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spurious singularities
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numerical D-dimensional 
generalised unitarity

vs

analytic computation with 
finite integrals basis 

(e.g. Bern, Dixon, Kosower 
[hep-ph/9302280])

removing spurious poles also 
simplifies coefficients ⇒ faster 

(~100x in this case)

need to switch to quadruple 
precision evaluationapplications of loop amplitudes in NNLO 

computations more intensive

big jump between 2→2 
and 2→3 kinematics



outline

• d-dimensional generalised unitarity

⇒ multi-loops from trees

• two-loop all-plus amplitudes 

• local integrands for d-dimensional amplitudes

work with Hjalte Frellesvig, Yang Zhang, Gustav Mogull, 
Alex Ochirov, Donal O’Connell, Tiziano Peraro



Unitarity: double cuts 
[BDDK ’94]

[triple cuts BDK ’97]

Generalized unitarity: 
quadruple cuts [BCF ’04]

Integrand reduction [OPP ’05]

triple cuts [e.g. Forde ’07]
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explicitly remove polesfind complex contour to isolate 
integral coefficient
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D-dim. generalized unitarity [GKM ’08]

automated one-loop amplitudes
solving on-shell conditions requires complex momenta 

⇒ factorise residues into tree amplitudes

multi-scale 
kinematic algebra 

performed 
numerically



Maximal unitarity Integrand reduction via 
polynomial divisionA =
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e.g. IBPs

[Mastrolia, Ossola, SB, Frellesvig, 
Zhang, Mirabella, Peraro, Malamos, 

Kleiss, Papadopolous, Verheyen, 
Feng, Huang]

[Kosower, Larsen, Johansson, 
Caron-Huot, Zhang, Søgaard]

multi-loop amplitudes from trees

[Gluza, Kosower, Kajda 1009.0472] [Schabinger 1111.4220]
[Ita 1510.05626] [Larsen, Zhang 1511.01071]

IBPs must be free of 
doubled propagator MI



a toolbox for multi-loop 
integrands

momentum twistors six-dimensional 
spinor-helicity

generalised unitarity
cuts

integrand reduction

[Hodges (2009)]

colour/kinematics
BCJ relations
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multi-loop integrand reduction
[Mastrolia, Ossola 1107.6041] [SB, Frellesvig, Zhang 1202.2019]

[Zhang 1205.5707] [Mastrolia, Mirabella, Ossola, Peraro 1205.7087]

rational coefficients

ISP monomials
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on-shell the numerators can 
be written as products of 

tree-level amplitudes

integrand parameterisations 
not unique - freedom in the 
choices of ISP monomials

integrand reduction

fix basis of monomials in
irreducible scalar products

via polynomial division 
(Gröbner basis)



General colour decompositions
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(b) (2)
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Inserting the DDM 
decomposition

into colour dressed 
cuts leads to a 
compact loop 
decomposition

general tree-level DDM colour bases including fermions [Johansson, Ochirov arXiv:1507.00332]

[Dixon, Del Duca, Maltoni (1999)]



applications:
all-plus amplitudes in QCD



one-loop 4pt all-plus
)

O(✏0)

=
Ds � 2

h12ih23ih34ih41i {�st} ·
⇢
I

✓ ◆
[µ2

11]

�

=
Ds � 2

h12ih23ih34ih41i
�st

6
+O(✏)

= ~c ·
(
I

✓ ◆
[µ2

11], I

✓ ◆
[µ11],

I

✓ ◆
[µ11], I

✓ ◆
[µ11],

I
� �

[µ11], I
� �

[µ11]

)

~c =
(Ds � 2)[24]2

[12]h23ih34i[41]{
st

u
,
s2t2

u2
,
t2(s� u)

u2
,
s2(t� u)

u2
,�t(t� u)

tu
,�s(s� u)

su
}

=
(Ds � 2)[24]2

[12]h23ih34i[41]
u

6
+O(✏)

+

++

+

)

O(✏0)

=
Ds � 2

h12ih23ih34ih41i {�st} ·
⇢
I

✓ ◆
[µ2

11]

�

=
Ds � 2

h12ih23ih34ih41i
�st

6
+O(✏)

= ~c ·
(
I

✓ ◆
[µ2

11], I

✓ ◆
[µ11],

I

✓ ◆
[µ11], I

✓ ◆
[µ11],

I
� �

[µ11], I
� �

[µ11]

)

~c =
(Ds � 2)[24]2

[12]h23ih34i[41]{
st

u
,
s2t2

u2
,
t2(s� u)

u2
,
s2(t� u)

u2
,�t(t� u)

tu
,�s(s� u)

su
}

=
(Ds � 2)[24]2

[12]h23ih34i[41]
u

6
+O(✏)

+

++

+

[Bern, Kosower (1991)]



one-loop 5pt all-plus

[Bern, Morgan (1995)]
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one-loop 5pt all-plus
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two-loop 4pt all-plus
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[Bern, Dixon, Kosower (2000)]
5 The full-colour five-gluon all-plus amplitude

In this section we present a complete summary of all kinematic numerators con-
tributing to the colour decomposition in eq. (3.3). We include both planar [58] and
non-planar irreducible numerators computed using the technique described in Sec-
tion 4.1. The result is presented unrenormalized including the dependence on the
spin dimension D

s

of the gluon, which is equal to 4 in the FDH scheme and 4 � 2✏
in CDR [37]. The dependence on the extra dimensional ISPs µ

ij

= `[�2✏]
i

· `[�2✏]
j

can
be collected into three general functions,

F1 = (D
s

�2)
�
µ11µ22 + (µ11 + µ22)

2 + 2(µ11 + µ22)µ12

�
+ 16(µ2

12 � µ11µ22), (5.1a)

F2 = 4(D
s

�2)(µ11 + µ22)µ12, (5.1b)

F3 = (D
s

�2)2µ11µ22. (5.1c)

The remaining coe�cients are expressed using the standard spinor-helicity formalism.
In particular, we denote

tr5 = 4i✏
µ⌫⇢�

pµ1p
⌫

2p
⇢

3p
�

4

= tr+(1234) � tr�(1234)

= [12]h23ih34ih41i � h12i[23]h34i[41],

(5.2)

since tr± = tr
�

1
2(1 ± �5)1234

�
. We also make use of “spurious” directions in order

to find compact representations of the integrands,

!µ

abc

=
hbci[ca]

s
ab

ha|�µ|b]
2

� haci[cb]
s
ab

hb|�µ|a]

2
. (5.3)

The full amplitude reads

A(2)(1+, 2+, 3+, 4+, 5+) =

ig7
X

�2S5

� � I

"
C

✓

4

5

3

2

1
◆ 

1

2
�

✓

4

5

3

2

1
◆

+ �

✓

4

5

3

1
2

◆
+

1

2
�

✓

4

5

2

1

3

◆

+
1

2
�

✓

4

5

3

2

1 ◆
+ �

✓

4

5

3

1
2
◆

+
1

2
�

✓

4

5

2

1

3

◆!

+C

✓

4

5

2

1

3

◆ 
1

4
�

✓

4

5

2

1

3

◆
+

1

2
�

✓

4

5

2

1
3

◆
+

1

2
�

✓

4

5

2

1

3

◆

� �

✓
5

2

1

3

4

◆
+

1

4
�

✓

4

5

2

1

3

◆!

+C

✓
5

3

2

1

4

◆ 
1

4
�

✓
5

3

2

1

4

◆
+

1

2
�

✓
5

3
4

1
2
◆!#

.

(5.4)

– 15 –

dimension shifting 
numerators

(drop Parke-Taylor
pre-factors from now on....)

++

+ +



~c =
(Ds � 2)

h12ih23ih34ih45ih51i{�tr5(1234), s12s23, s23s34, s34s45, s45s51, s51s12}

= ~c ·
(
I

✓ ◆
[1],

I

✓ ◆
[µ2

11], I

✓ ◆
[µ2

11], I

✓ ◆
[µ2

11], I

✓ ◆
[µ2

11], I

✓ ◆
[µ2

11],

)

~c =
(Ds � 2)

h12ih23ih34ih45ih51i{
h13ih24ih35ih41ih52i
h12ih23ih34ih45ih51i , s12s23, s23s34, s34s45, s45s51, s51s12}

I

✓ ◆
[µ11] = µ11tr+(1l1l23)

2 � bubbles

I

✓ ◆
[1] =

5Y

i=1

tr+(klklk+1(k + 2))� bubbles

= {s2t, t2s, st} · {I
⇣ ⌘

[F1], I

0

@

1

A [F1], I
⇣ ⌘

[F2 + F3
s+(l1+l2)2

s ]}

=
X

cyclic

(
�
⇣ ⌘

+�
⇣ ⌘

+�
⇣ ⌘

+�
⇣ ⌘

+�
⇣ ⌘

+�
⇣ ⌘

+�
⇣ ⌘

+�
⇣ ⌘)

two-loop 5pt all-plus
[SB, Frellesvig, Zhang (2013)]

+
+

++

+

�

⇣ ⌘
=

s12s23s45
tr5

{s34s45s15, tr+(1345)} · {I
⇣ ⌘

[F1], I
⇣ ⌘

[F1]}

�

⇣ ⌘
= {�s34s245tr+(1235)

tr5
} · {I

⇣ ⌘
[F1]}

�

⇣ ⌘
= {s12s23s34s45s15

tr5
} · {I

⇣ ⌘
[F1]}

�

⇣ ⌘
= �s12tr+(1345)

2s13
{s23, 1} · {

I
⇣ ⌘

[F2 + F3
s45+(l1+l2)2

s45
], I

⇣ ⌘
[(2k1 · !)(F2 + F3

s45+(l1+l2)2

s45
)]}

�

⇣ ⌘
= {�(s45 � s12)tr+(1345)

2s13
} · {I

⇣ ⌘
[F2 + F3

s45+(l1+l2)2

s45
]}

�

⇣ ⌘
= ~c · {I

⇣ ⌘
[F2], I

⇣ ⌘
[F3], I

⇣ ⌘
[F3(l1 + l2)

2
],

I
⇣ ⌘

[F3(k1 · 3)(k2 · 3)], I
⇣ ⌘

[F3(k1 · 3)], I
⇣ ⌘

[F3(k2 · 3)], . . . }

=

X

cyclic

�

⇣ ⌘
+�

⇣ ⌘
+�

⇣ ⌘
+�

⇣ ⌘

�

⇣ ⌘
= {s45} · {I

⇣ ⌘
[F1]}

�

⇣ ⌘
= {s12s45s15} · {I

⇣ ⌘
[F1]}

�

⇣ ⌘
= {1} · {I

⇣ ⌘
[F2 + F3

s45+(l1+l2)2

s45
]}

�

⇣ ⌘
= {tr+(1245), s15,�tr+(1345),�tr+(1235)} · {
⇣ ⌘

[F2 + F3
4(l1·3)(l1·3)+s12s45+(s12+s45)(l1+l2)2

s12s45
],
⇣ ⌘

[F3(l1 + l2)
2
],

⇣ ⌘
[F32(l2 · 3)(s12 + tr+(1l2l33)

s13
)],

⇣ ⌘
[F32(l1 · 3)(s12 + tr+(5l5l43)

s53
)]}



two-loop 5pt all-plus

A(2)
5 (1

+, 2+, 3+, 4+, 5+)=

X

�2S5

I

"
C

✓ ◆ 
1

2

�

✓ ◆
+�

✓ ◆
+

1

2

�

✓ ◆

+

1

2

�

✓ ◆
+�

✓ ◆
+

1

2

�

✓ ◆!

+C

✓ ◆ 
1

4

�

✓ ◆
+

1

2

�

✓ ◆
+

1

2

�

✓ ◆

��

✓ ◆
+

1

4

�

✓ ◆!

+C

✓ ◆ 
1

4

�

✓ ◆
+

1

2

�

✓ ◆
+

1

2

�

✓ ◆!#

�

✓ ◆
�

✓ ◆
�

✓ ◆
�

✓ ◆
�

✓ ◆
�

✓ ◆

�

✓ ◆
�

✓ ◆
�

✓ ◆
�

✓ ◆

�

✓ ◆
�

✓ ◆
�

✓ ◆

=

X

cyclic

�

⇣ ⌘
+�

⇣ ⌘
+�

⇣ ⌘
+�

⇣ ⌘
+�

⇣ ⌘
+�

⇣ ⌘

+�

⇣ ⌘
+�

⇣ ⌘
+�

⇣ ⌘
+�

⇣ ⌘
+�

⇣ ⌘
+�

⇣ ⌘

�

(1)
(1

+, 2+, 3+, . . . , n+
) =

Ds � 2

h12i4 µ2
11 �

(1),[N=4]
(1

�, 2�, 3+, . . . , n+
)

�

(2)
(1

+, 2+, 3+, . . . , n+
) =

Ds � 2

h12i4 F1 �
(2),[N=4]

(1

�, 2�, 3+, . . . , n+
) + (1-loop)

2

non-planar cuts via BCJ
[SB, Mogull, Ochirov, O’Connell (2015)]

complete BCJ numerator 
representation

[Mogull, O’Connell (2015)]

all genuine two-loop topologies related to N=4 MHV



Gehrmann, Henn, Lo Presti [1511.05409]

3

RESULT FOR ALL-PLUS AMPLITUDE

We consider the unrenormalized all-plus five-gluon am-
plitude at leading color:

A5(1
+2+3+4+5+)|leading color =g3

∑

L≥1

(

g2NcΓ
)L

×
∑

σ∈S5/Z5

tr(T a
σ(1)T a

σ(2)T a
σ(3)T a

σ(4)T a
σ(5))

×A(L)
5 (σ(1)+σ(2)+σ(3)+σ(4)+σ(5)+) . (4)

Here S5/Z5 denote all non-cyclic rotations of five points.
Since the amplitude vanishes at tree-level, it is finite at
the one-loop level,

A(1)
5 = R F (1)

5 +O(ε) , (5)

with R = i/6/(〈12〉〈23〉〈34〉〈45〉〈51〉) and

F (1)
5 = v1v2 + v2v3 + v3v4 + v4v5 + v5v1 + tr5 . (6)

At two loops, the infrared and ultraviolet divergent terms
can be predicted in terms of the one-loop result. This mo-

tivates the definition of a finite remainder F (2)
5 according

to [40]

A(2)
5 =A(1)

5

[

−
5

∑

i=1

1

ε2

(

µ2

−vi

)ε
]

+R F (2)
5 +O(ε) , (7)

We use the integral representation of [1] and express it in
terms of our basis of integrals. Plugging in the solution
for the ε-expansion of the latter, we analytically verify
the divergence structure of eq. (7). To define the finite
remainder function, the expansion of (5) to order ε2 is
derived, which involves the one-loop massless pentagon
integral to this order, computed from its differential equa-
tion. In the finite remainder, remarkably all Chen iter-
ated integrals of weight one, three and four cancel out.
We then express the remaining weight two functions in
terms of dilogarithms, and find the following expression
for the finite remainder,

F (2)
5 =

5π2

12
F (1)
5 +

4
∑

i=0
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. (8)

where σi cyclically shifts all indices (of p, v, and I) by i,
and where

I23,5 =ζ2 + Li2

[

(v5 − v2)(v5 − v3)

v2v3

]

− Li2

[

v5 − v3
v2

]

− Li2

[

v5 − v2
v3

]

. (9)
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FIG. 2. Five-particle amplitude factorizing into four-point
amplitudes and splitting functions in the collinear limit.

Note that eq. (8) contains both parity odd and even
terms. We remark that the trace can also be written in
a natural way using momentum twistors.

We compared our analytical result for the unrenormal-
ized two-loop amplitude (7) with the numerical values
quoted in [1] for specific phase space points in the Eu-
clidean region, finding full agreement. In the Euclidean
region, this expression is single-valued and real. We note
that eq. (9) can be rewritten in a form where this is
manifest, and that our result can straightforwardly be
analytically continued to other kinematical regions.

The result above is for pure Yang-Mills theory. We
would like to mention that the full nf dependence can be
reconstructed in a simple way: the n2

f terms only come
from a restricted class of diagrams, and the remaining nf

terms are fixed by supersymmetry [30].

LIMITS

Scattering amplitudes have universal factorization
properties in soft and collinear limits. They serve as an
important check of our result.

We take the p4||p5 collinear limit, without loss of gen-
erality. In the limit, one expects (cf. Fig. 2)

A(2)
4 (1+, 2+, 3+, 4+, 5+)

p4||p5−→ (10)

A(1)
4 (1+, 2+, 3+, P+) SplitP→45 (1)(−P−, 4+, 5+)

+A(1)
4 (1+, 2+, 3+, P−) SplitP→45 (1)(−P+, 4+, 5+)

+A(2)
4 (1+, 2+, 3+, P+) SplitP→45 (0)(−P−, 4+, 5+) .

where ‘Split’ are splitting amplitudes [29]. The ampli-
tudes appearing on the right hand side of eq. (10) can
be found in [30].

Taking the collinear limit of (7), we recover the struc-
ture predicted by (10). It is interesting to note in this
context that the second line of eq. (8) contains terms
that behave as [45]/〈45〉 in this limit. The latter repro-
duces a contribution from the helicity-violating one-loop
splitting function SplitP→45 (1)(−P+, 4+, 5+).
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Note that eq. (8) contains both parity odd and even
terms. We remark that the trace can also be written in
a natural way using momentum twistors.

We compared our analytical result for the unrenormal-
ized two-loop amplitude (7) with the numerical values
quoted in [1] for specific phase space points in the Eu-
clidean region, finding full agreement. In the Euclidean
region, this expression is single-valued and real. We note
that eq. (9) can be rewritten in a form where this is
manifest, and that our result can straightforwardly be
analytically continued to other kinematical regions.

The result above is for pure Yang-Mills theory. We
would like to mention that the full nf dependence can be
reconstructed in a simple way: the n2

f terms only come
from a restricted class of diagrams, and the remaining nf

terms are fixed by supersymmetry [30].

LIMITS

Scattering amplitudes have universal factorization
properties in soft and collinear limits. They serve as an
important check of our result.

We take the p4||p5 collinear limit, without loss of gen-
erality. In the limit, one expects (cf. Fig. 2)
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where ‘Split’ are splitting amplitudes [29]. The ampli-
tudes appearing on the right hand side of eq. (10) can
be found in [30].

Taking the collinear limit of (7), we recover the struc-
ture predicted by (10). It is interesting to note in this
context that the second line of eq. (8) contains terms
that behave as [45]/〈45〉 in this limit. The latter repro-
duces a contribution from the helicity-violating one-loop
splitting function SplitP→45 (1)(−P+, 4+, 5+).

simple 
function of Li2

planar master integrals using canonical differential equation approach

two-loop 5pt all-plus amplitude

Dunbar, Perkins [1603.07514] 
4D unitarity cuts + augmented BCFW



local integrands

manage infra-red 
divergences at the 

integrand level

[Arkani-Hamed, Bourjailly, Cachazo, Trnka 1012.6032]

[Arkani-Hamed, Bourjailly, Cachazo, Caron-Huot,Trnka 1008.2958]
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two-loop 5pt all-plus
[SB, Mogull, Peraro (in progress)]
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simple identification of IR poles with local integrands
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two-loop 6pt all-plus
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[Bern, Dixon, Kosower, Roiban, Spradlin, Vergu, Volovich (2008)]

[Arkani-Hamed, Bourjailly, Cachazo, Caron-Huot,Trnka (2010)]



two-loop 6pt all-plus
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outlook

• Local integrands are an efficient way to manage IR divergences

• Simple expressions for 5 and 6 gluon all-plus amplitudes in Yang-Mills

• General basis of local integrands still unknown - connection with 
polynomial division algorithm?

• Local integrand representations for non-planar sector?



Backup



momentum twistors

an all multiplicity parameterisation (not unique)

we can parameterise the n-point kinematics,
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and
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This can be written another way:
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where, as before, habcdi = ✏ABCDZ
aA

Z
bB

Z
cC

Z
dD

. Of course, since any parameterisation
is valid, there is no way to justify why this form is better than any other invertible form
but the fact that such compact form is possible is mildly diverting and potentially useful.
The first row x

1

Z
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is a rational solution to the scattering equations if we set x
1

= 1.

Exercise

Show that the MHV amplitude of Parke and Taylor becomes:
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in these momentum twistor co-ordinates

11

Following the definition this has all the information about the � and �̃ spinors and so
we can compute the spinor products:
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[12] = �s [23] = st [34] = st [41] = t.

Obviously the choice of phase for each spinor is quite di↵erent to that of the real momenta
in section 2.1.

Exercise Translate both sides into the momentum twistor variables to show,
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2.5 2 ! 3 kinematics
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Exercise

For five point kinematics we have a non-trivial Gram determinant:
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where G ( v

v

) = v
i

.v
j

. Show that the Gram determinant reduces to a complete square
when written into the x

i

variables and the identity is satisfied explicitly.

2.6 n-point kinematics

Defining,

⌃
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s
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(66)

10build spinors products 
etc. from rational 

phase-space points

[Hodges (2009)]



momentum twistors
example: BCFW using rational kinematics

[c.f. bcfw mathematica package Bourjaily (2010)]



six-dimensional trees

6D is a convenient way to manage all helicities simultaneously
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dimensional reduction to using additional scalar amplitudes4� 2✏

(one-loop applications [Bern at al. 1010.0494] [Davies 1108.0398])
six dimensional spinor helicity [Cheung, O’Connell 0902.0981]
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