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Introduction

Integration-by-parts identities arise from the vanishing integration
of total derivatives,

/Hnmzazﬂ D"l- D"’k =0

where P and vj‘ are polynomials in /;, p;, and a; € N.

Role in perturbative QFT calculations:

@ Reduction. IBP identities reduce any set of loop integrals to
a typically much smaller set of master integrals.

o Computing master integrals. Using IBP reduction, the
master integrals Z; can be computed via differential equations:
0
—T(x,¢) = An(x,e)I(x
aXm ( ’6) m( 76) ( 76)7
where x,,, denotes a kinematical invariant.
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Setup: D-dimensional integration measure

| will focus on the two-loop case. A generic integral takes the form

/(2) o dDgl dDEz P(€17€2)
~ | xb/27D/)2 D, ... D, "

Decompose ¢; = {; + ﬂil where ¢; € RY3, and change to the
hyperspherical coordinates puj; = —(Z,-L)2 >0 and p2 = —EIL -EZL.

The integral then takes the form

(2) V122
/ / d/lu/ d/izz/ dpiz
7T'5r - 5) Vi 22

e 47 147 (emuu)
X (pa1pi22 — pis) /d tpd™0, 2D, Dy
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IBP reductions on unitarity cuts

Key idea: study IBP reductions on generalized-unitarity cuts

%,- — §(D), €S

where S can be an arbitrary subset of propagators.

The cuts break the construction of IBPs into simpler pieces.

@ Any integral missing any of the propagators in S is set to zero
by the cut.

@ By choosing appropriate sets S1,...,Sc of cuts we can
reconstruct all terms in the IBPs.
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Useful variables

The use of cuts motivates the following choice of variables:

D; 1<i<k
Zi = .
gi-x k+1<i<m.

The g; are irreducible numerator insertions. If the g; are chosen as
(i + K;)?, the map {¢;, i} — {z1,...,2zm} has a polynomial
inverse.

A generic two-loop integral now reads

@ )25 P(z)
In>5 _5)J/Hdz’ Z1 - Zk

Caveat for multiplicity n <4. Jw : pj - w = 0. The component of
¢; along w integrates out, replacing D—D. — D—(D.—1) above,
and leaving 9 z;.
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Example: Zurich-flag cut

Let us find the IBP reductions of the double-box integral. We start
by allowing only integrals which contain all Zurich-flag propagators:

3 4
+ ‘i : +

Define Scut = {1,2,4,5,7}. We use the zj-variables

~ . - 1 - 1
zi=D;, i=1,...,7, 2825(51+P4)2, 2925(52+P1)2~

After cutting % — 0(Zj), i € Scut, the double-box integral takes the

form
et = ] Hdz, 7 ] st

JE€Scut

Zscut 70

As the cut sets Z(; 5457} to zero, we set z{1 2341 = Z(368,0} i
the following.
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Generic total derivative

After integrating out the delta functions and relabeling we have

IDB[P] _ / d21 d22 dZ3 dZ4 F(Z)%P(Z).

cut 712

An IBP relation corresponds to a total derivative or, equivalently,
an exact diff. form. The generic exact diff. form of the form /2B is

H»l -
/ {Z( 1) F(Z) z/\.‘./\dz,-/\.u/\dz;;]
212
4

-/ [Zi(af<z>;g§>f)]dzlA...AdA

i=1

4 D6
_ dai D-— 6 OF aj| F(z) =
_/[;(az;+ °F (?Z) j;2zj:| m dz A Adz .

The red term corresponds to an integral in (D — 2) dimensions,
and the purple term in general produces squared propagators.
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IBPs from syzygy equations

To get the generic exact form

4 D—6
B 0a;, D—-6 OF aj| F(z) =
0_/[;(321 + >F a'@z,-) —jZ zj] 22 dzz A+ Adzy

=12

to correspond to an IBP relation in D dimensions with only
single-power propagators, we demand that each term is polynomial,

D-6 OF -~ | )
; 2F 3'82,- Zal +bF—O (Wlth bz%b)

aj=bz = a+bz=0 (with b=-b),
with a;, b;, b polynomials in z. Such equations, with polynomial
solutions, are known in algebraic geometry as syzygy equations.

Obtain IBPs by plugging the solutions (a;, b;, b) into the top
equation. Note: (qaj, gb;, gb) is also a solution, for polynomial g.
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Complete set of cuts for IBPs

To find the complete IBP reduction, we must consider the cuts
associated with “uncollapsible” masters:

JIONOD (R - &
P >00¢ 00
A0 > -]

A bit more explicitly, the cuts we need to consider are
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Example of IBP reduction obtained by our approach

By solving the syzygy equations on the following cuts

O X T 0

we can reconstruct the complete IBP reduction by merging the
partial results.

An example of an IBP relation produced by our method (x = t/s):

AN AN
2 (D — 4)s*x (3D —2y —12)s 4-D)9x+T7)
(¢ ] T so-9 | TTAD -3 * | T

L Q 107317 ZYuZ)>< y+l w 7 m
/

L 9BD-10)3D—8) (3D~ 10)(3D — 8)(2y + 1)
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Overview of our algorithm for generating IBPs

O Find a set of masters. Solve syzygy equations without cuts
for numerical external kinematics, then row-reduce linear
equations and decide on a set of masters.

@ Find the subset of uncollapsible masters. Find the subset
of masters with the property that their graphs cannot be
obtained by adding propagators to another master.

© Solve syzygy equations on cuts. For each uncollapsible
master, solve the syzygy eqs. on the cut Sc,t where all its
propagators are on shell. Multiply g = H,-¢Scut Df" onto the
syzygy solutions and feed back into ansatz to find the IBP
identities.

Q Solve IBP identities linearly to get reductions.
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CPU time for reduction of planar double boxes and subdiagrams:

# of external masses | syzygy approach
zero 39s
one 162 s

Important features:

@ The variables z; simplify the syzygy equations.

@ The syzygy equations are solved on cuts. As a result, fewer
variables are involved in the polynomial eqs. This greatly
speeds up the step of solving.

@ The cuts block-diagonalize the linear system to be inverted
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Conclusions and Outlook

@ We have developed a new general method for generating
integration-by-parts reductions.

@ The method is based on reconstructing the IBP reductions on
a set of generalized cuts, through solving polynomial
equations, and merging the partial results.

@ Ongoing work:
1) optimization of syzygy and linear solving

2) generalization to squared propagators;
linear (eikonal) propagators; p-integrals.
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