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Introduction

Unpolarized Deep–Inelastic Scattering (DIS):

q

k′
k

P Wµν

Lµν

Q2 := −q2, x :=
Q2

2P.q
Bjorken–x

dσ

dQ2 dx
∼WµνL

µν

Wµν(q,P, s) =
1

4π

∫
d4ξ exp(iqξ)〈P, s | [Jem

µ (ξ), Jem
ν (0)] | P, s〉 =

1

2x

(
gµν −

qµqν
q2

)
FL(x ,Q

2) +
2x

Q2

(
PµPν +

qµPν + qνPµ
2x

− Q2

4x2
gµν

)
F2(x ,Q

2) .

Structure Functions: F2,L

contain light and heavy quark contributions.
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Factorization of the Structure Functions

At leading twist the structure functions factorize in terms of a Mellin
convolution

F(2,L)(x ,Q
2) =

∑

j

Cj,(2,L)

(
x ,

Q2

µ2
,
m2

µ2

)

︸ ︷︷ ︸
perturbative

⊗ fj(x , µ
2)︸ ︷︷ ︸

nonpert.

into (pert.) Wilson coefficients and (nonpert.) parton distribution
functions (PDFs).
⊗ denotes the Mellin convolution

f (x)⊗ g(x) ≡
∫ 1

0

dy

∫ 1

0

dz δ(x − yz)f (y)g(z) .

The subsequent calculations are performed in Mellin space, where ⊗
reduces to a multiplication, due to the Mellin transformation

f̂ (N) =

∫ 1

0

dx xN−1f (x) .
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Wilson coefficients:

Cj,(2,L)

(
N,

Q2

µ2
,
m2

µ2

)
= Cj,(2,L)

(
N,

Q2

µ2

)
+ Hj,(2,L)

(
N,

Q2

µ2
,
m2

µ2

)
.

At Q2 � m2 the heavy flavor part

Hj,(2,L)

(
N,

Q2

µ2
,
m2

µ2

)
=
∑
i

Ci,(2,L)

(
N,

Q2

µ2

)
Aij

(
m2

µ2
,N

)
[Buza, Matiounine, Smith, van Neerven 1996 Nucl.Phys.B]

factorizes into the light flavor Wilson coefficients C and the massive
operator matrix elements (OMEs) of local operators Oi between partonic
states j

Aij

(
m2

µ2
,N

)
= 〈j | Oi | j〉 .

→ additional Feynman rules with local operator insertions for partonic
matrix elements.
The unpolarized light flavor Wilson coefficients are known up to NNLO

[Moch, Vermaseren, Vogt, 2005 Nucl.Phys.B].
For F2(x ,Q2) : at Q2 & 10m2 the asymptotic representation holds at the
1% level.
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The inclusive DIS structure functions can be represented in the FFNS in
terms of massless and heavy quark contrubutions:

Fi (x,Q
2) = Fmassless

i (x,Q2) + Fheavy
i (x,Q2)

1

x
Fmassless
i (x,Q2) =

∑
q

e2
q

{
1

NF

[
Σ(x, µ2)⊗ CS

i,Q

(
x,

Q2

µ2

)
+ G

(
x, µ2

)
⊗ Ci,g

(
x,

Q2

µ2

)]

+∆q(x, µ2)⊗ CNS
i,q

(
x,

Q2

µ2

)}
, i = 2, L

where Σ and ∆k are the flavor singlet and non-singlet distributions given
by

Σ =

NF∑

k=1

(fk + fk)

∆k = fk + fk −
1

NF
Σ,

and G denotes the gluon density.
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Starting at 3-loop order, we have to consider the simultaneous
contributions of quarks of different mass, since mb is not much larger
than mc

mc

mb
∼ 0.1

The heavy flavor contribution with two masses is given by

1

x
F(2,L)

heavy(x,NF +2,Q2
,m2

1,m
2
2) =

NF∑
k=1

e2
k

{
LNS
q,(2,L)

(
x,NF + 2,

Q2

µ2
,
m2

1

µ2
,
m2

2

µ2

)
⊗
[
fk (x, µ2

,NF ) + fk (x, µ2
,NF )

]

+
1

NF

LPS
q,(2,L)

(
x,NF + 2,

Q2

µ2
,
m2

1

µ2
,
m2

2

µ2

)
⊗ Σ(x, µ2

,NF )

+
1

NF

LS
g,(2,L)

(
x,NF + 2,

Q2

µ2
,
m2

1

µ2
,
m2

2

µ2

)
⊗ G(x, µ2

,NF )

}

+ ˜̃HPS
q,(2,L)

(
x,NF + 2,

Q2

µ2
,
m2

1

µ2
,
m2

2

µ2

)
⊗ Σ(x, µ2

,NF )

+ ˜̃HS
g,(2,L)

(
x,NF + 2,

Q2

µ2
,
m2

1

µ2
,
m2

2

µ2

)
⊗ G(x, µ2

,NF )
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The Wilson Coefficients at large Q2
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The Wilson Coefficients at large Q2
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The Wilson Coefficients at large Q2
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The Wilson Coefficients at large Q2
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Variable Flavor Number Scheme

fk (nf + 2, µ2) + f
k

(nf + 2, µ2) = ANS
qq,Q

(
nf + 2

µ2

m2
1

,
µ2

m2
2

)
⊗
[
fk (nf , µ

2) + f
k

(nf , µ
2)
]

+
1

nf

APS
qq,Q

(
nf + 2,

µ2

m2
1

,
µ2

m2
2

)
⊗ Σ(nf , µ

2)

+
1

nf

ASqg,Q

(
nf + 2,

µ2

m2
1

,
µ2

m2
2

)
⊗ G(nf , µ

2)

f
Q+Q̄

(nf + 2, µ2) = APS
Qq

(
nf + 2,

µ2

m2
1

,
µ2

m2
2

)
⊗ Σ(nf , µ

2) + ASQg

(
nf + 2,

µ2

m2
1

,
µ2

m2
2

)
⊗ G(nf , µ

2) .

G(nf + 2, µ2) = ASgq,Q

(
nf + 2,

µ2

m2
1

,
µ2

m2
2

)
⊗ Σ(nf , µ

2) + ASgg,Q

(
nf + 2,

µ2

m2
1

,
µ2

m2
2

)
⊗ G(nf , µ

2) .

Σ(nf + 2, µ2) =

nf +2∑
k=1

[
fk (nf + 2, µ2) + f

k
(nf + 2, µ2)

]

=

 ANS
qq,Q

(
nf + 2,

µ2

m2
1

,
µ2

m2
2

)
+ APS

qq,Q

(
nf + 2,

µ2

m2
1

,
µ2

m2
2

)
+ APS

Qq

(
nf + 2,

µ2

m2
1

,
µ2

m2
2

)
⊗Σ(nf , µ

2)

+

 ASqg,Q

(
nf + 2,

µ2

m2
1

,
µ2

m2
2

)
+ ASQg

(
nf + 2,

µ2

m2
1

,
µ2

m2
2

) ⊗ G(nf , µ
2)
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Calculation of the 3-loop operator matrix elements

The OMEs are calculated using the QCD Feynman rules together with
the following operator insertion Feynman rules:

p, jp, i

δij/∆γ±(∆ · p)N−1 , N ≥ 1

p2, jp1, i

µ, a

gtaji∆
µ/∆γ±

∑N−2
j=0 (∆ · p1)j(∆ · p2)N−j−2 , N ≥ 2

p2, jp1, i

p3, µ, a p4, ν, b

g2∆µ∆ν/∆γ±
∑N−3

j=0

∑N−2
l=j+1(∆p2)

j(∆p1)
N−l−2

[
(tatb)ji(∆p1 +∆p4)

l−j−1 + (tbta)ji(∆p1 +∆p3)
l−j−1

]
,

N ≥ 3

p2, jp1, i

p3, µ, a p4, ν, b p5, ρ, c

g3∆µ∆ν∆ρ/∆γ±
∑N−4

j=0

∑N−3
l=j+1

∑N−2
m=l+1(∆.p2)

j(∆.p1)
N−m−2

[
(tatbtc)ji(∆.p4 +∆.p5 +∆.p1)

l−j−1(∆.p5 +∆.p1)
m−l−1

+(tatctb)ji(∆.p4 +∆.p5 +∆.p1)
l−j−1(∆.p4 +∆.p1)

m−l−1

+(tbtatc)ji(∆.p3 +∆.p5 +∆.p1)
l−j−1(∆.p5 +∆.p1)

m−l−1

+(tbtcta)ji(∆.p3 +∆.p5 +∆.p1)
l−j−1(∆.p3 +∆.p1)

m−l−1

+(tctatb)ji(∆.p3 +∆.p4 +∆.p1)
l−j−1(∆.p4 +∆.p1)

m−l−1

+(tctbta)ji(∆.p3 +∆.p4 +∆.p1)
l−j−1(∆.p3 +∆.p1)

m−l−1
]
,

N ≥ 4

γ+ = 1 , γ− = γ5 .

p, µ, ap, ν, b 1+(−1)N

2
δab(∆ · p)N−2

[
gµν(∆ · p)2 − (∆µpν +∆νpµ)∆ · p+ p2∆µ∆ν

]
, N ≥ 2

p1, µ, a
→

p2, ν, b

↑

p3, λ, c
←

−ig 1+(−1)N

2
fabc

(

[
(∆νgλµ −∆λgµν)∆ · p1 +∆µ(p1,ν∆λ − p1,λ∆ν)

]
(∆ · p1)N−2

+∆λ

[
∆ · p1p2,µ∆ν +∆ · p2p1,ν∆µ −∆ · p1∆ · p2gµν − p1 · p2∆µ∆ν

]

×∑N−3
j=0 (−∆ · p1)j(∆ · p2)N−3−j

+
{

p1→p2→p3→p1
µ→ν→λ→µ

}
+
{

p1→p3→p2→p1
µ→λ→ν→µ

})
, N ≥ 2

p1, µ, a
→

p2, ν, b

↑
p3, λ, c

↑

p4, σ, d
←

g2 1+(−1)N

2

(
fabef cdeOµνλσ(p1, p2, p3, p4)

+facef bdeOµλνσ(p1, p3, p2, p4) + fadef bceOµσνλ(p1, p4, p2, p3)

)
,

Oµνλσ(p1, p2, p3, p4) = ∆ν∆λ

{
−gµσ(∆ · p3 +∆ · p4)N−2

+[p4,µ∆σ −∆ · p4gµσ]
∑N−3

i=0 (∆ · p3 +∆ · p4)i(∆ · p4)N−3−i

−[p1,σ∆µ −∆ · p1gµσ]
∑N−3

i=0 (−∆ · p1)i(∆ · p3 +∆ · p4)N−3−i

+[∆ · p1∆ · p4gµσ + p1 · p4∆µ∆σ −∆ · p4p1,σ∆µ −∆ · p1p4,µ∆σ]

×∑N−4
i=0

∑i
j=0(−∆ · p1)N−4−i(∆ · p3 +∆ · p4)i−j(∆ · p4)j

}

−
{

p1↔p2
µ↔ν

}
−
{

p3↔p4
λ↔σ

}
+
{

p1↔p2, p3↔p4
µ↔ν, λ↔σ

}
, N ≥ 2
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Diagrams for A
(3) ,NS
qq

Diagrams for A
(3)
gq

The diagrams are generated using QGRAF [Nogueira 1993 J. Comput. Phys].

A
(3),NS
qq,Q A

(3)
gq,Q A

(3),PS
Qq A

(3)
gg ,Q A

(3)
Qg

No. diagrams 6 6 16 72 256
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The NS and gq contributions at general values of N

One massive fermion loop insertion is effectively rendered massless via a
Mellin-Barnes representation:

= asTF
4

π
(4π)−ε/2 (kµkν − k2gµν

)

×
∫ +i∞

−i∞
dσ

(
m2

µ2

)σ (
−k2

)ε/2−σ

× Γ(σ − ε/2)Γ2(2− σ + ε/2)Γ(−σ)

Γ(4− 2σ + ε)

The Introduction of Feynman parameters then leads to an expression for
the integrals of the form

I ∝ C (ε,N)

∫ +i∞

−i∞
dξ ηξΓ

[
g1(ε) + ξ, g2(ε) + ξ, g3(ε) + ξ, g4(ε)− ξ, g5(ε)− ξ

g6(ε) + ξ, g7(ε)− ξ

]

where the gj are linear functions in ε and η = m1/m2.
15/35



After closing the contour and collecting the residues a linear combination
of generalized hypergeometric 4F3–functions is obtained

I =
∑

j

Cj (ε,N) 4F3

[
a1(ε), a2(ε), a3(ε), a4(ε)

b1(ε), b2(ε), b3(ε)
, η

]
.

For A
(3),NS
qq and A

(3)
gq the arguments of the hypergeometric PFQ -function

are completely independent of the Mellin variable N
→ the N and η = m1/m2 dependendence factorize!

The ε expansion can be done using HypExp 2.
The results are given in terms of the following (poly)logarithmic
functions:

{ln(η), ln(1± η), ln (1±√η) , Li2 (±√η) , Li2 (±η) , Li3 (±√η)}

The pre-factor Cj (ε,N) may contain a sum stemming from the operator
insertion on the vertex. This sum is evaluated in terms of harmonic sums
using the summation package Sigma (see C. Schneider’s talk).
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The flavor non-singlet contribution

˜̃a
(3),NS
qq,Q

= CF T2
F

{ 32

27
S1 −

8
(

3N2 + 3N + 2
)

27N(N + 1)

 ln3(η) +

[
−

R1

18N2(N + 1)2η

+
[ (3N2 + 3N + 2

)
(η + 1)

(
5η2 + 22η + 5

)
36N(N + 1)η3/2

−
(η + 1)

(
5η2 + 22η + 5

)
9η3/2

S1

]
ln

(
1 +
√
η

1 − √η

)

+
2
(

5η2 + 2η + 5
)

9η
S1 + ln(1 − η)

 16
(

3N2 + 3N + 2
)

9N(N + 1)
−

64

9
S1

 +
32

9
S2

]
ln2(η) +

[
40(η − 1)(η + 1)

9η
S1

−
10
(

3N2 + 3N + 2
)

(η − 1)(η + 1)

9N(N + 1)η
+

(η + 1)
(

5η2 + 22η + 5
)

9η3/2

[
8S1 −

2
(

3N2 + 3N + 2
)

N(N + 1)

]
Li2 (
√
η)

+

(√
η + 1

)2 (−10η3/2 + 5η2 + 42η − 10
√
η + 5

)
9η3/2


(

3N2 + 3N + 2
)

2N(N + 1)
− 2S1

Li2(η)

]
ln(η)

+
16
(

3N4 + 6N3 + 47N2 + 20N − 12
)
ζ2

27N2(N + 1)2
+

(η + 1)
(

5η2 + 22η + 5
)

9η3/2

[ 4
(

3N2 + 3N + 2
)

N(N + 1)

−16S1

]
Li3 (
√
η) +

(√
η + 1

)2 (−10η3/2 + 5η2 + 42η − 10
√
η + 5

)
9η3/2

[
2S1

−

(
3N2 + 3N + 2

)
2N(N + 1)

]
Li3(η) +

 16
(

405η2 − 3238η + 405
)

729η
+

256ζ3

27
−

640ζ2

27

 S1

+

[
128ζ2

9
+

3712

81

]
S2 −

1280

81
S3 +

256

27
S4 −

64
(

3N2 + 3N + 2
)
ζ3

27N(N + 1)
−

4R2

729N4(N + 1)4η

}
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The Agq contribution

˜̃a
(3)
gq,Q

= CF T2
F

{
−

64
(
N2 + N + 2

)
S1

3

27(N − 1)N(N + 1)
−

128
(
N2 + N + 2

)
S3

27(N − 1)N(N + 1)

+
64
(

8N3 + 13N2 + 27N + 16
)
S1

2

27(N − 1)N(N + 1)2
+

64
(

8N3 + 13N2 + 27N + 16
)
S2

27(N − 1)N(N + 1)2

−
4
(√
η + 1

)2(N2 + N + 2
)
R8

3η3/2(N − 1)N(N + 1)
Li3(−√η) +

4
(√
η − 1

)2(N2 + N + 2
)
R9

3η3/2(N − 1)N(N + 1)
Li3(
√
η)

−
8R12

243η(N − 1)N(N + 1)4
+

[
−

20
(
N2 + N + 2

)
(η2 − 1)

3η(N − 1)N(N + 1)

+
2
(√
η + 1

)2(N2 + N + 2
)
R8

3η3/2(N − 1)N(N + 1)
Li2(−√η) −

2
(√
η − 1

)2(N2 + N + 2
)
R9

3η3/2(N − 1)N(N + 1)
Li2(
√
η)

]
ln(η)

+

[
−

16
(
N2 + N + 2

)
S1

3(N − 1)N(N + 1)
+

(√
η + 1

)2(N2 + N + 2
)
R8

6η3/2(N − 1)N(N + 1)
ln(1 +

√
η)

−

(√
η − 1

)2(N2 + N + 2
)
R9

6η3/2(N − 1)N(N + 1)
ln(1 − √η) −

R10

3η(N − 1)N(N + 1)2

]
ln2(η)

+

(
−

64R11

27(N − 1)N(N + 1)3
−

64
(
N2 + N + 2

)
9(N − 1)N(N + 1)

S2 −
64
(
N2 + N + 2

)
ζ2

3(N − 1)N(N + 1)

)
S1

+
64
(

8N3 + 13N2 + 27N + 16
)
ζ2

9(N − 1)N(N + 1)2
−

16
(
N2 + N + 2

)
9(N − 1)N(N + 1)

ln3(η) −
128
(
N2 + N + 2

)
ζ3

9(N − 1)N(N + 1)

}
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Scalar Agg ,Q diagrams with m1 6= m2

ma mb

ma

mb

ma mb

ma

mb

ma

mb

ma

mb

ma mb
ma

mb

The strategy:

• Introduce Feynman parameters and do the momentum integration
for one of the closed fermion lines → effective propagator.

• Detach mass using the Mellin-Barnes representation

1

(A + B)λ
=

1

Γ(λ)

1

2πi

∫ +i∞

−i∞
dξ

Bξ

Aλ+ξ
Γ(λ+ ξ)Γ(−ξ)
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• Perform the remaining momentum integrals and the Feynman
parameter integrals (except the one where both ξ and N appear)

→ C (N,m1,m2, ε)
1

2πi

∫ +i∞

−i∞

∫ 1

0

dX ηξX ξ+N+αε+β(1− X )−ξ+γε+δ

× Γ

[
a1 + b1ε+ c1ξ, . . . , ai + biε+ ciξ

d1 + e1ε+ f1ξ, . . . , dj + ejε+ fjξ

]

ak , dk , β, δ ∈ Z , bk , ek , α, γ ∈ Z/2, ck ∈ {−1, 1} and

fk ∈ {−2,−1, 1, 2}, with
∑i

k=1 ck =
∑j

k=1 fk

• Split integration range and remap to [0, 1] using

∫ +i∞

−i∞
dξ

∫ 1

0

dXf (ξ,X )

(
ηX

1− X

)ξ
=

(∫ 1
1+η

0

dX +

∫ 1

1
1+η

dX

)
f (ξ,X )

(
ηX

1− X

)ξ

=

∫ +i∞

−i∞
dξ

∫ 1

0

dT

[
η

(η + T )2 f

(
ξ,

T

η + T

)
T ξ

+
1

(1 + ηT )2 f

(
ξ,

1

1 + ηT

)
T−ξ

]
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• Regulate poles and expand in ε.

• Take residues and sum using Sigma (see C. Schneider’s talk) and
HarmonicSums (see J. Ablinger’s talk). Results in terms of GHPLs,
i.e., iterated integrals over the alphabet

{
1

τ
,

1

τ + T
,

1

1 + T τ 2

}

• Rewrite GHPLs so that T appears only in the argument.

• Absorb rational, N-dependent factors into the integrals using

N

∫ 1

0

dxg(x)N f (x) = g(x)N+1 f (x)

g ′(x)

∣∣∣∣
1

0

−
∫ 1

0

dx (g(x))N
d

dx

[
f (x)g(x)

g ′(x)

]

1

(N + a)

∫ 1

0

dxg(x)N f (x) =
1

(N + a)
g(x)N+a

(∫ x

0

dy
f (y)

g(y)a

)∣∣∣∣
1

x=0

−
∫ 1

0

dxg(x)N+a−1 dg(x)

dx

(∫ x

0

dy
f (y)

g(y)a

)
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• Rewrite the remaining integral doing the change of variable

g(x , η)→ x ′

• Final result in z-space in terms of generalized iterated integrals

G ({f1(τ), f2(τ), · · · , fn(τ)} , z) =

∫ z

0

dτ1 f1(τ1)G ({f2(τ), · · · , fn(τ)} , τ1)

with

G

({
1

τ
,

1

τ
, · · · , 1

τ︸ ︷︷ ︸
n times

}
, z

)
=

1

n!
H0(z)n ≡ 1

n!
lnn(z) .

and in N-space in terms of generalized harmonic sums

Sb,~a(c , ~d ;N) =
N∑

k=1

ck

kb
S~a(~d ; k), c , di ∈ R\{0}; b, ai ∈ N\{0},

and other generalizations including inverse binomial sums.
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Example:

ma

mb

D
(+)
8a (z) =

(
m2

1

)ε/2 (
m2

2

)−3+ε

{
−

1

ε

1

90(1− z)
−

1

450(1− z)
+

1

180(1− z)
H1 (z)

+
25 + (63η − 100)(1− z)

3360η(1− z)3/2

√
z

[(
η − 1−

1 + η

2
ln(η)

)
G
({√

1− τ
√
τ
}
, z
)

+
(1− η)2

8

[
− ln (η) G

({ √
1− τ

√
τ

−η − τ + ητ

}
, z

)
+ G

({ √
1− τ

√
τ

−η − τ + ητ
,

1

τ

}
, z

)

+G

({ √
1− τ

√
τ

−η − τ + ητ
,

1

1− τ

}
, z

)]
+

1 + η

2

[
G

({√
1− τ

√
τ,

1

1− τ

}
, z

)

+G

({√
1− τ

√
τ,

1

τ

}
, z

)]]}
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D8a(N) =
(
m2

1

)ε/2 (
m2

2

)−3+ε

[
1 + (−1)N

2

]{
−

N + 2

45ε2(N + 1)

+
1

ε

[
(N + 2)S1 (N)

90(N + 1)
−

8N3 + (4− 25η)N2 − (25η + 24)N + 20

1800N(N + 1)2

]

−
(

7N
(
N2 + 3N + 2

)
− 3η3

)
S2

1 (N)

2520N(N + 1)2
+

2−2N−8
(2N

N

)
P45

105
√
η(N + 1)2

[
H−1,0,0 (

√
η) + H1,0,0 (

√
η)
]

+
2−2N

(2N
N

)
P45

53760(η − 1)η(N + 1)2

N∑
i1=1

22i1
(

η
−1+η

)i1
[
S2

(
−1+η
η , i1

)
− S1,1

(
−1+η
η , 1, i1

)]
(2i1

i1

)
+ ln2(η)

[
η3

840N(N + 1)2
−

(η − 1)−N−1ηN

53760N(N + 1)2
P44 −

2−2N−10
(2N

N

)
P45

105(η − 1)(N + 1)2

−
2−2N−10

(2N
N

)
P45

105(η − 1)η(N + 1)2

N∑
i1=1

22i1 (−1 + η)−i1ηi1(2i1
i1

) ]
+

P48

9072000ηN2(N + 1)3

−
P47S1 (N)

403200η(N + 1)2
−
(

3η3 + 7N
(
N2 + 3N + 2

))
S2 (N)

2520N(N + 1)2
+ ln(η)

[
−

S1 (N) η3

420N(N + 1)2

−
2−2N−8

(2N
N

)
P45

105η(N + 1)2
+

2−2N−9
(2N

N

)
P45

105(η − 1)η(N + 1)2

N∑
i1=1

22i1 (−1 + η)−i1ηi1S1

(
−1+η
η , i1

)
(2i1

i1

)
+

(η − 1)−N−1ηNP44

26880N(N + 1)2
S1

(
η − 1

η
,N

)
+

P46

80640(N + 1)2η

]
−

2−2N−7
(2N

N

)
P45

105η(N + 1)2

+
(η − 1)−N−1ηNP44

26880N(N + 1)2

[
S2

(
η − 1

η
,N

)
− S1,1

(
η − 1

η
, 1,N

)]
−

(N + 2)ζ2

120(N + 1)

}
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The PS contribution at general values of N

We use the same trick we used before for ANS
qq and Agq to decouple the

mass coming from the fermion loop without operator insertion.

For the fermion loop with operator insertion we use

= 16δabTF g
2
s

(∆.k)N−2

(4π)D/2
Γ(2− D/2)

×
∫ 1

0

dx xN (1− x)
(∆.k)∆µkν − k2∆µ∆ν

(m2 − x(1− x)k2)2−D/2

= 4δabTF g
2
s

(∆.k)N−2

(4π)D/2

∫ 1

0

dx xN−2(1− x)

[
−
(
x(1− x)(gµνk

2 − 2kµkν) + 2m2gµν
) x2Γ(3− D/2)(∆.k)2

(m2 − x(1− x)k2)3−D/2

+ Γ(2− D/2)(2Nx + 1− N)
x(kµ∆ν + kν∆µ)(∆.k)

(m2 − x(1− x)k2)2−D/2

+ Γ(2− D/2)((N − 1)(1− 2x)− Dx)
xgµν(∆.k)2

(m2 − x(1− x)k2)2−D/2

− Γ(1− D/2)
N − 1

1− x
(N(1− x)− 1)

∆µ∆ν

(m2 − x(1− x)k2)1−D/2

]

25/35



The diagrams end up being expressed as a linear combination of integrals
of the form

I1 = C1(N,m1,m2, ε)
1

2πi

∫ +i∞

−i∞
dξ

∫ 1

0

dx ηξxξ+N+αε+β(1− x)ξ+γε+δ

× Γ

[
a1 + b1ε+ c1ξ, . . . , ai + biε+ ciξ

d1 + e1ε+ f1ξ, . . . , dj + ejε+ fjξ

]

or

I2 = C2(N,m1,m2, ε)
1

2πi

∫ +i∞

−i∞
dξ

∫ 1

0

dx ηξx−ξ+N+α′ε+β′(1− x)−ξ+γ′ε+δ′

× Γ

[
a′1 + b′1ε+ c ′1ξ, . . . , a

′
i + b′iε+ c ′i ξ

d ′1 + e′1ε+ f ′1ξ, . . . , d
′
j + e′j ε+ f ′j ξ

]

Notice the difference with A
(3)
gg , where the relevant variable was

ηx

1− x
.

Now the relevant variables are

ηx(1− x) for I1, and
η

x(1− x)
for I2
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The calculation of I2 is particularly cumbersome since

η

x(1− x)
< 1, for x ∈

(
1

2

(
1−

√
1− 4η

)
,

1

2

(
1 +

√
1− 4η

))

η

x(1− x)
> 1, for x ∈

(
0,

1

2

(
1−

√
1− 4η

))

or x ∈
(

1

2

(
1 +

√
1− 4η

)
, 1

)

We can, however, perform the contour integrals for both, I1 and I2 by
taking residues and summing them with Sigma and HarmonicSums. The
results are expressed in terms of GHPLs.

The problem is that now, unlike the case of A
(3)
gg , the parameters and

arguments of the GHPLs depend on both x and η, so it’s not so easy to
absorb the rational factors of N coming from C1(N,m1,m2, ε) and
C2(N,m1,m2, ε).
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In the case of the I1 integrals we proceed as follows:

– First we do the remaining Feynman parameter integral in x .

– We then use the MB package to analytically continue and expand the
integrals around ε = 0.

– After the expansion, we express the remaining contour integral as a
sum of residues.

For example, during the calculation of one of the diagrams the following
contour integral appears

I =
1

N + 1

1

2πi

∫ +i∞

−i∞
dσ η−σ

Γ(N − σ)Γ(−σ)2Γ(σ)2Γ(2− σ)Γ(2 + σ)2

Γ(N + 2− 2σ)Γ(4 + 2σ)

for η ∼ 0.1, we can close the contour to the right and take residues.
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We obtain

I →
∞∑
k=2

η
kB(k + N, k + 2)

Γ(k)2Γ(2k − 3)

Γ(k − 1)2Γ(k + 1)2

{
ln2(η)

−2ln(η)
[
−S1(k + N − 1) + 2S1(2k + N + 1) + 2S1(k − 2)

−2S1(k − 1) + 2S1(k)− S1(k + 1)− 2S1(2k − 4)
]

+S1(k + N − 1)2 + 4S1(2k + N + 1)2 − 4S1(k − 2)S1(k + N − 1)

+4S1(k − 1)S1(k + N − 1)− 4S1(k)S1(k + N − 1)

+2S1(k + 1)S1(k + N − 1) + 4S1(2k − 4)S1(k + N − 1)

+8S1(k − 2)S1(2k + N + 1)− 8S1(k − 1)S1(2k + N + 1)

+8S1(k)S1(2k + N + 1)− 4S1(k + 1)S1(2k + N + 1)

−8S1(2k − 4)S1(2k + N + 1)− 4S1(k + N − 1)S1(2k + N + 1)

−S2(k + N − 1) + 4S2(2k + N + 1) + 4S1(k − 2)2 + 4S1(k − 1)2

+4S1(k)2 + S1(k + 1)2 + 4S1(2k − 4)2 − 8S1(k − 2)S1(k − 1)

+8S1(k − 2)S1(k)− 8S1(k − 1)S1(k)− 4S1(k − 2)S1(k + 1)

+4S1(k − 1)S1(k + 1)− 4S1(k)S1(k + 1)− 8S1(k − 2)S1(2k − 4)

+8S1(k − 1)S1(2k − 4)− 8S1(k)S1(2k − 4) + 4S1(k + 1)S1(2k − 4)

+2S2(k − 2)− 2S2(k − 1) + 2S2(k)− S2(k + 1)− 4S2(2k − 4)
}

Unfortunately, this sum cannot be done using Sigma.
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We proceed as follows

– First we reintroduce an integral in x using

∫ 1

0

dx xk+N−1(1− x)k+1 = B(k + N, k + 2)∫ 1

0

dx xk+N−1(1− x)k+1 ln(x) = B(k + N, k + 2) (S1(k + N − 1)− S1(2k + N + 1))∫ 1

0

dx xk+N−1(1− x)k+1 ln(1− x) = B(k + N, k + 2) (S1(k + 1)− S1(2k + N + 1))∫ 1

0

dx xk+N−1(1− x)k+1 ln(x)2 = B(k + N, k + 2)
[
(S1(k + N − 1)− S1(2k + N + 1))2

−S2(k + N − 1) + S2(2k + N + 1)
]∫ 1

0

dx xk+N−1(1− x)k+1 ln(1− x)2 = B(k + N, k + 2)
[
(S1(k + 1)− S1(2k + N + 1))2

−S2(k + 1) + S2(2k + N + 1)
]∫ 1

0

dx xk+N−1(1− x)k+1 ln(x) ln(1− x) = B(k + N, k + 2)
[
−ζ(2) + S2(2k + N + 1)

(S1(k + 1)− S1(2k + N + 1))

× (S1(k + N − 1)− S1(2k + N + 1))
]
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I →
∞∑

k=3

ηk
∫ 1

0

dx (1− x)k+1xk+N−1 Γ(k)2Γ(2k − 3)

Γ(k − 1)2Γ(k + 1)2

{
ln2(η)

+2ln(η)
[
−2S1(k − 2) + 2S1(k − 1)− 2S1(k) + 2S1(2k − 4)

+ln(1− x) + ln(x)
]
− 4
[
S1(k − 2)− S1(k − 1) + S1(k)

−S1(2k − 4)
]
(ln(1− x) + ln(x)) + 4S1(k − 2)2 + 4S1(k − 1)2

+4S1(k)2 + 4S1(2k − 4)2 − 8S1(k − 2)S1(k − 1) + 2ζ(2)

+8S1(k − 2)S1(k)− 8S1(k − 1)S1(k)− 8S1(k − 2)S1(2k − 4)

+8S1(k − 1)S1(2k − 4)− 8S1(k)S1(2k − 4) + 2S2(k − 2)

−2S2(k − 1) + 2S2(k)− 4S2(2k − 4) + (ln(1− x) + ln(x))2
}

– Now we do the binomial expansion of the term (1− x)k+1 and use

1

N + a

∫ 1

0

dx xN f (x) =

∫ 1

0

dx xN+a−1

(∫ 1

0

dy y−af (y)−
∫ x

0

dy y−af (y)

)

in order to absorb the 1
N+1 factor in I .

31/35



– The integrals from 0 to x can be done using

∫ x

0

dy yn ln(y) =
xn+1 ln(x)

n + 1
−

xn+1

(n + 1)2∫ x

0

dy yn ln(1− y) = −
S1({x}, n)

n + 1
−

xn+1

(n + 1)2
+

(
xn+1 − 1

)
ln(1− x)

n + 1∫ x

0

dy yn ln(y)2 =
2xn+1

(n + 1)3
+

xn+1 ln2(x)

n + 1
−

2xn+1 ln(x)

(n + 1)2∫ x

0

dy yn ln(1− y)2 =
ln2(x)

2(n + 1)

[
4

(
S1({x}, n)

n + 1
+ S1,1({1, x}, n) +

xn+1

(n + 1)2
− x

)
−4 ln(1− x)

(
S1({x}, n) +

xn+1

n + 1
− x

)
+ 4

(
S1(n + 1)− 1

)
ln(1− x)

−2x
(

1− xn) ln2(1− x) + 4x + (1− x)

(
4 ln(1− x)− 2 ln2(1− x)

)]
∫ x

0

dy yn ln(y) ln(1− y) =
S2({x}, n)− xn

n2

n + 1
+

S1({x}, n)− xn

n

(n + 1)2
−

ln(x)
(
S1({x}, n)− xn

n

)
n + 1

+
(2n + 1)xn

n2(n + 1)2
−

Li2(x)

n + 1
+

2xn+1

(n + 1)3
−

xn+1 ln(x)

(n + 1)2

−
(
xn+1 − 1

)
ln(1− x)

(n + 1)2
+

(
xn+1 − 1

)
ln(1− x) ln(x)

n + 1
−

xn ln(x)

n(n + 1)
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I =
∞∑
k=2

k+1∑
i=0

(−1)iηk
(k + 1

i

) Γ(k)2Γ(2k − 3)

Γ(k − 1)2Γ(k + 1)2

{
2 ln(η)

(
−

S1({1}, i + k − 2)

i + k − 1
−

1

(i + k − 1)2

)

−4S1(k − 2)

(
−

S1({1}, i + k − 2)

i + k − 1
−

1

(i + k − 1)2

)
+ 4S1(k − 1)

(
−

S1({1}, i + k − 2)

i + k − 1

−
1

(i + k − 1)2

)
− 4S1(k)

(
−

S1({1}, i + k − 2)

i + k − 1
−

1

(i + k − 1)2

)

+4S1(2k − 4)

(
−

S1({1}, i + k − 2)

i + k − 1
−

1

(i + k − 1)2

)
+ 2

(
S1({1}, i + k − 2)− 1

i+k−2

(i + k − 1)2

+
S2({1}, i + k − 2)− 1

(i+k−2)2

i + k − 1
+

2(i + k − 2) + 1

(i + k − 2)2(i + k − 1)2
+

2

(i + k − 1)3
−

π2

6(i + k − 1)

)

+

2

(
S1({1},i+k−2)

i+k−1 + S1,1({1, 1}, i + k − 2) + 1
(i+k−1)2

)
(i + k − 1)

+
ln2(η)

i + k − 1

− ln(η)

[
2

(i + k − 1)2
+

4

i + k − 1

(
−S1(k − 2) + S1(k − 1)− S1(k) + S1(2k − 4)

)]
+

4

i + k − 1

[
S1(k − 2)2 + S1(k − 1)2 + S1(k)2 + S1(2k − 4)2 − 2S1(k − 2)S1(k − 1)

+2S1(k − 2)S1(k)− 2S1(k − 1)S1(k) + S1(k)− 2S1(k − 2)S1(2k − 4)

+2S1(k − 1)S1(2k − 4)− 2S1(k)S1(2k − 4)− 2S1(k)S1(2k − 4)− S2(2k − 4) + 2ζ(2)
]

+
2S2(k − 2)

i + k − 1
−

2S2(k − 1)

i + k − 1
+

2S2(k)

i + k − 1
+

4

(i + k − 1)2

[
S1(k − 2)− S1(k − 1)

−S1(2k − 4)
]

+
2

(i + k − 1)3
+ · · ·

}
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We can do this double sum using Sigma and HarmonicSums. We get

I =

∫ 1

0

dx xN
{

1

288
ln4(1− x) +

(
12x2 − x + 6

216x
+

ln(x)

72
+

ln(η)

72

)
ln3(1− x) +

[
ln2(x)

48

+
ln2(η)

48
+

1

144

√
η(5η − 27) ln

(
1 +
√
η

1−√η

)
−

11

72
ln(1− η) +

Li2(η)

24

]
ln2(1− x)

+

[
ln3(η)

72
−

11

18
ln(1− η)

(
2x − 1 +

ln(η)

2

)
−

1

18

√
η(5η − 27)Li2

(
√
η

)
+

1

72

(
5η3/2 − 27

√
η + 24x − 34

)
Li2(η)−

Li3(η)

6

]
ln(1− x) +

ln4(x)

288
+

ln4(η)

288

−
1

24
G

({
1

τ
,

√
1− 4τ

τ

}
, ηx(1− x)

)2

−
π2

162x

(
15x2 − 8x + 3

)(
1− ηx(1− x)

)3/2

+
11

36
G

({√
1− 4τ

√
1− 4ητ

τ

}
, x(1− x)

)[
G

({
1

τ
,

√
1− 4τ

τ

}
, ηx(1− x)

)
+ ζ2

]
+ ln3(x)

(
12x2 − x + 6

216x
+

ln(η)

72

)
+

20

9
ηG

({
1

τ
,

√
1− 4ητ

τ
,
√

1− 4τ
√

1− 4ητ

}
, x(1− x)

)
−

12x2 − 7x + 6

36x
G

({√
4τ − 1

τ
,

1

τ
,

√
4τ − 1

τ

}
, ηx(1− x)

)
−

27

36

√
η ln(x) ln

(
1 +
√
η

1−√η

)

+
1

6
ln (1−√η) Li3(η) +

Li4(η)

2
+

1

12
G

({
1

τ
,

√
1− 4ητ

τ
,

√
1− 4ητ

τ
,

√
1− 4τ

τ

}
, x(1− x)

)
−

1

12
G

({√
1− 4τ

τ
,

1

τ
,

1

τ
,

1

τ

}
, x(1− x)

)
+

1

36

(
−5η3/2 + 27

√
η − 24x + 22

)
Li3(η)

+ · · ·
}
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Summary

• In the calculation of 3-loop heavy flavor corrections to DIS Wilson
coefficients we need to consider the contribution from diagrams with
two different masses since m2

c/m
2
b ∼ 0.1.

• We have computed the 3-loop 2-mass contributions to A
(3),NS
qq and

A
(3)
gq for general values of the Mellin variable N in analytic form.

• We have calculated scalar diagrams for A
(3)
gg , witnessing the

appearance of generalized harmonic sums and generalized harmonic
polylogarithms.

• Half of the diagrams for A
(3),PS
Qq are by now computed. The results

are expressed in terms of 18 GHPLs with the alphabet

{
1

τ
,

√
1− 4τ

τ
,

√
1− 4ητ

τ
,
√

1− 4τ
√

1− 4ητ,

√
1− 4τ

√
1− 4ητ

τ
,
√
τ
√

1− 4τ

}

• Different new Computer-algebra and mathematical technologies
have been and continue to be developed.
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