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}  Large production rates for jet final states 
}  Precision measurements 
}  Large kinematical coverage 
}  Consider inclusive jets, 2 jet, 3 jet 

}  Allow precision measurements 
}  Gluon distribution 
}  Strong coupling constant 

}  Current theory: NLO 
}  Studies often theory-limited 
}  Require NNLO  

Jet production at HERA 
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Figure 13: Double-differential normalised cross sections for jet production in DIS as a function
of Q2 and PT. The NLO predictions, corrected for hadronisation effects, together with their
uncertainties are shown by the shaded bands. Further details can be found in the caption of
figure 10.
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}  Extraction of strong coupling constant from jets  
}  H1: αs (MZ) =  0.1165 ± 0.008(exp) ± 0.038(pdf,th) 

Jet production at HERA 
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Figure 21: The upper panel shows the values of the strong coupling αs(µr) as determined from
the normalized multijet measurement (open dots) at different scales µr. The inner error bars
indicate the experimental uncertainty, while the full error bars indicate the total uncertainty,
including the experimental and theoretical contributions. The solid line shows the NLO QCD
prediction calculated using the renormalisation group equation with αs(MZ) = 0.1165 as de-
termined from the simultaneous fit to all normalized multijet measurements. The dark shaded
band around this line indicates the experimental uncertainty on αs(µr), while the light shaded
band shows the total uncertainty. Also shown are the values of αs from multijet measurement
at low values of Q2 by H1 (circles), from inclusive jet measurements in photoproduction by
the ZEUS experiment (upper triangles), from the 3-jet rate y3 in a fit of NNLO calculations to
ALEPH data taken at LEP (diamonds), from the 4-jet rate measured by the JADE experiment
at PETRA (stars), from the jet transition value y23 measured by OPAL at LEP (squares), from
the ratio of trijet to dijet cross sections R3/2 as measured by the CMS experiment at the LHC
(crosses), and from jet angular correlations R∆R by the D0 experiment at the Tevatron (lower
triangles). In the lower panel the equivalent values of αs(MZ) for all measurements are shown.
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}  Impact of jet data on parton distribution fits 
}  NLO only, many precision applications now demand NNLO 

Jet production at HERA 
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Figure 11: Comparison of the recent values of αS (MZ ) obtained from
the jet production cross sections at HERA, determinations from other
experiments and the world average.The shaded band represents the
uncertainty of the world average.
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Figure 12: Parton distribution function fit as a function of x for Q2 =
10 GeV2 when inclusive data alone are used. The strong coupling
αS (MZ ) is free parameter. The central values of the PDFs (solid line)
are shown together with the experimental, model and parametrisation
uncertainties by the red, yellow and green shaded bands, respectively.
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Figure 13: Parton distribution functions for HERAPDF1.6 fit as a
function of x for Q2 = 10 GeV2 with the addition of jet data. Other
details as in the caption to Figure 12.

transverse momentum produced close to the proton di-
rection in the laboratory frame, here referred to as the
forward region, are considered to be particularly sensi-
tive to QCD dynamics at low x [12]. The distribution
of the azimuthal angle difference, ∆φ, between the for-
ward jet and the scattered electron is expected to show
an increase of the azimuthal angle decorrelation with
the electron-jet rapidity distance for evolution schemes
without ordering in transverse momentum. The H1 col-
laboration exploits this idea to test the different QCD
evolution mechanisms.

The data used in the analysis were collected with the
H1 detector in 2000 and correspond to an integrated lu-
minosity of 38.2 pb−1 [13]. The analysis phase space is
restricted to: 5 < Q2 < 85 GeV2, 0.0001 < x < 0.004
and 0.1 < y < 0.7. Jets are identified using the kT cluster
algorithm in the Breit frame and then boosted to the lab-
oratory frame. The events analyzed contain at least one
forward jet which satisfies the following cuts in the lab-
oratory frame: PT, f wd jet > 6 GeV and 1.73 < η f wd jet <
2.79. In order to enhance the effects of BFKL dynamics
and suppress the standard DGLAP evolution additional
requirements are applied: x f wd jet = E f wd jet/Ep > 0.35
and 0.5 < P2

T, f wd jet/Q
2 < 6.

The forward jet cross section dσ/d∆φ as a function
of the azimuthal angle difference ∆φ between the most
forward jet and the scattered positron is shown in Fig-
ure 14 for three intervals of the positron-jet rapidity dis-
tance Y , defined as Y = ln(x f wd jet/x). The prediction of
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Figure 11: Comparison of the recent values of αS (MZ ) obtained from
the jet production cross sections at HERA, determinations from other
experiments and the world average.The shaded band represents the
uncertainty of the world average.
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Figure 12: Parton distribution function fit as a function of x for Q2 =
10 GeV2 when inclusive data alone are used. The strong coupling
αS (MZ ) is free parameter. The central values of the PDFs (solid line)
are shown together with the experimental, model and parametrisation
uncertainties by the red, yellow and green shaded bands, respectively.
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Figure 13: Parton distribution functions for HERAPDF1.6 fit as a
function of x for Q2 = 10 GeV2 with the addition of jet data. Other
details as in the caption to Figure 12.

transverse momentum produced close to the proton di-
rection in the laboratory frame, here referred to as the
forward region, are considered to be particularly sensi-
tive to QCD dynamics at low x [12]. The distribution
of the azimuthal angle difference, ∆φ, between the for-
ward jet and the scattered electron is expected to show
an increase of the azimuthal angle decorrelation with
the electron-jet rapidity distance for evolution schemes
without ordering in transverse momentum. The H1 col-
laboration exploits this idea to test the different QCD
evolution mechanisms.

The data used in the analysis were collected with the
H1 detector in 2000 and correspond to an integrated lu-
minosity of 38.2 pb−1 [13]. The analysis phase space is
restricted to: 5 < Q2 < 85 GeV2, 0.0001 < x < 0.004
and 0.1 < y < 0.7. Jets are identified using the kT cluster
algorithm in the Breit frame and then boosted to the lab-
oratory frame. The events analyzed contain at least one
forward jet which satisfies the following cuts in the lab-
oratory frame: PT, f wd jet > 6 GeV and 1.73 < η f wd jet <
2.79. In order to enhance the effects of BFKL dynamics
and suppress the standard DGLAP evolution additional
requirements are applied: x f wd jet = E f wd jet/Ep > 0.35
and 0.5 < P2

T, f wd jet/Q
2 < 6.

The forward jet cross section dσ/d∆φ as a function
of the azimuthal angle difference ∆φ between the most
forward jet and the scattered positron is shown in Fig-
ure 14 for three intervals of the positron-jet rapidity dis-
tance Y , defined as Y = ln(x f wd jet/x). The prediction of

S. Mikocki / Nuclear Physics B (Proc. Suppl.) 245 (2013) 25–32 31

Workshop on Future Physics with HERA Data 4 12/11/2014 



}  Partons are combined into jets with the same jet algorithm as 
in experiment 

}  No algorithm dependence at leading order 
}  Theoretical description more accurate with increasing order 
}  Current status: NNLO starting to become available  

Jets in perturbative QCD  

LO                NLO              NNLO 
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NNLO corrections to e+e- → 3 jets 

}  Calculation of NNLO corrections to 
e+e- → 3 jets and related event 
shapes (A. Gehrmann-De Ridder, E.W.N. Glover, G. Heinrich, 
TG; S. Weinzierl) 

}  Revisit LEP precision phenomenology                          
(with G. Dissertori, G. Luisoni, H. Stenzel) 

}  Strong coupling from R3jet  
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FIG. 1: Determinations of αs(MZ) from the three-jet rate,
measured by ALEPH at the Z peak, for several values of
the jet-resolution parameter ycut. The error bars show the
statistical uncertainty, whereas the shaded band indicates the
total error, including the systematic uncertainty. The various
contributions to the latter are displayed in the lower plot.

We find

αs(MZ) = 0.1175± 0.0020 (exp) ± 0.0015 (theo) ,

where the first uncertainty includes (in quadrature) the
contributions from statistics, detector corrections and ex-
perimental selection cuts, and the second error is the
quadratic sum of b-quark mass and renormalization scale

uncertainties (cf. Table I). As expected, the theoretical
uncertainties are smaller than those obtained from fits
of event-shape distributions, and even smaller than the
experimental error, which is dominated by the model-
dependence of the detector corrections. Our result is
among the most precise determinations of the strong cou-
pling constant at LEP from jet observables, and is in ex-
cellent agreement with the latest world average value [3].
It is worth noting that we performed similar measure-
ments also for the LEP2 energies between 133 and 206
GeV, where we find consistent values for αs(MZ), but
with considerably larger statistical uncertainties.

In this letter we reported on the first determination
of the strong coupling constant from the three-jet rate
in e+e− annihilation at LEP, based on a NNLO per-
turbative QCD prediction. We find a precise value of
αs(MZ) with an uncertainty of 2%, consistent with the
world average. This verifies the expectations that the
three-jet rate is an excellent observable for this kind of
analysis, thanks to the good behavior of its perturbative
and non-perturbative contributions over a sizable range
of jet-resolution parameters.
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Ingredients to jet production at NNLO 
}  Two-loop matrix elements                     

}   Explicit infrared poles from loop integrals 

}  One-loop matrix elements                     
}  Explicit infrared poles from loop integral 
}  Implicit infrared poles from real radiation 

}  Tree-level matrix elements 
}  Implicit infrared poles from real radiation 

Workshop on Future Physics with HERA Data 7 12/11/2014 



Real radiation at NNLO: factorization 
}  Single unresolved radiation at one loop 

}  One-loop correction to collinear splitting factors                     
(Z. Bern, V. Del Duca, W. Kilgore, C. Schmidt) 

}  One-loop correction to soft eikonal factor (S. Catani, M. Grazzini) 

}  Double unresolved radiation factors at tree level                         
(J. Campbell, E.W.N. Glover; S. Catani, M. Grazzini) 

}  Double soft 
}  Soft/Collinear 
}  Triple collinear 
}  Double single collinear 

}  Require method to extract singular contributions 
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NNLO: methods & results 
}  Sector decomposition                                                            

(T. Binoth, G. Heinrich; C. Anastasiou, K. Melnikov, F. Petriello) 

}  pp → H, pp → V, including decays                                                                  
(C. Anastasiou, K. Melnikov, F. Petriello) 

}  Sector-improved subtraction schemes                                   
(M. Czakon; R. Boughezal, K. Melinkov, F. Petriello) 

}  pp → tt (M. Czakon, P.  Fiedler,  A. Mitov) 

}  pp → H+j (R. Boughezal, F. Caola, K. Melnikov, F. Petriello, M. Schulze)  

}  qT-subtraction (S. Catani, M. Grazzini) 

}  pp → H, pp → V, pp →γγ, pp → VH, pp  pp → VV                                                
(S. Catani, M. Grazzini, et al.) 

}  Antenna subtraction (A. Gehrmann-De Ridder, E.W.N. Glover,  TG) 

}  e+e- → 3j (A. Gehrmann-De Ridder, E.W.N. Glover, G. Heinrich, TG; S. Weinzierl)  

}  pp → 2j (A. Gehrmann-De Ridder, E.W.N. Glover, J. Pires, TG)  

}  pp → H+j (X. Chen, E.W.N. Glover, M. Jaquier, TG) 

_ 
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NNLO Infrared Subtraction 
Structure of NNLO cross section  
 
 

}  Real and virtual contributions: 
}  Subtraction term for double real radiation: 
}  Subtraction term for one-loop single real radiation: 
}  Mass factorization terms: 

}  Each line finite and free of poles                                    
→ numerical implementation 

d�NNLO =
⇧

d�m+2

�
d�R

NNLO � d�S
NNLO

⇥

+
⇧

d�m+1

⇤
d�V,1

NNLO � d�V S,1
NNLO

⌅
+

⇧

d�m+1

d�MF,1
NNLO

+
⇧

d�m

d�V,2
NNLO +

⇧

d�m+2

d�S
NNLO +

⇧

d�m+1

d�V S,1
NNLO +

⇧

d�m

d�MF,2
NNLO

d�R
NNLO,d�V,1

NNLO,d�V,2
NNLO

d�S
NNLO

d�V S,1
NNLO

d�MF,1
NNLO,d�MF,2

NNLO
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Antenna subtraction 
}  Subtraction terms constructed from antenna functions 

}  Antenna function contains all emission between two partons 

}  Phase space factorization 
 
}  Integrated subtraction term 

1 1

i

j

k

I

i

j

k

I

m+1 m+1

K

K

d�m+1(p1, . . . , pm+1; q) = d�m(p1, . . . , p̃I , p̃K , . . . , pm+1; q) · d�Xijk(pi, pj , pk; p̃I + p̃K)

Xijk =
�

d�XijkXijk
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Antenna functions 
}  Colour-ordered pair of hard partons (radiators) 

}  Hard quark-antiquark pair 
}  Hard quark-gluon pair 
}  Hard gluon-gluon pair 

}  NLO (D. Kosower; J. Campbell, M. Cullen, E.W.N. Glover) 

}  Three-parton antenna: one unresolved parton 

}  NNLO (A. Gehrmann-De Ridder, E.W.N. Glover, TG) 

}  Four-parton antenna: two unresolved partons  

}  Three-parton antenna at one loop 

}  Products of NLO antenna functions   

}  Soft antenna function 
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Antenna subtraction: incoming hadrons 
}  Three antenna types (A. Daleo, D. Maitre, TG) 

}  Final-final antenna 

 
}  Initial-final antenna 

}  Initial-intial antenna 
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Integrated NNLO antenna functions 
}  Analytical integration over unresolved part of phase space only  

}  phase space integrals reduced to masters (C. Anastasiou, K. Melnikov) 

}  Final-final:                                        , one scale: q2  

}  1 → 4 tree level  
}  1 → 3 one loop  

}  Initial-final:                                       , two scales: q2, x                  
(A. Daleo, A. Gehrmann-De Ridder, G. Luisoni, TG) 

}  2 → 3 tree level 
}  2 → 2 one loop 

}  Initial-initial:                                      , three scales: q2, x1, x2             
(R. Boughezal, A. Gehrmann-De Ridder, M. Ritzmann, TG) 

}  2 → 3 tree level 
}  2 → 2 one loop 

q � k1 + k2 + k3(+k4)

q + p1 � k1 + k2(+k3)

p1 + p2 � q + k1(+k2)
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Integration of antenna functions 
}  Initial-final antenna functions(A. Daleo, A. Gehrmann-De Ridder, G. Luisoni, TG) 

}  resemble NNLO coefficient functions in DIS 

}  Validated 
}  Coefficient functions F2, FL                                                    

(W. van Neerven. E. Zijlstra) 

}  Higgs-induced DIS                                                                   
(G. Soar, S. Moch, J. Vermaseren, A. Vogt) 

I[0] I[2] I[2, 6]

I[1, 2, 5] I[2, 3, 5] I[2, 4, 9]

I[1, 3, 4, 6] I[2, 3, 5, 6] I[1, 2, 4, 5]

Figure 1: Master integrals for the phase space integration of the tree level initial-final antennae at
NNLO. The double line in the external states represents the off-shell momentum, q with q2 = −Q2,
the single one is the incoming parton. All internal lines are massless. The cut propagators are the
ones intersected by the dotted line.

master deepest pole behaviour at x = 1 known to order

I[0] ϵ0 (1 − x)1−2ϵ all

I[2] ϵ0 (1 − x)−2ϵ all, ϵ5

I[2, 6] ϵ−1 (1 − x)−2ϵ all, ϵ5

I[1, 2, 5] ϵ−2 (1 − x)−2ϵ ϵ3

I[2, 3, 5] ϵ−2 (1 − x)−1−2ϵ ϵ3

I[2, 4, 9] ϵ−3 (1 − x)−2ϵ ϵ3

I[1, 3, 4, 6] ϵ−3 (1 − x)−1−2ϵ all, ϵ5

I[2, 3, 5, 6] ϵ−3 (1 − x)−1−2ϵ ϵ1

I[1, 2, 4, 5] ϵ−2 (1 − x)−2ϵ ϵ1

Table 3: Summary of the main properties of the three particles phase space master integrals

where

[dp] =
ddp

(2π)d
δ+(p2) . (4.6)

When squaring the 2 → 3 antennae, we find at most 4 propagators, plus the 3 cut ones.

All the integrals can be reduced to the set of 9 master integrals shown in Figure 1. All the

masters, except I[1, 2, 4, 5], have been computed by direct integration and by the differential

equations method, supplemented, where necessary, by a direct calculation at x = 1 after

factorizing the leading singularity. The x = 1 boundary conditions for I[1, 3, 4, 6] and

I[2, 3, 5, 6] were checked numerically using sector decomposition [40]. I[1, 2, 4, 5] has been

computed only using the differential equations method. The master integrals I[1, 2, 5],

– 15 –

1

CFNF
(F (2,PS)

2,q � 3� 2✏

2� 2✏
F (2,PS)

L,q ) = B̄0
q,q0q̄0q
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NNLO corrections to ep → 2j 
}  Status of the calculation (antenna subtraction)                  

(J. Currie, J. Niehues, TG) 

}  Matrix elements from MCFM (tree, 1-loop) and EERAD3 (2-loop) 
}  Double real radiation 

}  Subtraction terms constructed and 90% implemented and tested 
}  Azimuthal correlations from gluon splitting 

}  Single real radiation at one loop 
}  Subtraction terms constructed, implementation started 
}  Interplay of antenna functions and mass factorization 

}  Two-loop contributions 
}  Need to add integrated subtraction terms from above 
}  Should yield analytic cancellation of all infrared poles 

}  All implemented in parton-level event generator 
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Summary 

}  Precision physics with jets demands NNLO corrections 

}  Current status of ep → 2j 
}  All matrix elements known 
}  Implementation of all parton-level processes at NNLO                 

(J. Currie, J. Niehues, TG) 

}  Double real radiation: nearly complete, others in progress 

}  Will provide flexible NNLO parton-level program 
}  Ensure future availability of data for re-analysis 
}  Decrease theory error on partons and strong coupling constant 
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