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Double Field Theory Formulation of Heterotic String

Effective action of Heterotic String

@ The low-energy effective action for heterotic string in massless bosonic
sector is described by

S=[dxy/ge * (R+4(99)* — SH*Hy — 1GY o G*) J

which is extended with n gauge fields A;*, ax =1,...,n

@ The field strength of the non-abelian gauge fields is defined as

Gy = 9iA}" — A + g0 [A1. A |

@ The strength of the Kalb-Ramond field is modified by the Chern-Simons
three-form,

Hijk = 3(9[,~B]k KaﬁA 8Ak]/3 -3 oKaﬁA[ia[Aj,Ak]]B> J
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Heterotic Double Field Theory
@ T-duality is an important symmetry of string theory, as a consequence,
the non-geometric string background also called much attention both
on theory and phenomenology side. This leads to

Flux Backgrounds Chain

Hape — Fabc — Qcab — Rabc
[Dabholkar, Hull, Shelton, Taylor and Wecht '02-06]
A natural question for heterotic string would be: what is the T-dual of a
gauge flux G — ...?
@ The global symmetry group of heterotic Double Field Theory is
O(D,D +n), as a generalization of T-duality group of heterotic string. [Hohm
and Ki Kwak’13], see also [Siegel, Hull, Zwiebach, Aldazabal, Marques, Nunez, Lust, Andriot, Larfors,

Patalong, Blumenhagen, Betz, Berman and Thompson, et al]

@ Heterotic DFT lives on 2D + n dimensional space, coordinate§
XM = (%,x',y%), and XM transform as an O(D,D + n) vector X ¥ = My XV
h € O(D,D+n). The gauge field A* depends on the gauge coordinate y“.

@ The heterotic DFT action is expressed in terms of generalized metric Hyy
and an O(D, D+ n) invariant dilation d, defined by e=2? =, /ge=2¢.
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@ The abelian bosonic subsector of heterotic action can be expressed
under the so-called strong constraint(which annihilates the winding and
gauge coordinates dependence) 0’ = d, = 0, by

S= fa'xe_z" (%H"ja,-HKLajHKL = %HMiaiHI(j(%HMK = Za,dajHU +4H’J8,dajd) J

@ As expected, the generalized metric is parametrized as in terms of the
metric g;;, the Kalb-Ramond field B;; and the gauge fields A;* as

gl —g*Cy —g*Asg
Hynv = | —¢*Cii gij+Cugl'Cyi+AA;,  Crig"Aig+A;g
—¢*Ara Ciig"' Al + Aja 8up +Arag Al

in which C;; = B;j + 3Ai%Ajq.
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T-duality in Heterotic DFT

Non-geometric backgrounds of heterotic DFT

@ Recall that under a global O(D,D + n) transformation the coordinates and
the generalized metric behave as H =h'Hh, X =hX, 9 =(h')"'0.

—_—
X

@ Consider a torus 77 with flat metric g;; = §;, vanishing Kalb-Ramond
B-field and a constant abelian gauge flux G;;. For the corresponding
gauge field A, we choose A; =fy, A, = 0. This gives the field strength
G12 = —(31A2 — 82A1) Zf.
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@ Apply T-duality in the x-direction, which in heterotic DFT can be
implement by conjugation 57’ = 7,1 5# 7, with O(2,3) transformation.

@ Read off the new metric, B-field and the gauge field directly from the
transformed generalized metric 7, we have

— L __ 0 _ (fV)z
¢ = (H(/’y)%“? ) . B =0, A=| 18|,
0 1 0

@ Similar as for the type Il DFT, after two T-dualities there appears a
non-trivial functional dependence in the denominators. By performing a
proper field redefinition, the new non-geometric J-flux

Jh=—0Al = —f |

@ Applying another T-duality in the y direction changes y — ¥ in the
generalized metric, so like in the R-flux background (locally
non-geometric) we obtain a non-geometric gauge G-flux

G12 _ _(91A2_92A1) :fJ
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O(D,D + n)-induced field redefinition

@ By comparing the components of the transformed generalized metric 5#”
with the original 7, we are lead to make the field redefinition as

g=g+ClglC+A?

C= g—l Ctg—l
A=—(F'+0)4

@ We know the heterotic Buscher transformations is the standard rules
for how the fields transform under T-duality in string theory. Thus we
analogously performed Buscher rules step by step for comparing, we get
exact the same results as perform O(D, D + n) transformation on torus in
each step.

@ Namely, for heterotic DFT we are safe to use the O(D,D +n)
transformation to arrive the same results as Buscher rules but in a much
simpler way.

@ Furthermore, the first order o’ correction of Buscher rules is naturally
included in the form of the gauge field terms. [Serone and Trapletti'05], [Bedoya,
Marques, and Nunez "14]
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A The Buscher rules derived from heterotic DFT

Using the implementation of T-duality in heterotic DFT, one can now quite generally
(re-)derive the Buscher from the conjugation of the generalized metric with the cor-
responding T-duality matrix. Carrying out this procedure for a T-duality in the z”
direction, we get precisely the o' corrected Buscher rules presented in [42]

Gog

Gop= oy
(Goo + 543)°
o GoegBei + LG AR — 3G AgAs
o T T Y
(Gao + 547"
v GoiGo; — BoiBy;
YT (Gt )
1 » w o
- W(GGQ (5 Bos Ao + § Bosdod; — 52 AoAs Ao
(Gon + 5 47)
+%%ﬂGm—mﬂmw—Bw%+%KMAMj+Gm%&ﬂ) (A1)
B — Gt FA0A
t (Gu+ A
B.—B, (Goi + S Ap4,) Boj — (Goj + % AgA;) By
v (Goo + 547)
. A
(Goo + 547)
Go; — Bo: + % AgA;

A= A A 5
T (G + T A)

where e.g. AgA; = Aj A;o. Here the metric and the Kalb-Ramond field have dimension
{]9 and the gauge field [[]~*
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@ Applying the field redefinitions, we have the generalized metric
parametrized by the new metric g, bi-vector C¥ and (one-)vector A’ as

g+ ClgyCi+ AL AY gy CH CHguAlg+Alp
TN = —gi CY 8ij —giAlg
ChigAly+Al, gk A%y Sup+ A BuAlp

where C/ = i + 1Al A%, where B¥ is the antisymmetric bi-vector.
@ The definitions of the heterotic fluxes Zapc = Ecy L, Es™

Geometric Gauge Fluxes Non-geometric Gauge Fluxes
Gyij= _ZD[ZA[]Q _DaBij'i‘DocA[!'YAz]y Goll = _zb[iAJJa —Daﬁij‘FDaA[iyAﬂy

Fai = A, Kopi =2DgAig) | Jigi=—9iAly,  KPi=2Dl2jPl

@ Thus we can complete the gauge fluxes chain under T-dualities

G(xij—>‘]jai—>(~;aij , Kaﬁi%kaﬁi J
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Lie algebroid for heterotic field redefinitions

(Es ['~ ]E)
/—\ (TM, [
/ - T / A I

Figure 1: Tllustration of a Lie algebroid. On the left, one can see a manifold M
together with a bundle £ and a bracket [-,-]g. This structure is mapped via the
anchor p to the tangent bundle TM with Lie bracket [-, ]z, which is shown on
the right.

[Blumenhagen, Deser, Plauschinn,Rennecke and Schmid’13]
@ A Lie algebroid is specified by three pieces of information:
a vector bundle E over a manifold M,
abracket [-,-]g: EXE — E,
a homomorphism p : E — TM called the anchor.
@ In generalized geometry for abelian sector of heterotic string, we
considers a D-dimensional manifold M with usual coordinates x/,
equipped with a generalized bundle E=TM & T*M @& V. [Hitchin'02; Gualtieri'04]
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@ On this bundle E one defines a generalized metric .74,y in terms of the
fundamental fields g;;, B;; and A;* etc.

@ An O(D,D+n) transformation .# acts on the generalized metric via
conjugation, i.e. A(g,B,A) = M'H(g,B,A) M, M 4 =1, and therefore
defines a field redefinition (g,B,A) — (2,B,A).

@ Can this be connected to DFT field redefinitions? Yes!

a b m 0 g O
By choosing.#Z =(c d n|=(g"' 0 0
P 9 z 0 0 1

with g =g+ C'g 1 C+ A2,
@ We reproduced the heterotic DFT field redefinitions,

§g=p'ap=2 pr=(p") " =—(s+0)z"
C=p'€p=Cyg'g S=—3%
A=p'A=—(1+C'g A A=A
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The redefined heterotic action
@ Recall that the NS-sector of the heterotic string action is

7 = [de/ge™ (R+4(99)? — {5 H*Hix — 461Gy |

with H = dB — 3 8,5A% AdAP and G* = dA“.
@ Gravitational quantities transform as

IA{ (p_l)qlpimpinpkpRlijka Rmn = pimpinRija

mnp —
R=r,  VRI=Vlllp'l, é=9, Di=(p")79;
[Blumenhagen, Deser, Plauschinn,Rennecke and Schmid'13]

@ For the gauge field strength G = dA, we have (A%p*)dzA = d(p*A) = dA

Field Strength transforms as Three-form Flux transforms as

G;: dEA: (Azpl)G H.= dEg—%A/\dEA: (ASPI)H

@ so that the action in the redefined fields can be expressed as

= [dey/Z |p*| e 2¢(R+4(D¢) i ’qu—%GU“Gija)J
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Conclusion

@ By applying O(D,D + n) transformation in heterotic DFT, we obtain the
results from Heterotic Buscher rules for heterotic string theory. This
also naturally includes the first order o’ correction.

@ As we arrive in non-geometric frame after the T-duality, we obtain the
Gauge vector transformed from the gauge field. Then we also complete
the field redefinition including the gauge field.

@ From the heterotic DFT flux definition, we complete the gauge fluxes
chain under T-dualities, which could be interesting input in string
phenomenology or model building.

@ As a parallel section, we construct an O(D, D +n) kind anchor in
generalized geometry and reproduce the field redefinition we made for
heterotic DFT. By choosing different anchors, one can arrive a sequence
of equivalent actions for heterotic supergravity.
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EXTRA

@ The 0(2,3) transformation on 72 torus for heterotic DFT
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0
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0
0
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0
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0

0
0
0
1

The upper 4 x 4 dimensional part of the metric is the same as the

T-duality transformation for type 1l DFT.
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The fluxes of heterotic DFT

@ We derive the general form of the components of the heterotic fluxes by
Fapc = EcuLe, EB™ = Qupc + Qcap — Qpac -

@ In order to treat geometric and non-geometric components at the same
time, we use the general extended form of the generalized vielbein

eal~ ) *eakC:ki‘ 7eakékﬁ
EAM = —eka’“ e“i—i—e“kC"fCﬁ —eakAkﬁ
Ala A 605/3
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@ In abelian heterotic generalized geometry, we considers a D-dimensional
manifold M with usual coordinates x’, equipped with a generalized bundle
E=TM&T*M &V, whose sections are formal sums & + & + A of vectors,
& = &i(x) 9;, one-forms, & = &;(x) dx' and gauge transformations,

A=A (x),... Ay (x)).

@ For each non-geometric local O(D, D +n) transformation this action is
based on the differential geometry of a corresponding Lie algebroid.

@ The anchor property and the corresponding formula for the de Rahm
differential allow to compute
((Aﬂ+lp*)(dEe*))(x0,...,xn) = (dg 6") (0~ (X0),....p~ (X)) =
d((A"*)(6%)) (X0, -, Xn)
with the dual anchor p* = (p’)~! and for sections X; € I'(TM). The relation
describes how exact terms translate in general.

@ Moreover, any Lie algebroid can be equipped with a nilpotent exterior
derivative as follows
dg 0% (s0,...,8,) = Z?ZO(—I)"p'(si)O*(so, e SiyeaySn)

+Zi<j(71)l+]9*([Siwsji]EaSOa" . 75,‘\1‘5 cee 75,?\/'7' “asn)7
where 6* € T'(A"E™) is the analog of an n-form on the Lie algebroid and $;
denotes the omission of that entry. The Jacobi identity of the bracket [-,-|g
implies that satisfies (dg)? = 0.
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