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• Introduction to neutrino oscillations  

 

• Oscillation experiments 

 

• Current bounds on oscillation parameters: global analysis 
(arXiv:1312.2878, Phys. Rev. D (2014) – with G. L. Fogli, E. Lisi,  A. Marrone,  
D. Montanino, A. Palazzo) 

 - effect of global analysis  on�� 

 - effect of global analysis on �ଶଷ�octant 
 - future prospects 

 

• A method to measure mass hierarchy: MBL reactor experiments 
(arXiv:1309.1638, Phys. Rev. D 89 (2014) - with E. Lisi, A.Marrone) 

 - theoretical calculations (probability, cross section,…ሻ 

 - statistical analysis  

 - energy scale errors 

 

• Conclusions 

 



In the 3� framework, the mixing matrix � is: 

Oscillations depend on mass differences. Assuming �ଶ > �ଵ: 

 

3 MIXING ANGLES �ଵଶ, �ଵଷ, �ଶଷ 

� = ܿଵଶܿଵଷ �ଵଶܿଵଷ �ଵଷ݁−�−�ଵଶܿଶଷ − ܿଵଶ�ଶଷ�ଵଷ݁� ܿଵଶܿଶଷ − �ଵଶ�ଶଷ�ଵଷ݁� �ଶଷܿଵଷ�ଵଶ�ଶଷ − ܿଵଶܿଶଷ�ଵଷ݁� −ܿଵଶ�ଶଷ − �ଵଶܿଶଷ�ଵଷ݁� ܿଶଷܿଵଷ             

���ఓ�� = �∗ �ଵ�ଶ�ଷ  

where ܿ = cos�  and � = s�n�   

1 PHASE � 

CPV FOR � ≠ Ͳ, � 

Δ�ଶ = �ଷଶ − ሺ�ଶଶ + �ଵଶሻ ʹ  Δ�ଶ = �ଷଶ − ሺ�ଶଶ + �ଵଶሻ ʹ  ��ଶ = �ଶଶ − mଵଶ > Ͳ "ࡵࡾ�ࡴࡼࡿࡻࡹࢀ�" "ࡾ�ࡸࡻࡿ�" 





Can be classified according to: 

Neutrino source ࡸ/� Channel �ఈ → �ఉ 

Each class of experiments is sensitive only to some of the parameters 

LBL Accelerators (T2K, MINOS) ���������→ ������Δ�ଶ, �ଶଷ, �ଵଷ, �  

Solar                         ����������������������������������������→��������ଵଶ, ��ଶ, �ଵଷ 

SBL Reactors  (DChooz,RENO,DB)    →������ �ଵଷ, Δ�ଶ 

LBL Reactors (KamLAND)                    → ��������ଶ, �ଵଶ, �ଵଷ 

Atmospheric  (Super-K)                         →��������ଶଷ, Δ�ଶ, � 

ఔܲഀ→ఔഁଶఔ �, � = s�nଶʹ�s�nଶ �Δ�ଶ�Ͷ� �, ߙ ≠  ߚ

They compare the observed events spectrum with those expected  

for different combinations of oscillation parameters values. 



ሺΔ�ଶ, ��ଶ, �ଵଷ, �ଶଷ, �ଵଶሻ are known with good accuracy (∼ ͳͲ%ሻ,  
mainly dominated by a single class of experiments. 

UNKNOWN  PARAMETERS 

� 
�ଶଷ octant 

 ሺ�ଶଷ > �ସ , �ଶଷ < �ସሻ Mass hierarchy 

GLOBAL   ANALYSIS 

 

Combine data from all the experiments. Maybe useful  

to get the most restrictive bounds and may provide  

guidance for the unknown parameters, taking advantage 

of parameters correlations. Example: hint �ଵଷ ≠ Ͳ (Fogli 

et al. arXiv:08062649 (2008)). 



T2K prefers s�nଶ�ଵଷ ∼ Ͳ.ͲͶ, whereas 

Solar + KL (���ndependentሻ and 

MINOS both give s�nଶ�ଵଷ ∼ Ͳ.Ͳʹ.  

For this value of ��ଵଷ�T2K has 

a preference for � ∼ ͳ.ͷ�� 

T2K only 



• SBL Reactors gives the most stringent bound of �ଵଷ around s�nଶ�ଵଷ ∼ Ͳ.Ͳʹ͵ and they are independent from �. For this value of ��ଵଷ�we still are in the part of the plot where � ∼ ͳ.ͷ� is favored. 

Adding this contribution to the previous combination we just reduce 

the limits  on �ଵଷ without changing ��best fit. 

 

 



• SBL Reactors gives the most stringent bound of �ଵଷ around s�nଶ�ଵଷ ∼ Ͳ.Ͳʹ͵ and they are independent from �. For this value of ��ଵଷ�we still are in the part of the plot where � ∼ ͳ.ͷ� is favored. 

Adding this contribution to the previous combination we just reduce 

the limits  on �ଵଷ without changing ��best fit. 

• Atmospheric data prefer  
�� ∼ ͳ.�Combining we have   

�� ∼ ͳ.4 and  

a stronger preference for s�n� < Ͳ 

 



• MINOS prefers non-maximal �ଶଷ, but cannot 

distinguish between the octants, whereas T2K  

prefers ∼maximal mixing. T2K + MINOS give 

two degenerate minima. 

 

• ሺ�ଶଷ, �ଵଷሻ�are anticorrelated 

 

• Solar + KL have their best fit for s�nଶ�ଵଷ ∼ 

0.02, smaller than the one of T2K+MINOS. 

In the combination this data eliminate the 

degeneracy and  there is a small preference 

for the second octant. 

 



SBL Reactors data give s�nଶ�ଵଷ ∼ 

0.023, higher than the one 

obtained for LBL Acc+Solar+ 

KL. Adding this data, taking 

into account the anticorrelation, 

there is a flip of octant from 

the second one to the first 

(just for normal hierarchy). 

 



Atmospheric data alone prefer the first octant at over 2� for NH 

and 1.5� for IH. In combination with other experiments we still 

have preference for first octant, but with less significance. 

 



Preference for CP 

violating � ∼ ͳ.Ͷ� and s�n� < Ͳ 

Preference for non-maximal �ଶଷ and for first octant. 

Weaker in inverted hierarchy 

߯୫୧୬ଶ ܪܰ − ߯୫୧୬ଶ ܪܫ = −Ͳ.͵ 

no hierarchy information yet 

• Overall preference for �ଶଷ�in first octant (>ͳ� only for NH), less 

significant than previous analysis. This is mainly due to 

• � ∼ ͳ.Ͷ�, ��t��s�n� > ͳ�d�sfa�ored�at�a�conf�dence�le�el > ʹ�,
• �ଶଷ�and���
• ߯୫୧୬ଶ ܪܰ − ߯୫୧୬ଶ ܪܫ = −Ͳ.͵�� → �no���erarc�y��nformat�on�yet



LBL accelerator experiments are in principle capable of performing 

this measurement, taking advantage of matter effects, but it is 

strongly dependent from the value of � (also �ଶଷሻ. In the best 

conditions T2K+NO�A can reach ʹ� confidence level. 

 

MEDIUM  BASELINE   REACTOR   EXPERIMENT 

(JUNO) 
 

Need a method independent 

from � or � 



Ten years ago it was proposed that medium baseline reactor 

experiments (with baseline ∼ ͷͲ�kmሻ can probe neutrino mass 

hierarchy, through the study of the channel �� � �→ � � . 

 
They are sensitive to short wavelenght oscillations, governed by ሺ�ଵଷ, Δ�ଶሻ, to long wavelength oscillations, governed by (�ଵଶ, ��ଶ), 

and to their tiny interference, which depends on mass hierarchy. 
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THEORETICAL: 

Very accurate theoretical 

calculations 

PHENOMENOLOGICAL: 

Refined stat/syst  

anlyses 

REQUIREMENTS 

EXPERIMENTAL: 

High statistics, high  

resolution 



ߙ =  +ͳ���ሺ�ormal���erarc�yሻ−ͳ���ሺIn�erted���erarc�yሻ 

 ߮ ≃ ʹ�ଵଶଶ � ͳ − s�n�ʹ� vܲacଶఔ  

 � = �2�ଶ� ,���� vܲacଶఔ = ͳ − Ͷsଵଶଶ ܿଵଶଶ s�nଶ� 

 હ = FREE PARAMETER 

We «connect» continuously the two hypotheses: 

normal hierarchy (� = +) and inverted hierarchy (� = −)  

� ࢋ � → ࢋ � ≃ ࢉ �୫a୲ࡼ + ࢙ + ࢙ ࢉ �୫a୲ࡼ ܛܗ���� ࢋࢋ��� �ࡸ� + ࣐� � 



 ୫ܲa୲ଶఔ = ͳ − Ͷ� ଵଶଶ  ܿଵଶଶ s�nଶ�  
 �ଵଶ, ��ଶ → ሺ� ଵଶ, �� ଶሻ with a fractional correction of ͺ × ͳͲ−ଷ, which is of the same 

order of magnitude of the fit accuracy. The corrections are negligible for ሺ�ଵଷ, Δ�ଶሻ. 

 

Differences with the exact probability can be neglected in the 

analysis (< × −ሻ 

 ω is a damping factor taking into account the presence of multiple reactors. For a 

JUNO-like configuration there are 10 reactors with a  baseline (flux-averaged) of 

L=52.474 km. In this case  the amplitude of the hierarchy sensitive cosine is reduced 

of 28% at low energy. 

 

� ࢋ � → ࢋ � ≃ ࢉ �୫a୲ࡼ + ࢙ + ࢙ ࢉ �୫a୲ࡼ ܛܗ���� ࢋࢋ��� �ࡸ� + ࣐� � 



INVERSE �۲۳۱��:���� ܍ + ܘ → +܍ +  ���ܖ

� �ሺ�ሻࢊ�ሺ�, ࢋ�ࢊሻࢋ� ≃ � − � 

Nucleon recoil⇒Correction to energy resolution function 

In the high energy part of the spectrum 

there is a ܱ �/��  correction to the relation � − �� ≃ � − ��  (recoiless approx). 

This correction is of the same order of  

energy resolution 
Δ�� ∼ ܱሺͳ%ሻ ⇒ �� ∈ [�ଵ, �ଶ]� 

ࢋ�ࢊ  �ࢊ ࢋ�ࢊࢋ�,�
∞

ࢋ� ࢘ ࢋ� + ,ࢋ� ࢙��� ≃ �ሺ�ሻ� − � �ࢋ�ࢊ 
� ࢘ ࢋ� + ,ࢋ� ࢙���  

Analytical integral Energy res. function 

(gaussian) 

Reasonable approximation: Top-hat 

function within kinematical limits 



ࢋ�ࢊ  �ࢊ ࢋ�ࢊࢋ�,�
∞

ࢋ� ࢘ ࢋ� + ,ࢋ� ࢙��� ≃ �ሺ�ሻ� − � �ࢋ�ࢊ 
� ࢘ ࢋ� + ,ࢋ� ࢙���  

Analytical integral Energy res. function 

(gaussian) 

Nucleon recoil⇒Correction to energy resolution function 



STATISTICS 

5 years 

 events with oscillations from MBL reactors .  ×  unoscillated events  from LBL reactors 

3.5×  unoscillated events  from geo−� 



SYSTEMATICS 

ܚܗܜ��܍ܚ� → ሺܚܗܜ��܍ܚ� + ሻ �e୭� → �e୭ሺ + ሻ �e୭ → �e୭ሺ +  ୦ሻ



The true spectrum of events �∗ሺ�v୧ୱሻ is calculated for global analysis  

best fit values of oscillation parameters and for a fixed hierarchy. Then �∗ሺ�v୧ୱሻ is compared to a family of spectra �ሺ�v୧ୱሻ obtained by varying  

8 parameters. � = ܜ�ܜܛ� + ܚ�ܘ� + ܛ�ܛ�  � = ࣑ ��, ࢋࢋܕ� , �, �, �, ,Rࢌ ,ࢌ �୦ࢌ  

୮a୰࣑ =  �� − �� ��


�= ୱyୱ࣑  = �ࢌ  − ࢙�


  

all parameters floating 

�ܑ�are�t�e�ͳ��errors� taken�from��lobal�analys�s 

ܐ܂,܃ܛ = .  ܛ� = .  



ୱ୲a୲࣑ =  ݀�v୧ୱ �∗ �v୧ୱ − �ሺ�v୧ୱሻ�∗ሺ�v୧ୱሻ ଶ9�Me
�Me�  

 

• Distance from ߙ = ͳ�and�ߙ = −ͳ 

 ∼ ͵.Ͷσ 

 

• Distance from ߙ = Ͳ�and ߙ = −ͳ ∼ ͳ.σ 

RESULTS   FOR   «TRUE NH»: 



Our definition of hierarchy sensitivity is ࣑୫୧୬ � = − − ୫୧୬࣑ ሺ� = ሻ� ∼ . ૠ� 

 ͳሻ�ߙ is a continuous parameter. 

Using this parameter we solve 

the statistical issues connected 

to the applicability of ߯ଶ  to 

discrete hypotheses tests. We 

recover  the same result 

obtained by other methods: 

 Ͳ.ͷ ୫୧୬࣑ � = − − ୫୧୬࣑ ሺ� = ͳሻ� 
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Ͳ.ͷ ୫୧୬࣑ � = − − ୫୧୬࣑ ሺ� = ͳሻ� 

 

2) Measuring mass hierarchy 

means finding the sign of an 

extra phase (߮ሻ. In a realistic 

situation an experiment can 

find no evidence of an extra 

phase (ߙ = Ͳ) and in this case 

hierarchy determination is 

already compromised.  



• Accuracy is improved of a factor  ∼ ͳͲ�for Δ���ଶ , ��ଶ, �ଵଶଶ , �݂ , but 

this change is less significant for the other parameters. 

 

• Far reactors do not affect precision on parameters, while geo�  

decrease precision on ሺ��ଶ, �ଵଶଶ ሻ, whose obsvervable oscillations are 

in the same part of the spectrum where there are geo�.  



Non linear  � → �′ transformations can mimic the wrong hierarchy  

at a slightly different Δ�ଶ, if the following equation is satisfied: 

 

There is an infinite class of such transformations. For instance 

consider the case � → �′ with � = �′at�∞. 

ࢋࢋ�� �ࡸ ± ࣐ � = ′�ࡸ′�ࢋࢋ�� ∓ ࣐ �′  

Now the best fit is at α = −ͳ, despite  

having assumed normal hierarchy as the  

true one. Normal hierarchy is excluded  

at >͵� 



However the ߯ଶ is very high O(100) , because this transformation of�� 

create a mismatch of spectra at low energy.  



If the shape errors in Φ � � � �are of the same order of the deviations Φ � � � → Φ �′ � �′ , caused by the transformation � → �′, then the 

mismatch at low energy can be almost undone by a factor ݂ � = Φ � � �Φ �′ � �′  

As a result we have ߯ଶ ∼ ܱሺͳͲሻ. 



Medium baseline reactor experiments can probe neutrino mass hierarchy 

up to ��,  but high precision is required on both experimental and 

theoretical side. In this context we have shown: 

How to include analitically the recoil effects of the nucleon 
 

An analytical approximation of the oscillation probabilities 

including matter effects and multiple reactors 
 

That non linear � → �′ transformations, togheter with spectral 

uncertainties, may mimic wrong hierarchy. 

However ,this issue deserves further studies. 
 

That it is possible to condense hierarchy information in a continuous  

parameter �, (+1=NH, -1=IH). This solves the issues related to the 

statistical interpretation of the data analysis .The distance between  � = +�and�� = − is � in JUNO-like experiments. 


