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Two theoretical foundations for computing higher-order corr. systematically

• Threshold expansion

• EFT (pNRQCD, vNRQCD)

Beneke, Smirnov

Pineda, Soto, Brambilla, Vairo
Luke, Manohar, Rothstein

Heavy quarkonium states ( ̅, , ̅, ̅)
Unique system: Properties of individual hadrons predictable in pert. QCD



Computation of quarkonium spectrum up to NNNLO

ℒ = − + − +  ⃗ ⋅ + ⋯
Energy levels given by poles of the full propagator of  in pNRQCD.

UV div.,  NNNLO, same as Lamb shift
1

− +

 + − + ⋯=
Pert. theory in Quantum Mech. Easily converted to infinite sum(s) using 

an infinite sum rep. of the Coulomb Green fn.

Kiyo, YS: 1408.5590
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Breakdown of infinite sum to finite sums (and known transcendental numbers)

Anzai, YSA general algorithm exists,

e.g.

which can evaluate, e.g.

= −1+ ( + + )( + + 1)
Reduced to a combination of nested sums: ⋯

⋯⋯
( ∈ ℕ,   ∈ roots of unity); { }; { } =

• Use shift invariance of the summand

→ + ∆ , → + ∆→ + ∆ , 



Algebraic derivation of US correction (QCD Bethe log)



Brambilla, Pineda, Soto, Vairo
Kniehl, Penin



Brambilla, Pineda, Soto, Vairo
Kniehl, Penin

up to necessary

Use commutation relation , =  and | ,ℴ | = 0 to simplify .

includes 1/



Brambilla, Pineda, Soto, Vairo
Kniehl, Penin

includes 1/



Physics Predictions

• Scale dependence
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Marquard, Smirnov, Smirnov, Steinhauser

___
Use MS mass



Kiyo, Mishima, YS
• , determination



Based on Kiyo, YS
(Plot made by G. Mishima)

No charm-mass eff.
Preliminary

• Bottomonium spectroscopy



3. Challenge: Analytic evaluation of (3-loop QCD potential)

• Not reducible to MZVs (as yet)

expressed by MZVs

unknown

Colleagues are invited to reveal the nature of this extension(?) of MZVs.

=    ∞; { }; { } +
Generalized MZVs

 ⋯
⋯⋯

( ∈ ℕ,   ∈ ℂ)∞; { }; { } =

as Λ → ∞

Unknown expansion coefficient in 

Static 
propagators

= 0



Summary

• Non-relativistic bound-state theory for QED/QCD has become fairly mature 
and amenable to a textbook-level understanding and computations.

• Applications

Bottomonium spectroscopy at NNNLO:  reasonable agreement with exp. data.

and  MS mass determination from / ( ), ( ) and Υ( ), ( ).

• Recently NNNLO corrections to the complete spectrum and 
threshold production cross section have been computed.

Applied a new technology for evaluating multiple sums;
All computations arithmetic (no diagrammatic analysis).

Beneke, Kiyo, Marquard, Penin, 
Piclum, Steinhauser

Kiyo, YS

Kiyo, Mishima, YS: 

Challenge: Analytic evaluation of remains

Kiyo, YS





Postdictions or predictions?

• Fine and hyperfine splittings of charmonium/bottomonium reproduced.
Two exceptions around 2003:                              Recksiegel, Y.S.;        Kniehl, Penin, 

charmonium hyperfine splitting                                Pineda, Smirnov, Steinhauser
bottomonium hyperfine splitting   

Both are solved in favor of pert. QCD predictions.
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Breakdown of infinite sum to finite sums (and known transcendental numbers)

= 1 1 − 1  1 + 1 1 − 1+  
= 1  (3) − 1 (2) + 1 1 − 1+

+ + ⋯+ ≡ ( )

e.g.





Regularization needed to deal with ( ⃗) in commutation relations.





☆ Reduction of MZVs with various s 

Shuffle relations are ineffective for reduction in such cases,  
too many variables, insufficient constraints,…

We reduced MZVs to a smaller set in the following way.

Let                                    ,  and 

e.g.

type      : 

type      :

• Convert MZVs using the algorithm 1 in Anzai’s talk: 

•

then use shuffle relations in integral rep. 



Physics predictions

• Fine and hyperfine splittings of charmonium/bottomonium reproduced.
Two exceptions in ~2003:                                   Recksiegel, Y.S.;        Kniehl, Penin, 

charmonium hyperfine splitting                                Pineda, Smirnov, Steinhauser
bottomonium hyperfine splitting   

Solved in favor of pert. QCD predictions.

• Global level structure of bottomonium is reproduced.             Brambilla, Y.S., Vairo

At NNLO (~2000)

At NNNLO





pNRQCD Lagrangian

composite fields

, ⃗; ,      , ⃗;
singlet                octet ⃗

ℒ = − + −
+  ⃗ ⋅ +  ⃗ ⋅ + ⋯ singlet      octet

US gluon

Color electric field = − − ⃗ − ⃗ at position , originating
from multipole exp. of ± ⃗/2 in ⃗.

, : Quantum mechanical Hamiltonian for singlet and octet states

= ⃗ − , = ⃗ + 2 −
(in the c.m. frame)~ ~ 1 ~



= − ∙ 4 ∙  log + ,

= − ⃗4 − ∙ 4 ∙  [log  + 3 ] + ( + 2 ) log +
+ ⃗ + 32 ∙ ⃗ − 2 ⃗ + 1 −       
− 2

⃗ − 3 ⃗ ∙ ⃗ − 43 2 ⃗ − 3 ⃗                                               

= ⃗ − ,

= known (Wilson coeffs. include IR div.) Kniehl, Penin, Smirnov, Steinhauser
( : Anzai, Kiyo, YS; Smirnov, Steinhauser)
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