ 1 + ✓aT a + . . .

T 1 =

0

@
0 0 0
0 0 1
0 �1 0

1

A T 2 =

0

@
0 0 1
0 0 0
�1 0 0

1

A T 3 =

0

@
0 1 0
�1 0 0
0 0 0

1

A

[T a, T b] = ✏abcT c

SO(3)≈SU(2)
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Symmetries and invariants
SU(N) 

the transformations among the components of a complex N-vector that leaves its norm invariant   

|�|2 = �⇤
1�1 + . . .�⇤

N�N ! |�0|2 = |�|2

SO(N) 
the transformations among the components of a real N-vector that leaves its norm invariant   

|�|2 = �2
1 + . . .�2

N ! |�0|2 = |�|2

SU(N,M) 
the transformations among the components of a complex (N+M)-vector that leaves its (N,M) norm invariant   

|�|2 = �⇤
1�1 + . . .�⇤

N�N + �⇤
N+1�N+1 � . . .� �⇤

N+M�N+M ! |�0|2 = |�|2

SO(N,M) 
the transformations among the components of a real (N+M)-vector that leaves its (N,M) norm invariant   

|�|2 = �2
1 + . . .�2

N + �2
N+1 � . . .� �2

N+M ! |�0|2 = |�|2

The Lorentz group is thus SO(1,3)
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Lorentz transformation
SO(1,3) 

The elements of SO(1,3) satisfy                      where  =diag(1,-1,-,1,-1)  U t ⌘U = ⌘

The infinitesimal transformations are U = e✓
aTa

⇡ 1 + ✓aT a + . . .

The generators satisfy the constraints: T at⌘ + ⌘T a = 0

One particular generator is T =

0

BB@

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

1

CCA

e✓T =

0

BB@

cosh ✓ sinh ✓ 0 0
sinh ✓ cosh ✓ 0 0
0 0 1 0
0 0 0 1

1

CCAWe obtain

We indeed recover the Lorentz transformation with the identification

� = cosh ✓ and �� = sinh ✓

� =
1p

1� �2
, cosh2 ✓ � sinh2 ✓ = 1


