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The general tactic Modern Summation Technologies applied to Quantum Field Theory

FleN) = [ ETk 7y d7 0k (Akg)V
’ (2m)5F (2m)= (2m)i+e Kk —Fa)?—m2) (ki —Ra)? (s —p)2 %)
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The general tactic Modern Summation Technologies applied to Quantum Field Theory

F(a N) B d4+‘€/€1 d4+‘€/€2 d4+‘€/€3 (A.kg)N
T ] @a)iE @m)iteE (2m) e KNG —ka)—m?) (o —k2)? ((Ra—p)P—m?)

= <B(2+ b3 Bl + k-0 - 5 +k1+5) ()
where
_ D(@)r()
B(a,b) = I'(a+0b)
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The general tactic Modern Summation Technologies applied to Quantum Field Theory

F(E N) _ d4+5k1 d4+5k2 d4+5k3 (A k)N
’ (2m)4+e (2m)d+e (2m)4te ka((ki—ks)?—m?)(ki—k2)?((ks—p)>—m?)
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The general tactic Modern Summation Technologies applied to Quantum Field Theory

F(a N) B d4+‘€/€1 d4+‘€/€2 d4+‘€/€3 (A.kg)N
T ] @a)itE @m)ite (2m) e KRG —ka)—m?) (oa—k2)? (R —p)P—m?)

|
N
Z -5 —1—3—€)><
2

= xB(2+k,5)B (5+k,—E)B(1—§+k,1+§)<JZ)

= f3(N,k)e™ 3+ fo(N,k)e™2 + f (N, k)e ! +

(if (V) (Zf— (N.))e (if—l(N,k‘))E_l—i‘...

k=1
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The general tactic Modern Summation Technologies applied to Quantum Field Theory

F(E N) B d4+‘€/€1 d4+‘€/€2 d4+‘€/€3 (A k)N
’ ] (2m)dte (2m)dte (2m)dte Ky ((ki—ks)?—m?) (k1 —k2)? (ks —p)*—m?)

€ € e\ (N
xB 2+k,§)B(—5+k,—e)B(1—§+k,1+§)<k)

= f-a(N k)™ + fa(N k)e™ + fa(N k)™ + ...

(ﬁ:f*B(vaOE_?’ + (ﬁ:fJ(N, k))€_2 + ( g:ffl(N, k) )5_1 +...

k=1 k=1 k=1
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Tactic 1: Expand and simplify Modern Summation Technologies applied to Quantum Field Theory
Simplify

N 2 3
B wit (N, (2+3k)(—2+ 3k +7k* +3k%)  285(k) Ca
F‘l(N)*;(_l) <k>( SR (1 1K) T+k T2 1R
where B
™. sign(a)’ 1
SG(N):;T andCa:;i—a
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Tactic 1: Expand and simplify Modern Summation Technologies applied to Quantum Field Theory
Sim pI |fy

iMz

Pyt (2+3k)(— 2+ 3k +Tk* +3k>)  2S5,(k) G
) 3E2(1 1 k)P T+k T2 1R

J (summation package Sigma.m)

(16N® + 144N” + 413N + 384) (N + 1)*F_,(N)
— (N +2)(2N +5)(16N° + 112N + 221N + 113) F_; (N + 1)
+ (N +3)*(16N® + 96N? + 173N + 99) F_; (N + 2)

1 _ 5_ a_ 3 2
— = (4N2 + 21N + 29) CQ + 64N 500N 31(1]33_1;) (-]‘r\?fgf\f +3516 N+3090
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Tactic 1: Expand and simplify Modern Summation Technologies applied to Quantum Field Theory

Simplify

iMz

Pyt (2+3k)(— 2+ 3k +Tk* +3k>)  2S5,(k) G
) 3E2(1 1 k)P T+k T2 1R

J (summation package Sigma.m)

(16N® + 144N” + 413N + 384) (N + 1)*F_,(N)
— (N +2)(2N +5)(16N° + 112N + 221N + 113) F_; (N + 1)
+ (N +3)*(16N® + 96N? + 173N + 99) F_; (N + 2)

1 2 —64N5—500N* —1133N34+203N2 43516 N+3090
:5(4N + 21N +29)¢2 + ST E)

J (summation package Sigma.m)

1—4N —14N — 13
loo o te (N +1)2
(AN -1S() | (1 4N)S1(N)? (14N +13)5:(N)
N +1 6(N +1) 3(N +1)2
175N? + 334N + 155 (1 — 4N)S2(N)
12(N + 1)3 6(N +1) 8(N T pyleve: € Q)
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Tactic 1: Expand and simplify Modern Summation Technologies applied to Quantum Field Theory
Sim pI |fy

3k2(1+ k)3 T+k  2(1+k)

iMz

k+1< >((2+3k)(—2+3k+7k2+3k3) 250, G

|| (recurrence finding and solving)

1 1,,1-4N _ —14N-13
(13~ 5% N+l TN FI?
(AN —1)S1(N) (1 —4N)S1(N)*> = (14N + 13)S:(N)

N +1 6(N +1) 3(N +1)2
175N? + 334N + 155 (1 — 4N)S2(N) N G2
12(N 4+ 1)3 6(N + 1) 8(N +1)
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Tactic 1: Expand and simplify Modern Summation Technologies applied to Quantum Field Theory

Sigma.m is based on difference ring/field theory
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Tactic 1: Expand and simplify Modern Summation Technologies applied to Quantum Field Theory

Consider a massive 3—loop ladder graph [abiinger, Blimlein, Hasselhuhn Klein, €S Wissbrock,
Nucl. Phys. B, 2013, arXiv:1206.2252 [hep-ph]]

=F 3(N)e® + Fo(N)e™? + F_1(N)e™! +| Fy(N)

All diagrams are produced with axodraw (J. Vermaseren)
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Tactic 1: Expand and simplify Modern Summation Technologies applied to Quantum Field Theory

Consider a massive 3—loop ladder graph [abiinger, Blimlein, Hasselhuhn Klein, €S Wissbrock,

Nucl. Phys. B, 2013, arXiv:1206.2252 [hep-ph]]

Fo(N)

J k —-j+N-3 —l+N—q—3 —l+N—qg—s—3
)IDIDIED DD >, (SpTrTe
j q=0 s=1

r=0
(N_l) (_j+N_3) (_l+]\i_q_3) (_Z+N:q_s_3)r!(—l+N—q—r—s—3)!(s—l)!
(—lj—N—q—2)!(—j+N—1)(N—q—r—s—2)(Q+s+1)

481(—j+ N —1) —4S1(—j + N — 2) — 251(k)

—(S1(=l+N—-q—2)+Si(=l+N—-q—r—s—3)—251(r+3s))

+251(s —1) —251(r + s)| + 3 further 6-fold sums
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Tactic 1: Expand and simplify Modern Summation Technologies applied to Quantum Field Theory

FO(N) = (using Sigma.m, EvaluateMultiSums.m and J. Ablinger's HarmonicSums.m package)
ls (VY 1 (17N + 5)S1(N)? 35N2 —2N —5 13S2(N)  5(—=1)V
127" 3N(N +1) 2NZ(N + 1)2 2 N2

4(13N +5) 4(-)N@E2N +1) 13 29
+(_ 2 2 ( __)52(N)+(__
N2(N +1) N(N +1) N 3

+ (24218210 - 38521 + D)

+ (26 + 4(-=1)N)S1(N) +

)S1(N)?

(D) Ss5(N)

SN + (5 + (DY) sa2(N)?

4(-1)N

2(3N — 5)
N+1 )

N(N +1)

—2(=1)NS_2(N)* + 5_3(N)(

(-1)N (5 —3N) 5

N
+ (m - W)SQ(N) + S_2(N)(1081(N)? + (w

N(N +1)
4(3N —1) 8(-1)N(BN +1) 16
NN D) NN DR +(—22+6(—1)N)52(N)—7N(N+1))
_1\N
R — 25 + (5 = 2-DY)8a() + (= 6+ 5(-))Sa(¥)
201NN +5) 2

)S1(N) +

+ (— W - N)SZl(N) + (20 + 2(_1)N)S2,—2(N) + ( — 17+ 13(_1)N)SB,1(N)
_\N

- S O D s () = (28 +4-1)) S50 (V) + (3= 5(-1)) S04 (V)

1325 511 (N) + (gsl(N)Q BRI g(—l)NSQ(m) G
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Tactic 1: Expand and simplify Modern Summation Technologies applied to Quantum Field Theory

The general tactic

Feynman integrals

4 non-trivial transformations (DESY)

multiple sums

4 symbolic summation

compact expression in terms
of special functions

Tactic 1: Expand the summand and simplify

Ablinger, Blimlein, Klein, CS, LL2010, arXiv:1006.4797 [math-ph]
Bliimlein, Hasselhuhn, CS, RADCOR'10, arXiv:1202.4303 [math-ph]
CS, ACAT 2013, arXiv:1310.0160 [cs.SC]
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory

The general tactic

Feynman integrals

4 non-trivial transformations (DESY)

multiple sums

4 symbolic summation

compact expression in terms
of special functions

Tactic 2: Expand a recurrence in ¢

Bliimlein, Klein, CS, Stan, J. Symbol. Comput. 2012; arXiv:1011.2656 [cs.SC]
Ablinger, Bliimlein, Round, CS, LL2012, arXiv:1210.1685 [cs.SC]
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory

F(N) =3 (-1)*e FT(~1- %)B(%—k, “)B(—e+k,—e)B(1- S +k 14 %) <N>

27\ k

J (summation package Sigma.m)

2(N +1)°F(N) + (36> + 3eN + 9¢ — 4N? — 12N — 8)F(N + 1)
16 _, 40 _, 68
€& t5¢ -

—(26—=N—-1)(e+2N+6)F(N +2) =0 ° — 2 > (2@—?)5%...
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory

F(N) =3 (-1)*e FT(~1- 375)3(2+k, “)B(—e+k,—e)B(1- S +k 14 %) <N>

27\ k

J (summation package Sigma.m)

2(N +1)°F(N) + (36> + 3eN + 9¢ — 4N? — 12N — 8)F(N + 1)

1 4
—(za—N—1)(s+2N+6)F(N+2):05*3—365*%?05*1—(2@—%)5%...
L2 U G 19
F(l)_ss 5 ¢ +(4+24)E +...

8 3 T3y G 1415,
PR =g —gpe + (G + g50)e
!
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory
Ansatz (for power series

ao(e, N) [F(N)]
+M@JwaN+1ﬂ
N

+%@NﬂﬂN+@}
:ho(N) +h1(N)€+h1(N)€2+...

IVEN' (in terms of indefinite nested sums and products)

RISC, J. Kepler University Linz Carsten Schneider



Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory
Ansatz (for power series

adaijmN)+FﬂNk+prk?+”l
+M@JwaN+1ﬂ
_l’_

+%@NﬂﬂN+@}
:ho(N) +h1(N)€+h1(N)€2+...

IVEN' (in terms of indefinite nested sums and products)
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory
Ansatz (for power series

ao(e, N) [FO(N) + Fi(N)e + Fy(N)e? + .. }

+ai (e, N) [FO(N +1)+ Fy(N + De+ B(N +1)e2 + . }
_l’_

+ag(e, N) [F(N + d)}
= ho(N) + hl(N)E + hl(N)€2 + ...

IVEN' (in terms of indefinite nested sums and products)
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory
Ansatz (for power series

ao(e, N) [FO(N) + Fi(N)e + Fy(N)e? + .. }

+ai (e, N) [FO(N +1)+ Fy(N + De+ B(N +1)e2 + . }
_l’_

+ag(e, N) [FO(N +d)+ Fy(N + d)e + Fo(N + d)e® + . ]
= ho(N) +h1(N)€+h1(N)€2 —+ ...

IVEN (in terms of indefinite nested sums and products)
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory
Ansatz (for power series

ao(e, N) [FO(N) + Fi(N)e + Fy(N)e? + .. }

+ai (e, N) [FO(N +1)+ Fy(N + De+ B(N +1)e2 + . }
_l’_

+ag(e, N) [FO(N +d)+ Fy(N + d)e + Fo(N + d)e® + . ]
= h()(N) +h1(N)€+h1(N)€2 —+ ...

u constant terms must agree

[a0(0,N) Fop(N) + a1 (0, N) Fy(N+1) + -+ + ag(0, N) Fy(N +d) = ho(N)]
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory
Ansatz (for power series

ao(e, N) [FO(N) + Fi(N)e + Fy(N)e? + .. }

+ai (e, N) [FO(N +1)+ Fy(N + De+ B(N +1)e2 + . }
_l’_

+ag(e, N) [FO(N +d)+ Fy(N + d)e + Fo(N + d)e® + . ]
= h()(N) +h1(N)€+h1(N)€2 —+ ...

ll constant terms must agree

[a0(0,N) Fop(N) + a1 (0, N) Fy(N+1) + -+ + ag(0, N) Fy(N +d) = ho(N)]

REC solver: Using the initial values Fy(1), Fy(2),... determines
Fy(N) in terms of indefinite nested sums and products.
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory
Ansatz (for power series

ao(e, N) [FO(N) + Fi(N)e + Fy(N)e? + .. }

+ai (e, N) [FO(N +1)+ Fy(N + De+ B(N +1)e2 + . }
_l’_

+aq(e, N) [FO N +d) + Fi(N + d)e + Fo(N + d)e? +]
= h()(N) +h1(N)€+h1(N)€2 —+ ...

u constant terms must agree

[a0(0,N) Fo(N) + a1 (0, N) Fy(N+1) + -+ + ag(0, N) Fo(N +d) = ho(N)]
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory

Ansatz (for power series

:h()(N) +h1(N)€+h1(N)€2+...

u constant terms must agree

[a0(0,N) Fo(N) + a1 (0, N) Fy(N+1) + -+ + ag(0, N) Fo(N +d) = ho(N)]
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory

ag(e, N) [Fl(N)s +R(N)E + .. ]
Fai(e, N) [Fl(N—i—l)s Fy(N+1)e2 + .. ]

+

+agq(e, N) [Fl (N+d)e + Fo(N + d)e* + .. }
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory

ag(e, N) [Fl (N)e + Fy(N)e? + .. }

Fai(e, N) [Fl (N+1)e + Fy(N+1)e + .. }
_l’_

Fag(e, N) [Fl(Ner) + Fy(N 4+ d)e? + .. ]

Devide by €
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory

ag(e, N) [Fl(N) +R(N)e + .. ]
tai(e, N) [Fl(N+ 1) + F(N + 1) +. }

+

+ag(e,N) [Fl(Ner) + Fy(N+d)e + .. ] = W, (N) + hy(N)e + ...

Now repeat for F(N), Fo(N),...

Remark: Works the same for Laurent series.

Bliimlein, Klein, CS, Stan, J. Symbol. Comput. 2012; arXiv:1011.2656[cs.SC]
Ablinger, Bliimlein, Round, CS, LL2012, arXiv:1210.1685 [cs.SC]
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory

F(N) =3 (-1)*e FT(~1- 375)3(2+k, “)B(—e+k,—e)B(1- S +k 14 %) <N>

27\ k

J (summation package Sigma.m)

2(N +1)°F(N) + (36> + 3eN + 9¢ — 4N? — 12N — 8)F(N + 1)

1 4
—(za—N—1)(s+2N+6)F(N+2):05*3—365*%?05*1—(2@—%)5%...
L2 U G 19
F(l)_ss 5 ¢ +(4+24)E +...

8 3 T3y G 1415,
PR =g —gpe + (G + g50)e
!
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory

P00 = S0 (1 Bk ) pc ek -0m(- 5 ek ) ()

J (summation package Sigma.m)

2(N +1)°F(N) + (36> + 3eN + 9¢ — 4N? — 12N — 8)F(N + 1)

1 4
—(za—N—1)(s+2N+6)F(N+2):05*3—365*%?05*1—(2@—%)5%...
L2 U G 19
F(1) 3¢ 6 ¢ +(4+24)E +...

8 5 T3y G 1415, 4
F(2) = 5¢ 57° +(3 + o0 Y+

J (summation package Sigma.m)

_ 4N -3 2(2N+1) 2N(2N+3) ) -2
F(N) = s e —(3(N+1>51(N)+W)5

1—4N 2 N(N2*2) 3N+2)(4N+5 1-4N N -1
(((S(N-&-l;Sl(N) T TB(N+1)3 +( 3(N)4(.1)2 )Sl(N)+f(s(N+1;SQ(N)+2(N<f1))5 +..
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Tactic 2: Expand the recurrence
Find a recurrence for the integral /sum

1 1
F(N):/O /0 ®(e,N,x1,x9,...,27)dr1drs . . . dT7

L F 4(N)e™® + Fo(N)e 2+ F_ (N)e ™ +. ..

ultivariate
Imquist/Zeilberger
(J. Ablinger)

ao(e, N)F(N) + ... + aq(e, N)F(N + d) = h(e, N)]|




Tactic 2: Expand the recurrence
Find a recurrence for the integral /sum

1 1
F(N):/O /0 ®(e,N,x1,x9,...,27)dr1drs . . . dT7

ZF 5(N)e ™+ Fo(N)e 2+ F_y(N)e b + ...

e-recurrence, solver

ultivariate
Imquist/Zeilberger
(J. Ablinger)

lag(e, N)F(N) + ... + ag(e, N)F(N +d) = h(e, N)




Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory

Find a recurrence for the integral /sum

1 1
F(N):/O /0 ®(e,N,x1,x9,...,27)dr1drs . . . dT7

L F 5(N)e™® + Fo(N)e 2 + FaN)e !+ ]

e-recurrence, solver

ultivariate
Imquist/Zeilberger

(J. Ablinger) Z ) ..Zf(g,N,z‘l,z'z, ceeyir)

i1 i7

Wegschaider's MultiSum
Package (F. Stan)

ao(e, N)F(N) .. + aq(e, N)F(N +d) = h(, N)
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Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory

Find a recurrence for the integral /sum

1 1
F(N):/O /0 ®(e,N,x1,x9,...,27)dr1drs . . . dT7

L F 5(N)e™® + Fo(N)e 2 + FaN)e !+ ]

e-recurrence, solver

ultivariate
Imquist/Zeilberger

(J. Ablinger) Z ) ..Zf(g,N,z‘l,z'Q, ceeyir)

i1 i7

Wegschaider's MultiSum Holonomic/difference field
Package (F. Stan) approach (M. Round)

ao(e, N)F(N) .. + aq(e, N)F(N +d) = h(, N)

RISC, J. Kepler University Linz Carsten Schneider



Tactic 2: Expand the recurrence Modern Summation Technologies applied to Quantum Field Theory

The general tactic

Feynman integrals

4 non-trivial transformations (DESY)

multiple sums

4 symbolic summation

compact expression in terms
of special functions

Tactic 2: Expand a recurrence in ¢

Bliimlein, Klein, CS, Stan, J. Symbol. Comput. 2012; arXiv:1011.2656 [cs.SC]
Ablinger, Bliimlein, Round, CS, LL2012, arXiv:1210.1685 [cs.SC]

RISC, J. Kepler University Linz Carsten Schneider



Tactic 3: Guess and solve Modern Summation Technologies applied to Quantum Field Theory

The general tactic

Feynman integrals

4 non-trivial transformations (DESY)

multiple sums

4 symbolic summation

compact expression in terms
of special functions

Tactic 3: Guess a recurrence and solve it

J. Blimlein, M. Kauers, S. Klein, CS, Comput. Phys. Comm. 180, arXiv:0902.4091 [hep-ph]

RISC, J. Kepler University Linz Carsten Schneider



Tactic 3: Guess and solve
In the non-singlet (3-loop, massless) case ~ 360 diagrams
contribute. The integrals are of the form:

7)n+~~~+ris+...

1
Di 331,332, sy L
F(n,e :/dxl.../ dxr E _
() 0 qi(z1, 22, ,337)"'“1”'”

=1

where K € N, 7;,s; € Q, and p;, g; are polynomials in z1,..., 7.

Vermaseren, Moch: 3-5 CPU years (2004)
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Tactic 3: Guess and solve Modern Summation Technologies applied to Quantum Field Theory

In the non-singlet (3-loop, massless) case ~ 360 diagrams
contribute. The integrals are of the form:

1 n4--+4rie+...
pi(w1,22,...,27) !
Fn,az/da;.../da; E
( ) 0 1 0 7 < Qz(xl’x% ] ’x7)---+sis+...
= F 3(n)e® + F on)e >+ F_1(n)e ™! +|Fo(n) ° + ...
i

Initial values Fy(i), i =1,...,5114

RISC, J. Kepler University Linz Carsten Schneider



Tactic 3: Guess and solve Modern Summation Technologies applied to Quantum Field Theory

In the non-singlet (3-loop, massless) case ~ 360 diagrams
contribute. The integrals are of the form:

1 n4--+4rie+...
pi(w1,22,...,27) !
Fn,az/da;.../da; E
( ) 0 1 0 7 < Qz(xl’x% ] ’x7)---+sis+...
= F 3(n)e® + F on)e >+ F_1(n)e ™! +|Fo(n) ° + ...
i

Initial values Fy(i), i =1,...,5114

1 Recurrence guesser (M. Kauers)

ap(n)Fo(n) +ai(n)Fo(n+ 1)+ -+ ass(n)Fo(n+35) =0

RISC, J. Kepler University Linz Carsten Schneider



Tactic 3: Guess and solve Modern Summation Technologies applied to Quantum Field Theory

ap(n)Fy(n) +ar(n)Fo(n+1) +--- +

RISC, J. Kepler University Linz Carsten Schneider



Tactic 3: Guess and solve Modern Summation Technologies applied to Quantum Field Theory

ap(n)Fo(n) + a1(n)Fy(n + 1 Fo(n+35) =0

ass(n) = + Ain+ Aon® + -+ + Agagn?® € Z|n]

RISC, J. Kepler University Linz Carsten Schneider



Tactic 3: Guess and solve Modern Summation Technologies applied to Quantum Field Theory

ap(n)Fo(n) + a1(n)Fy(n + 1 Fo(n+35) =0

ass(n) = + Ain + Agn® + - 4 Agasn™? € Z[n]

144) — 4640944309211313672503980223716264124200407085993854002412460315194
95765021269344971048446299722216293405285738333200767150194016391501666
27950213807356109710952045603966273388757782697588602201277983560532017
37487592671445911325765145271945214255462153147308420597210761595329365
51563452998613135384718911305253299053198893606401464021608911620974192
09001668029951620780182947258262939450801154511774527832503874341661898
89167522107378468797979810265385510643937043867557563467523740406094658
99100467933353731959645624977524424672990654427732309881685346483771128
69020837147452024401528169079406933665344476181260243344172097691636706
62803059675535809027169693064474147719610219849628486896079642312975136
20776876867741883488363846944854496482629372436829699055391369178850397
00381638011612302679580897488076647721311930634735316787779620757659951
5202809978299053753901432067359626151

(885 decimal digits)

RISC, J. Kepler University Linz Carsten Schnei



Tactic 3: Guess and solve Modern Summation Technologies applied to Quantum Field Theory

In the non-singlet (3-loop, massless) case ~ 360 diagrams
contribute. The integrals are of the form:

1 n4--+4rie+...
pi(w1,22,...,27) !
Fn,az/da;.../da; g
( ) 0 1 0 7 < %(331’332’ ] ,$7)"'+Sis+"'
= F 3(n)e® + F on)e >+ F_1(n)e ™! +|Fo(n) ° + ...
i

Initial values Fy(i), i =1,...,5114
1 Recurrence guesser (M. Kauers)
ap(n)Fo(n) +ai(n)Fo(n+ 1)+ -+ ass(n)Fo(n+35) =0

i
| CLOSED FORM |

Bliimlein, Kauers, Klein, CS, Comput. Phys. Comm. 180, arXiv:0902.4091 [hep-ph]

RISC, J. Kepler University Linz Carsten Schneider




A challenging diagram Modern Summation Technologies applied to Quantum Field Theory

A challenging diagram and

an algorithm for coupled systems
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A challenging diagram Modern Summation Technologies applied to Quantum Field Theory

A challenging diagram (ladder graph with 6 massive fermion lines)

4
2

= F 3(N)e 3+ Fo(N)e 24+ F_ (N)e ! + Fo(N)® + ...
Strategies:
» Symbolic summation tools: failed (so far)

RISC, J. Kepler University Linz Carsten Schneider



A challenging diagram Modern Summation Technologies applied to Quantum Field Theory

A challenging diagram (ladder graph with 6 massive fermion lines)

4

[~

F 3(N)e 3+ F o(N)e 2+ F_ (N)e ' + Fy(N) + ...
Strategies:
» Symbolic summation tools: failed (so far)

» Brown's hyperlogarithm algorithm: works for the scalar version where
lim D4(N) = Fo(N)
e—0

[Ablinger, Bliimlein, Raab, CS, Wissbrock, Nucl. Phys. B, 2014; arXiv:1403.1137 [hep-ph]]

RISC, J. Kepler University Linz Carsten Schneider



A challenging diagram Modern Summation Technologies applied to Quantum Field Theory

A challenging diagram (ladder graph with 6 massive fermion lines)

4

F 3(N)e 3+ F o(N)e 2+ F_ (N)e ' + Fy(N) + ...

[~

Strategies:
» Symbolic summation tools: failed (so far)

» Brown's hyperlogarithm algorithm: works for the scalar version where

lim D4(N) = Fo(N)

e—0
[Ablinger, Bliimlein, Raab, CS, Wissbrock, Nucl. Phys. B, 2014; arXiv:1403.1137 [hep-ph]]

» New approach: for the complete diagram
De Freitas, Blimlein, CS, LL 2014, arXiv:1407.2537 [cs.SC]

Ablinger, Behring, Bliimlein, De Freitas, Hasselhuhn, Manteuffel, Round, CS, Wissbrock
Nucl.Phys.B, 2014. arXiv:1406.4654

Ablinger, Behring, Bliimlein, De Freitas, Manteuffel, CS, (pure singlet case) 2014. arXiv:1409.1135 [hep-ph]

RISC, J. Kepler University Linz Carsten Schneider



A challenging diagram Modern Summation Technologies applied to Quantum Field Theory

Consider the power series of Dy(N):

(holonomic closure properties)

RISC, J. Kepler University Linz Carsten Schneider



A challenging diagram Modern Summation Technologies applied to Quantum Field Theory

Consider the power series of Dy(N):

(holonomic closure properties)

RISC, J. Kepler University Linz Carsten Schneider



Solving coupled systems Modern Summation Technologies applied to Quantum Field Theory

IBP (extension of REDUZE 2, A.v. Manteuffel) gives

> Dy (NN — (154584255335—1432592255a:4+---+1524096332—6531843:)
Z 1(N)z™ = 23328¢2(z—1)xb
N=0

Dy(x) +OBy(z) + -+ 4+ OBsa(x). . .

Bi(z),...,Bsy(x) can be handled with sophisticated Mellin-Barnes

B1 (33‘)

techniques (DESY colleagues) and symbolic summation (see first slides).

RISC, J. Kepler University Linz Carsten Schneider



Solving coupled systems
IBP (extension of REDUZE 2, A.v. Manteuffel) gives

= N (154584255:7:5—1432592255a:4+---+1524096x2—653184x) A
Z Dy(N)z™ = 233282 (z—1)a® B1(z)
N=0

Dy(x) +OBy(x) + -+ + OBsa(x)

Bi(z),...,Bsy(x) can be handled with sophisticated Mellin-Barnes
techniques (DESY colleagues) and symbolic summation (see first slides).

Eg.,

Bi(z) =Y Bi(N)z"
with N=0

Bu(N) :;(_1)%*3%(#)3(2 kD) B—eth, —)B(1 -S4k 14+) @)

RISC, J. Kepler University Linz Carsten Schneider



Solving coupled systems
IBP (extension of REDUZE 2, A.v. Manteuffel) gives

= N (154584255:7:5—1432592255a:4+---+1524096x2—653184x) A
Z Dy(N)z™ = 233282 (z—1)a® B1(z)
N=0

Dy(x) +OBy(x) + -+ + OBsa(x)

Bi(z),...,Bsy(x) can be handled with sophisticated Mellin-Barnes
techniques (DESY colleagues) and symbolic summation (see first slides).

Eg.,
Bi(z) =Y Bi(N)z"
with N=0

Bu(N) :;(_1)%*3%(#)3(2 kD) B—eth, —)B(1 -S4k 14+) @)

_ 4N -3 2(2N+1) 2N(2N+3)\ _—2
= £ _(3(N+l) Sl(N)+W)€ +...

RISC, J. Kepler University Linz Carsten Schneider



Solving coupled systems
IBP (extension of REDUZE 2, A.v. Manteuffel) gives

> Dy (NN — (154584255935—1432592255a:4+---+1524096x2—653184x)
Z 1(N)z™ = 23328¢2(z—1)xb
N=0

Dy(x) +OBy(z) + -+ + OBsa(2)

_l’_

_l’_

_l’_

(122¢%23 2647402 4~ 304e + 242% — 24z ;

B 4ext 1 ($)

(580€52% ~201232%22 + -~ 8962 +962° ~ 962 )
16e2x%

(5802723 ~21500e%22 41152 +962° — 961 ) i

16224 3(2)

+ Oly(z) + -+ -+ Oly5(2)

However, I;(z), ..., I 5(x) are hard to handle. Luckily...

B1 (33)

RISC, J. Kepler University Linz Carsten Schneider



Solving coupled systems Modern Summation Technologies applied to Quantum Field Theory

. there are differential relations among the integrals. E.g.,

Dxﬁ(x):—%f( >—( Do)
+ L Bie) +
. (3(5+4)2—22(5+4)+40) .
DxIQ(Jf) = 4(1—1) 11(33)
—(e+4)(3z—1)4+9z—2) 7
+ CEREE R o (x) — 55y Is(a)
((e44)? (62—25)~2(c+4) (172 —75)+482—224) -
+1 Ger6)(@—Da Bi(z) +
A 3(e+4)2(x—2)—22(s+4 2)+40z—80
D, I3(z) = — (e 4(35(51))(:6 pre )Il( )
+ ((€+4)(32:l(7x—_5?l)—1‘11217+18) fQ(x) . (= (E+42)((;17 ]?))+5$ 8)j ( )
(e+4)2(62—25)—2(e+4) (172 —75)+482—224) ~
B % ( (5e+6)(z—1)x ) By (33) .

RISC, J. Kepler University Linz Carsten Schneider



Solving coupled systems Modern Summation Technologies applied to Quantum Field Theory

. there are differential relations among the integrals. E.g.,

Doli(x) = — %i (x) — ﬁw)
+ g Bia) +
. (3(5+4)2—22(5+4)+40) .
DxIQ(:I)) = I(z—1) Il(.’l?)
—(e+4)(3z—1)4+9z—2) 7
+ CEREE R o (x) — 55y Is(a)
((e44)? (62—25)~2(c+4) (172 —75)+482—224) -
+1 Ger6)(@—Da Bi(z) +
A 3(e+4)2(x—2)—22(s+4 2)+40z—80
D, I3(z) = — (e 4(35(51))(:6 pre )Il( )
+ ((€+4)(32:l(7;_5?l)—1‘11$+18) fQ(x) . (= (E+42)((;17 ]?))+5$ 8)j ( )
(e+4)2(62—25)—2(e+4) (172 —75)+482—224) ~
B % ( (5e+6)(z—1)x ) By (:E) .

RISC, J. Kepler University Linz Carsten Schneider



Step 1: Transformation to a REC system Modern Summation Technologies applied to Quantum Field Theory

Step 1: From a DE system to a REC system

RISC, J. Kepler University Linz Carsten Schneider



Step 1: Transformation to a REC system Modern Summation Technologies applied to Quantum Field Theory

Step 1: From a DE system to a REC system

[ee] [ee]
D,y L(N)aN = — S N n(v)aY
N=0 N=0
[ee]
- (x—21)x Z I2(N):EN
N=0
+ s > Bi(N)zV +
N=0

RISC, J. Kepler University Linz Carsten Schneider



Step 1: Transformation to a REC system Modern Summation Technologies applied to Quantum Field Theory

Step 1: From a DE system to a REC system

RISC, J. Kepler University Linz Carsten Schneider



Step 1: Tranaformation to  REC system
Step 1: From a DE system to a REC system

4 Nth coefficient

NI{(N = 1) = (e 4+ N + D)I1(N) + 2I5(N) = By(N) + ...

RISC, J. Kepler University Linz Carsten Schneider



Step 1: Transformation to a REC system Modern Summation Technologies applied to Quantum Field Theory

. there are differential relations among the integrals. E.g.,

NI (N —1) = (e + N + 1)I1(N) + 2I5(N)

=DBi(N)+...
DxI}(g;) — (3(E+4)24Zx23(1€)+4)+40) f1(:13)
+ (—(e+4)2((?;w_—1§;+9x—2) fo(z) — 2((5;11)) i)
+ % ((E+4)2(6$—25)(—5:f$?g);(_13;—75)+48:r—224) B (@) + ...
D, Is(z) = — (3(s+4)2(:c—2)—j(ch(iJ;;ii(x—2)+40x—so) iy (x)
4 LD letl®) fy () — (e Bete S o)
_ % ((5+4)2(696—25)(—5:f$2(_1:;;—75)+48;x—224) Bi(z) + ...

RISC, J. Kepler University Linz Carsten Schneider



Step 1: Transformation to a REC system Modern Summation Technologies applied to Quantum Field Theory

A coupled system of difference equations

NI (N —1) = (e+ N+ 1)[1(N) + 2I3(N)
=B;(N) +...

2(e + 2N + 2)Io(N) — 2(3c + 2N + 1) I (N — 1)
+e(3e+2)I (N — 1) — 2(c + 1)I3(N — 1)
2(e+1)(3e +4)

=(5€+4)B1(N)— 56+6

Bi(N —1)+...

4(e — N)I3(N) — 2e(3e + 2)[1(N) + e(3e + 2)[1(N — 1)
—2(3e+1)I2(N — 1) 4+ 2(5e 4+ 2)I2(N)
—2(e-2N+1)I3(N -1)

2(e+1)(3e +4)

=— TBl(N— 1)+ (5e +4)Bi(N) + ...

RISC, J. Kepler University Linz Carsten Schneider



Step 1: Transformation to a REC system Modern Summation Technologies applied to Quantum Field Theory

A coupled system of difference equations

NI(N —1)—(e4+ N+ 1)[1(N) + 2I2(N)
_ o ANE2) -3 (2(2N+1)Sl( = 2(6N2+13N+8))5,2 L

3V ¢ 3(N+1) 3(N+1)2

2(e + 2N + 2)I(N) — 2(3¢ + 2N + 1) I(N — 1)
+eBe+2)L1(N —1) —2(e+ 1)I3(N —1)

=877 4 (451(V)? — 2 S (N) + 48,(N) + G +6 )=
A(e — N)I3(N) — 2¢(3e + 2)I[1(N) 4+ £(3e + 2)I; (N — 1)

—2(3e + 1) I(N — 1) + 2(5¢ + 2)I,(N)
—2(e — 2N + 1)I3(N — 1)

== 370 (35u) - 4)e 2
- (gsl(N)Z — AN G (N) + AS5(N) + 6 + 6)5‘1

RISC, J. Kepler University Linz Carsten Schneider



Step 2: Uncouple the system

O (N — 1) + OL(N) +OIx(N)
=e34+0e 2401+ ...
OIy(N) + OL(N — 1) + O (N — 1) + OL(N — 1)
=03 +0e 4.,
OI3(N) + O (N) + OL(N — 1) + OL(N) + OL(N — 1)
=03 +0e24+0 4.,

RISC, J. Kepler University Linz Carsten Schneider



Step 2: Uncouple the system

O (N — 1) + OL(N) +OIx(N)
=e34+0e 2401+ ...
OIy(N) + OL(N — 1) + O (N — 1) + OL(N — 1)
=03 +0e 4.,
OI3(N) + O (N) + OL(N — 1) + OL(N) + OL(N — 1)
=03 +0e24+0 4.,

4 (uncoupling algorithms®, S. Gerhold's OrseSys.m)

O (N) + 0L (N + 1) + OL(N +2) + OL (N + 3)
=03+ 024+ 0e 1 +...
I(N) = expression in I;(N)
I3(N) = expression in I1(N)

@ We use Ziircher's uncoupling algorithm (1994)

RISC, J. Kepler University Linz Carsten Schneider



Step 3: Solve the scalar recurrence Modern Summation Technologies applied to Quantum Field Theory

More precisely, we get:

—2(N+1)(N +2)(e+N+2)[1(N) — (N +2)(2e? = 5eN — 7e — 6N? — 28N — 32)
+ (% +4e°N + 14e? — 4eN® — 13eN — 3¢ — 6N° — 50N? — 136N — 120) [1(N + 2)
—(e=N-=2)(e+ N+4)(e+2N + 8)1(N + 3)
4N +2) _5 2(4N*+35N° +101N? + 105N +25) _,

“T3N+3)° 3(N+ (N +2)(N +3)2 c

RISC, J. Kepler University Linz Carsten Schneider



Step 3: Solve the scalar recurrence Modern Summation Technologies applied to Quantum Field Theory

Step 3: Solve the scalar recurrence

—2(N+1)(N +2)(e+N+2)[1(N) — (N +2)(2e? = 5eN — 7e — 6N? — 28N — 32)
+ (% +4e°N + 14e? — 4eN® — 13eN — 3¢ — 6N° — 50N? — 136N — 120) [1(N + 2)
—(e=N-=2)(e+ N+4)(e+2N + 8)1(N + 3)
4N +2) _5 2(4N*+35N° +101N? + 105N +25) _,

= — g €
3v+3)° 3N T DN 1 2)(N 1 3)2
Il(l) _ E%_ 1126532 + (15(2 + 1223) _|_ o using, e.g., ar1 extension of
7 (2) _ 130 _ 695 (65{2 + 46379) + MATAD (M. Steinhauser)
1 273 B4e? S 1944 T or tools given in
I1(3) = 285 — 295 4 (1092 4 4I00TL) =1 . [arxiv:1405.4250 [hep-ph]]

RISC, J. Kepler University Linz Carsten Schneider



Step 3: Solve the scalar recurrence Modern Summation Technologies applied to Quantum Field Theory

Step 3: Solve the scalar recurrence

—2(N+1)(N +2)(e+N+2)[1(N) — (N +2)(2e? = 5eN — 7e — 6N? — 28N — 32)
+ (% +4e°N + 14e? — 4eN® — 13eN — 3¢ — 6N° — 50N? — 136N — 120) [1(N + 2)
—(e=N-=2)(e+ N+4)(e+2N + 8)1(N + 3)
A(N+2) _5  2(4N*+35N° + 101N? + 105N +25) _,

EEETO ) 3(N + 1)(N +2)(N + 3)2 c
Il(l) _ E%_ 1126532 + (15(2 + 1223) _|_ o using, e.g., an extension of
30 605 65C 46379 MATAD (M. Steinhauser)
N(2) = 27e3 ~ Bde2 ( + Joaa ) e or tools given in

160 305 | (169Cs | 4T0OTLY 1
I1(3) = 285 — 295 4 (1092 4 40071 o~ [arXiv:1405.4259 [hep-ph]]

1 (Sigma.m's recurrence solver, see first slides)

Il(N) _ (4(3N2+6N+4) 451(1\[))5,3

3(N+1)2 3(N+1)
2(20N° 458N 45TNH22) | 5y (N)? | 2(NEDEN-1SI(N) _ 5a(W)) -2
- 3(NT)3 + 8t 3(NT1)2 il veuul) R

RISC, J. Kepler University Linz Carsten Schneider



Step 4: Derive the remaining integrals Modern Summation Technologies applied to Quantum Field Theory

Step 4. Compute [5(N) and I3(N):
Recall: by uncoupling we expressed I5(NN) and I3(N) by I (V)

RISC, J. Kepler University Linz Carsten Schneider



Step 4. Compute [5(N) and I3(N):
Recall: by uncoupling we expressed I5(N) and I3(N) by I1(N), i.e.,
I(N)=0L(N)+OL(N +1)+0L(N +2)

— S <6N3(+J\%i]¥)2J(FJ%/3+N2;F15 + (3(N+1))S1(N)>5 +o

I3(N) =01(N) + O (N + 1) + OL(N + 2)

2(N+2) -3 —2N3_3N243N+3 | (2N+1) _9
+3EN+1§€ +< 23(N+?)2(?\Lf+2)+ Jr3(1\/+1)51(N)>5 +...

RISC, J. Kepler University Linz Carsten Schneider



Step 4: Compute I5(N) and I3(N):
Recall: by uncoupling we expressed I5(N) and I3(N) by I1(N), i.e.,
I(N)=0L(N)+OL(N +1)+0L(N +2)

— S <6N3(+J\%i]¥)2J(FJ%/iN2;F15 + (3(N+1))51(N))5 +o

I3(N) =01(N) + O (N + 1) + OL(N + 2)

2(N+2) -3 —2N3_3N243N+3 | (2N+1) _9
+3EN+1§€ +< 23(N+?)2(?\Lf+2)+ Jr3(1\/+1)51(N)>5 +...

This yields
1(N) =g~ 2t (= 381N + 381 (N) — 352(N) + 225+ 9 )e 4
BV =g + (025 (v) - 20 ) -2
+ (— %Sl(N) + 2(121\’3:(3;1:?;251\7%)

SV 4 SRS 4 6)

RISC, J. Kepler University Linz Carsten Schneider



Final step: calculate D4 (N)

Compute the remaining integrals

Modern Summation Technologies applied to Quantum Field Theory

l3l(x)

> Dy (NN — (154584255935—1432592255a:4+---+1524096x2—653184x) -
Z 1(N)z™ = 23328¢2(z—1)xb

N=0

Dy(x) +OBy(z) + -+ + OBsa(2)

_l’_

_l’_

(122¢%23 2647402 4~ 304e + 242% — 24z

4ext

(580€52% ~201232%22 + -~ 8962 +962° ~ 962 )
16e2x%

(5802723 ~21500e%22 41152 +962° — 961 )

1624

+ Oly(z) + -+ -+ Oly5(2)

Analogously, all I

o0
Z I;(N N j=1,...,15 can be computed.

=0
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Final step: calculate D4 (N) Modern Summation Technologies applied to Quantum Field Theory

Final step: Insert all subresults

> Dy (NN — (154584255935—1432592255a:4+---+1524096x2—653184x)
Z 1(N)z™ = 23328¢2(z—1)xb
N=0

Dy(x) +OBy(z) + -+ + OBsa(2)

_l’_

_l’_

_l’_

(122¢%23 2647402 4~ 304e + 242% — 24z ;

B 4ext 1 ($)

(580€52% ~201232%22 + -~ 8962 +962° ~ 962 )
16e2x%

(5802723 ~21500e%22 41152 +962° — 961 ) i

16224 3(2)

+ Oly(z) + -+ -+ Oly5(2)

Plugging in all expansion and extracting the N-th coefficient

(using HarmonicSums.m, Sigma.m, EvaluateMultiSum.m, SumProduction.m)

yield

B1 (33)
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Final step: calculate D4 (N) Modern Summation Technologies applied to Quantum Field Theory

I4(N)

_ 64(N24+N—1) 6451 (N) 5—3
- (3(N+1)(N+2)(N+3)(N+4) N 3(N+3)(N+4))
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Final step: calculate D4 (N) Modern Summation Technologies applied to Quantum Field Theory

I4(N)

4(5N+27) SN2 — 4(3N54+68N%4+379N31648N2 —98N —696)
+ (3(N+2)(N+3)(N+4) 1(N) 3(N+1)(N+2)2(N+3)2(N+4)2
4(14N04214N% 4117984 4305083 +4097 N2 4+ 3094N +1200) 4 4(N+1)(4N+17)52(N))€—2
3(N+1)2(N+2)2(N+3)Z(N+4)2 3(NF2)(N+3)(N+4)

_ 64(N24+N—1) 6451 (N) 5—3
- (3(N+1)(N+2)(N+3)(N+4) N 3(N+3)(N+4))

S1(N)
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Final step: calculate D4 (N) Modern Summation Technologies applied to Quantum Field Theory

64(N24N-1) 6457 (N) -3
I4(N) - (3<N+1><§+2)<N+3><N+4) -~ svisov )€

4(5N+27) SN2 — 4(3N54+68N%4+379N31648N2 —98N —696)

+ (3(N+2)(N+3)(N+4) 1(N) 3(N+1)(N+2)2(N+3)2(N+4)2

4(14N04214N% 4117984 4305083 +4097 N2 4+ 3094N +1200) " 4(N+1)(4N+17)52(N))E—2
3(N+1)2(N+2)2(N+3)Z(N+4)2 3(NF2)(N+3)(N+4)

S1(N)

—23N2_35N—176 3 _ 2(10N2453N+106) 8(N2+N_1)
+ (svhiven vanves S1 (N~ stvrmovra s 21N + & (v T

—8N3_95N2_ 171N —56 2(30N3+469N241873N +2542)
w1 (M) + swrnnEn s 2 (NS + Sy nmers 98 (V)

25N6 421385449184 —1007N3 —7942N2 — 15988 N —10340 s (N)2
3(N+1)(N+2)2(N+3)2(N+4)2(N+5)

—85N0_1469N5 —8965N* —23889 N3 —25644N2 3724 N 45780 So(N)
3(N+1)(N+2)2(N+3)2(N+4)2(N+5)

2(94N1042202N9422620N8+133916 N7 +505769N0 4. 41817100 N +563760)
3(N+1)2(N+2)3(N+3)3(N+4)3(N+5)

S1(N)

2(44N11 11696 N10 426555 N9 +230482N8 +...+4371092 N +623040 -1
)E
3(N+1)3(N+2)3(N+3)3(N+4)3(N+5)
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Final step: calculate D4 (N) Modern Summation Technologies applied to Quantum Field Theory

64(N24+N—1 6457 (N) -3
I4(N) - (3<N+1><1Er+2)<w+3)><1v+4) -~ svisov )€

4(5N+27) 2 4(3N°+68N4+379N3+648N2—98N —696)
+ (3(N+2)(N+3)(N+4) S1(N) 3(N+1)(N+2)2(N+3)2(N+4)2 51(N)
4(14N04214N% 4117984 4305083 +4097 N2 4+ 3094N +1200) 4(N+1)(4N+17)52(N))E—2
3(N+1)2(N+2)2(N+3)Z(N+4)2 3(NF2)(N+3)(N+4)

2
—23N2-35N—176 3 2(10N2453N+106) 8(N +N—1)
+ (svhiven vanves S1 (N~ stvrmovra s 21N + & (v T

—8N3_95N2_ 171N —56 2(30N3+469N241873N +2542)
~ e 1) + amrn s 92 (NS N + Ssmen v v 98 (V)

+ 25N64213N54+491N%—1007N3 —7942N2 — 15988 N
3(N+1)(N+2)2(N+3)2(N+4)2(N+5)

—10340 S1 (N)2

4 —85N0_1469N5 —8965N* —23889 N3 —25644N2 3724 N 45780
3(N+1)(N+2)2(N+3)2(N+4)2(N+5)

Sa(N)

_ 2(94N10+2202N9+22629N8+133916N7+505769N6+---+1817100N+563760)S (™)
3(N+DZ(N+2)3(N13)3(N+4)3(N+5) !

2(44N11 11696 N 10 426555 N 4230482 N8 ... +4371092N +623040) )6_ 1
3(N+1)3(N+2)3(N+3)3(N+4)3(N+5)

+ ( e )50 Arising objects:

G2, (s, (_1)N72N7 5—3(N)7 Sl(N)752(N)7 S3(N)7S4(N)7 S—Q,l(N)z
S2,1(N), S3,1(N)

[J4A4M. Vermaseren, 1998; J. Bliimlein/S. Kurth, 1998]
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Final step: calculate D4 (N) Modern Summation Technologies applied to Quantum Field Theory

64(N24+N—1 6457 (N) -3
I4(N) - (3<N+1><1Er+2)<w+3)><1v+4) -~ svisov )€

4(5N+27) 2 4(3N°+68N4+379N3+648N2—98N —696)
+ (3(N+2)(N+3)(N+4) S1(N) 3(N+1)(N+2)2(N+3)2(N+4)2 51(N)
4(14N04214N% 4117984 4305083 +4097 N2 4+ 3094N +1200) 4(N+1)(4N+17)52(N))E—2
3(N+1)2(N+2)2(N+3)Z(N+4)2 3(NF2)(N+3)(N+4)

2
—23N2-35N—176 3 2(10N2453N+106) 8(N +N—1)
(svipivsa vsn e S1 (N~ strgmvra s 21 (N + & (s

—8N3_95N2_ 171N —56 2(30N3+469N241873N +2542)
w1 (M) + swrnnEn s 2 (NS + Sy nmers 98 (V)

25N64213N54+491N%—1007N3 —7942N2 — 15988 N
3(N+1)(N+2)2(N+3)2(N+4)2(N+5)

—10340 S1 (N)2

—85N0_1469N5 —8965N* —23889 N3 —25644N2 3724 N 45780
3(N+1)(N+2)2(N+3)2(N+4)2(N+5)

Sa(N)

2(94N1042202N9422620N8+133916 N7 +505769N0 4. 41817100 N +563760) S1(N)
3(N+DZ(N+2)3(N13)3(N+4)3(N+5) !

2(44N11 11696 N 10 426555 N 4230482 N8 ... +4371092N +623040) )6_ 1
3(N+1)3(N+2)3(N+3)3(N+4)3(N+5)

+ ( e )50 Arising objects:
C27C37(_1)N72N75—3(N)7Sl(N)752(N)753(N)7S4(N)7S—2,1(N)7
S2,1(N),S5,1(N), S1(%,N),S1(2,N), S5(3,N), S1,1(1, 1, N),

’ 92

511(2,5,N),8211(N),S2.1(5,1,N),S21(1,5,N),831(3,2,N),
S1aa(1,1,4,N),8211(1,4,2,N),81111(2,5,1,1,N)
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Final step: calculate D4 (N) Modern Summation Technologies applied to Quantum Field Theory

64(N24+N—1 6457 (N) -3
I4(N) - (3<N+1><1Er+2)<w+3)><1v+4) ~ B )€

4(5N+27) 2 4(3N°+68N%+379N3+648N2—98N —696)
+ (3(N+2)(N+3)(N+4> S1(N) B(NTL(N12)2(N+3)2(N14)2 51(N)
4(14N6+4214N%4+1179N 443050 N3 +4097N24+3094N +1200) | 4(N41)(AN417)So(N)\ ~—2
3(N+1)2(N+2)2(N+3)2(N+4)2 BINT2)(N+3) (N +4) )

2
_93N2_35N_176 3 2(10N2453N+106) 8(N +N*1)
+ (RN T VDTS 1 N° — svrmtvEnEy 21 (W) + & (e e

8 —8N3_95N2_171N—56 2(30N3 +469N2 41873 N 42542)

~ WD 1) + s a o aEes 2 (NS + Ssmms s ra s o8 (V)

4 25N%4213N%1491N%—1007N3 —7942N2 15988 N —10340
3(N+1)(N+2)2(N+3)2(N+4)2(N+5)

S1(N)?

4 —85N0_1469N5—8965N* —23889N3 —25644N2 —3724N 45780
3(N+1)(N+2)2(N+3)2(N+4)2(N+5)

Sa(N)

_ 2(9aN1042202N9122620N8 1133916 N7 4505769NC 4 ... 11817100 N +563760)
3(N+1)2(N+2)3(N+3)3(N+4)3(N+5)

S1(N)

1

2(44N11 41696 N 10 426555 N9 +230482N8 ... +4371092N +623040) )6_ 1
3(N+1)3(N+2)3(N+3)3(N+4)3(N+5)

—i—(. . .)50 Arising objects: 2y =L

; J
k J=1
N2
S1111(2,3,1,1,N) :Z =
k=1

S. Moch, P. Uwer, S. Weinzierl, 2002
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Asymptotic expansions Modern Summation Technologies applied to Quantum Field Theory

New algorithms for asymptotic expansions
using the underlying integral representation (available in HarmonicSums.m)

» Generalized harmonic sums

21¢3 1 295 1115

11123 LLN) = =58+ v+ g+ 51ea — geva T O
* (% B % + % ]\?4 +O(N”)) G
+2V (55 + 5 + 5 + g+ OW)G
* (% * % - 3%;73 + ]1V94 +O(N?)) (log(N) + )
+ (55 v * o~ + OV 1o8(N) )

[Ablinger, Bliimlein, CS, J. Math. Phys. 54, 2013, arXiv:1302.0378 [math-ph]]
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Asymptotic expansions Modern Summation Technologies applied to Quantum Field Theory

New algorithms for asymptotic expansions
using the underlying integral representation (available in HarmonicSums.m)

» Cyclotomic harmonic sums
J

P 2T
> T

2

N
Z 7=1 J :( B 35C3><2 _ 31(5
Pt (14 2k)?
1 33 17 4795 s
"N 3N T Tevs  deosnd T OV )
1 9 7 209 _
+10g(2)(6<2— -‘rm—m“r 192N4 +O(N 5))
77 7 77 21 .
- - N
+( 176N T 1687 " Toane T gana T O )G

+( 11 n 65
16N2  8N3 = 384N*

[Ablinger, Bliimlein, CS, J. Math. Phys. 52, 2011, arXiv:1302.0378 [math-ph]]
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Asymptotic expansions Modern Summation Technologies applied to Quantum Field Theory

New algorithms for asymptotic expansions
using the underlying integral representation (available in HarmonicSums.m)

» Nested binomial sums

N

498, —1) 2 5 21 223 671
——  _ 7 VN{ =2 - -
Z (23)]-2 G3+ /T { { ~N T 1an? T 320n® T 107send T 915280
j=1 J
11635 1196757 376193 N 201980317
1441792N6  136314880N7  50331648N8 ' 18253611008 N9
_ 4 5 263 579
O(N—10Y| In(N) = = _ 10123
+0( )] (V) Nt 18N2  2400N3 + 12544 N4 + 110592087
1705445 27135463 N 197432563 405757489
71368704N6  11164188672N7 = 7927234560N8 = 775778467840N°

+ O(NlO)}

Ablinger, Bliimlein, CS, ACAT 2013, arXiv:1310.5645 [math-ph]
Ablinger, Bliimlein, Raab, CS, 2014. arXiv:1407.1822 [hep-th]
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» We presented our current summation technologies.
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Conclusion Modern Summation Technologies applied to Quantum Field Theory

Conclusion

> We presented our current summation technologies.

» In particular, a very recent method to solve coupled systems of
differential and difference equations.

» We obtained the e-expansions of rather complicated master integrals.

> Using these expansions we calculated easily the most complicated
ladder graphs with 6 massive fermion lines

(using Sigma.m, HarmonicSums.m, EvaluateMultiSums.m, SumProduction.m).

> All ladder-topologies for 3-loop massive operator matrix elements can
be calculated in this way.

» We used this technology for a few integrals emerging in the
pure-singlet case and integrals with two massive lines.

» More involved massive 3-loop topologies are currently investigated.
» New mathematics has being developed to explore the new function
spaces (asymptotic expansions).
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