
1

Binomial Sums in the package

HarmonicSums

Jakob Ablinger

SFB F050 Algorithmic and Enumerative Combinatorics
Research Institute for Symbolic Computation

Johannes Kepler University Linz



2

Binomial Sums

J.A., Blümlein, Borwein, Broadhurst, Davydychev, Fleischer, Jegerlehner, Kalmykov, Kamnitzer, Kotikov,
Lehmer, Lisoněk, Ogreid, Osland, Raab, Schneider, Sun, Weinzierl, Veretin, Ward, Yost, Zucker,. . .



Binomial Sums 3

For ai, ci ∈ N, bi ∈ N0, xi ∈ R∗, di ∈ Z and n ∈ N we define

S(a1,b1,c1,d1,x1),...,(ak,bk,ck,dk,xk) (n) =

n∑
i=1

x1
i

(a1i+ b1)c1

(
2i

i

)d1
S(a2,b2,c2,d2,x2),...,(ak,bk,ck,dk,xk) (n)

and S (n) = 1.

I quasi shuffle algebra

I shift: mi = (ai, bi, ci, di, xi)

Sm1,m2,...,mk (n+ 1) =

Sm1,...,mk (n) +
x1
n+1

(a1(n+ 1) + b1)c1

(
2(n+ 1)

n+ 1

)d1
Sm2,...,mk (n+ 1)
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j2
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harmonic sums: Vermaseren 98; Blümlein, Kurth 98
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Binomial Sums 4

How to choose the alphabet?

A sequence f(n) is called hypergeometric if

f(n+ 1)

f(n)
= q(n),

where q(x) is a rational function in x.

I We are dealing with hypergeometric letters.

I Suppose we have an alphabet A of k letters

and we cannot find a hypergeometric function g(n) and ci ∈ K such that

c1 · f1(n) + c2 · f2(n) + · · ·+ ck · fk(n) = g(n+ 1)− g(n).

I Conjecture: There are no additional algebraic relations beside the shuffle
relations.
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Binomial Sums 5

Procedure to choose the alphabet

I Let f(n) be a new letter.

I If we cannot find a hypergeometric function g(n) and ci ∈ K such that

c1 · f1(n) + · · ·+ ck · fk(n) + c · f(n) = g(n+ 1)− g(n)

we can add it to the alphabet A.
I If we find a hyperexponential function g(n) and ci ∈ K such that

c1 · f1(n) + · · ·+ ck · fk(n) + c · f(n) = g(n+ 1)− g(n)

we can express that letter:

n∑
i1=1

p(i1)

i1∑
i2=1

f(i2)

i2∑
i3=1

q(i3) =

1

c

(
−

k∑
i=1

ci

n∑
i1=1

p(i1)

i1∑
i2=1

fi(i2)

i2∑
i3=1

q(i3)

+

n∑
i1=1

p(i1)g(i1 + 1)

i1+1∑
i2=1

q(i2)−
n∑

i1=1

p(i1)

i1+1∑
i2=1

g(i2)q(i2)

)
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Binomial Sums 6

We consider the following sums:

n∑
i=1

1

i
(
2i
i

) , n∑
i=1

1

(1 + i)
(
2i
i

) , n∑
i=1

1

(2 + i)
(
2i
i

)

With a variant of Gosper’s algorithm we can check that there are no ci and
g(n) such that

c1

n
(
2n
n

) +
c2

(1 + n)
(
2n
n

) = g(n+ 1)− g(n)

however for
c1

n
(
2n
n

) +
c2

(1 + n)
(
2n
n

) +
c3

(2 + n)
(
2n
n

) = g(n+ 1)− g(n)

we find

c1 = 2; c2 = −6; c3 = 1; g(n) =
2(−1 + 2n)

n(1 + n)
(
2n
n

)
And hence we get

n∑
i=1

1

(2 + i)
(
2i
i

) = −2
n∑
i=1

1

i
(
2i
i

) + 6

n∑
i=1

1

(1 + i)
(
2i
i

)
+

1

(2 + n)
(
2n
n

) − 1

2 + n
− n

2(2 + n)
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Iterated Integrals over Root-valued Alphabets

compare J.A., Blümlein, Raab, Schneider 2014



Iterated Integrals 8

We introduce a general class of iterated integrals which we define recursively by

G (f1(τ), f2(τ), · · · , fk(τ), x) =
∫ x

0

f1(τ1)G (f2(τ), · · · , fk(τ), τ1) dτ1

with the special cases
G (x) = 1

and

G

(
1

τ
,
1

τ
, . . . ,

1

τ︸ ︷︷ ︸
k times

, x

)
=

1

k!
log(x)k.

I shuffle algebra

I differentiation:

d

dx
G (f1(τ), f2(τ), · · · , fk(τ), x) = f1(x)G (f2(τ), · · · , fk(τ), x)
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How to choose the alphabet?

A function f(x) is called hyperexponential if

f ′(x)

f(x)
= q(x),

where q(x) is a rational function in x.

I We are dealing with hyperexponential letters.

I Suppose we have an alphabet A of k letters

and we cannot find a hyperexponential function g(x) and ci ∈ K such
that

c1 · f1(x) + c2 · f2(x) + · · ·+ ck · fk(x) = g′(x).

I Conjecture: There are no additional algebraic relations beside the shuffle
relations.
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Procedure to choose the alphabet

I Let f(x) be a new letter.

I If we cannot find a hyperexponential function g(x) and ci ∈ K such that

c1 · f1(x) + c2 · f2(x) + · · ·+ ck · fk(x) + c · f(x) = g′(x)

we can add it to the alphabet A.
I If we find a hyperexponential function g(x) and ci ∈ K such that

c1 · f1(x) + c2 · f2(x) + · · ·+ ck · fk(x) + c · f(x) = g′(x)

we can express that letter:∫ x

0

p(y)

∫ y

0

f(z)

∫ z

0

q(w)dwdzdy =

1

c

(
−

k∑
i=1

ci

∫ x

0

p(y)

∫ y

0

fi(z)

∫ z

0

q(w)dwdzdy

+

∫ x

0

p(y)g(y)

∫ y

0

q(w)dwdy −
∫ x

0

p(y)

∫ y

0

g(z)q(z)dzdy

)



Iterated Integrals 10

Procedure to choose the alphabet

I Let f(x) be a new letter.

I If we cannot find a hyperexponential function g(x) and ci ∈ K such that

c1 · f1(x) + c2 · f2(x) + · · ·+ ck · fk(x) + c · f(x) = g′(x)

we can add it to the alphabet A.
I If we find a hyperexponential function g(x) and ci ∈ K such that

c1 · f1(x) + c2 · f2(x) + · · ·+ ck · fk(x) + c · f(x) = g′(x)

we can express that letter:∫ x

0

p(y)

∫ y

0

f(z)

∫ z

0

q(w)dwdzdy =

1

c

(
−

k∑
i=1

ci

∫ x

0

p(y)

∫ y

0

fi(z)

∫ z

0

q(w)dwdzdy

+

∫ x

0

p(y)g(y)

∫ y

0

q(w)dwdy −
∫ x

0

p(y)

∫ y

0

g(z)q(z)dzdy

)



Iterated Integrals 10

Procedure to choose the alphabet

I Let f(x) be a new letter.

I If we cannot find a hyperexponential function g(x) and ci ∈ K such that

c1 · f1(x) + c2 · f2(x) + · · ·+ ck · fk(x) + c · f(x) = g′(x)

we can add it to the alphabet A.

I If we find a hyperexponential function g(x) and ci ∈ K such that

c1 · f1(x) + c2 · f2(x) + · · ·+ ck · fk(x) + c · f(x) = g′(x)

we can express that letter:∫ x

0

p(y)

∫ y

0

f(z)

∫ z

0

q(w)dwdzdy =

1

c

(
−

k∑
i=1

ci

∫ x

0

p(y)

∫ y

0

fi(z)

∫ z

0

q(w)dwdzdy

+

∫ x

0

p(y)g(y)

∫ y

0

q(w)dwdy −
∫ x

0

p(y)

∫ y

0

g(z)q(z)dzdy

)



Iterated Integrals 10

Procedure to choose the alphabet

I Let f(x) be a new letter.

I If we cannot find a hyperexponential function g(x) and ci ∈ K such that

c1 · f1(x) + c2 · f2(x) + · · ·+ ck · fk(x) + c · f(x) = g′(x)

we can add it to the alphabet A.
I If we find a hyperexponential function g(x) and ci ∈ K such that

c1 · f1(x) + c2 · f2(x) + · · ·+ ck · fk(x) + c · f(x) = g′(x)

we can express that letter:∫ x

0

p(y)

∫ y

0

f(z)

∫ z

0

q(w)dwdzdy =

1

c

(
−

k∑
i=1

ci

∫ x

0

p(y)

∫ y

0

fi(z)

∫ z

0

q(w)dwdzdy

+

∫ x

0

p(y)g(y)

∫ y

0

q(w)dwdy −
∫ x

0

p(y)

∫ y

0

g(z)q(z)dzdy

)



Iterated Integrals 10

Procedure to choose the alphabet

I Let f(x) be a new letter.

I If we cannot find a hyperexponential function g(x) and ci ∈ K such that

c1 · f1(x) + c2 · f2(x) + · · ·+ ck · fk(x) + c · f(x) = g′(x)

we can add it to the alphabet A.
I If we find a hyperexponential function g(x) and ci ∈ K such that

c1 · f1(x) + c2 · f2(x) + · · ·+ ck · fk(x) + c · f(x) = g′(x)

we can express that letter:∫ x

0

p(y)

∫ y

0

f(z)

∫ z

0

q(w)dwdzdy =

1

c

(
−

k∑
i=1

ci

∫ x

0

p(y)

∫ y

0

fi(z)

∫ z

0

q(w)dwdzdy

+

∫ x

0

p(y)g(y)

∫ y

0

q(w)dwdy −
∫ x

0

p(y)

∫ y

0

g(z)q(z)dzdy

)



Iterated Integrals 11

G

(
(1 + τ)

3
2 ,

1

2 + τ
,

√
1 + τ

2 + τ
, x

)
=

2

5
(x+ 1)

5
2 G

(
1

2 + τ1
,

√
1 + τ

2 + τ
, x

)
− 2

5
G

(√
1 + τ

2 + τ
,

√
1 + τ

2 + τ
, x

)

− 4

75
(3x− 2)(x+ 1)

3
2 G

(√
1 + τ

2 + τ
, x

)
− 32

75
G

(
1

2 + τ
, x

)

+
4

75
x
(
x2 − x+ 3

)



Iterated Integrals 11

G

(
(1 + τ)

3
2 ,

1

2 + τ
,

√
1 + τ

2 + τ
, x

)
=

2

5
(x+ 1)

5
2 G

(
1

2 + τ1
,

√
1 + τ

2 + τ
, x

)
− 2

5
G

(√
1 + τ

2 + τ
,

√
1 + τ

2 + τ
, x

)

− 4

75
(3x− 2)(x+ 1)

3
2 G

(√
1 + τ

2 + τ
, x

)
− 32

75
G

(
1

2 + τ
, x

)

+
4

75
x
(
x2 − x+ 3

)



Iterated Integrals 11

G

(
(1 + τ)

3
2 ,

1

2 + τ
,

√
1 + τ

2 + τ
, x

)
=

2

5
(x+ 1)

5
2 G

(
1

2 + τ1
,

√
1 + τ

2 + τ
, x

)
− 2

5
G

(√
1 + τ

2 + τ
,

√
1 + τ

2 + τ
, x

)

− 4

75
(3x− 2)(x+ 1)

3
2 G

(√
1 + τ

2 + τ
, x

)
− 32

75
G

(
1

2 + τ
, x

)

+
4

75
x
(
x2 − x+ 3

)



12

D-finite and P-finite

For details see e.g., The Concrete Tetrahedron (Kauers, Paule).
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I Let K be a field of characteristic 0 (i.e., K contains Q).

I A function f = f(x) is called D-finite if there exist
pd(x), pd−1(x), . . . , p0(x) ∈ K[x] (not all pi = 0) such that

pd(x)f
(d)(x) + · · ·+ p1(x)f

′(x) + p0(x)f(x) = 0.

I A sequence (fn)n≥0 ∈ KN is called P-finite if there exist
pd(n), pd−1(n), . . . , p0(n) ∈ K[n] (not all pi = 0) such that

pd(n)fn+d + · · ·+ p1(n)fn+1 + p0(n)fn = 0.

I If f(x) is D-finite, then the coefficients fn of the formal power series
expansion

f(x) =
∞∑
n=0

fnx
n

form a P -finite sequence.

I The generating function of a P -finite sequence (fn)n≥0 is D-finite.
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D-finite and P-finite 14

D-finite to P-finite

I Assume that f(x) =
∑
n≥0

fnx
n is D-finite such that

pd(x)f
(d)(x) + · · ·+ p1(x)f

′(x) + p0(x)f(x) = 0.

I It is easy to check that

xkf (j)(x) =
∑
n≥0

j∏
i=1

(n+ i− k)fn+j−kxn (1)

I Transform the differential equation according to this relation.

I Equate coefficients of same powers of x on both sides.

I We get a linear recurrence equation with polynomial coefficients, satisfied
by (fn)n≥0.



D-finite and P-finite 14

D-finite to P-finite

I Assume that f(x) =
∑
n≥0

fnx
n is D-finite such that

pd(x)f
(d)(x) + · · ·+ p1(x)f

′(x) + p0(x)f(x) = 0.

I It is easy to check that

xkf (j)(x) =
∑
n≥0

j∏
i=1

(n+ i− k)fn+j−kxn (1)

I Transform the differential equation according to this relation.

I Equate coefficients of same powers of x on both sides.

I We get a linear recurrence equation with polynomial coefficients, satisfied
by (fn)n≥0.



D-finite and P-finite 14

D-finite to P-finite

I Assume that f(x) =
∑
n≥0

fnx
n is D-finite such that

pd(x)f
(d)(x) + · · ·+ p1(x)f

′(x) + p0(x)f(x) = 0.

I It is easy to check that

xkf (j)(x) =
∑
n≥0

j∏
i=1

(n+ i− k)fn+j−kxn (1)

I Transform the differential equation according to this relation.

I Equate coefficients of same powers of x on both sides.

I We get a linear recurrence equation with polynomial coefficients, satisfied
by (fn)n≥0.



D-finite and P-finite 14

D-finite to P-finite

I Assume that f(x) =
∑
n≥0

fnx
n is D-finite such that

pd(x)f
(d)(x) + · · ·+ p1(x)f

′(x) + p0(x)f(x) = 0.

I It is easy to check that

xkf (j)(x) =
∑
n≥0

j∏
i=1

(n+ i− k)fn+j−kxn (1)

I Transform the differential equation according to this relation.

I Equate coefficients of same powers of x on both sides.

I We get a linear recurrence equation with polynomial coefficients, satisfied
by (fn)n≥0.



D-finite and P-finite 14

D-finite to P-finite

I Assume that f(x) =
∑
n≥0

fnx
n is D-finite such that

pd(x)f
(d)(x) + · · ·+ p1(x)f

′(x) + p0(x)f(x) = 0.

I It is easy to check that

xkf (j)(x) =
∑
n≥0

j∏
i=1

(n+ i− k)fn+j−kxn (1)

I Transform the differential equation according to this relation.

I Equate coefficients of same powers of x on both sides.

I We get a linear recurrence equation with polynomial coefficients, satisfied
by (fn)n≥0.



D-finite and P-finite 14

D-finite to P-finite

I Assume that f(x) =
∑
n≥0

fnx
n is D-finite such that

pd(x)f
(d)(x) + · · ·+ p1(x)f

′(x) + p0(x)f(x) = 0.

I It is easy to check that

xkf (j)(x) =
∑
n≥0

j∏
i=1

(n+ i− k)fn+j−kxn (1)

I Transform the differential equation according to this relation.

I Equate coefficients of same powers of x on both sides.

I We get a linear recurrence equation with polynomial coefficients, satisfied
by (fn)n≥0.



D-finite and P-finite 15

Consider

f(x) = G

(
1

1 + τ
,

1

1− τ , x
)

=
∑
n>0

fnx
n.

We can derive the differential equation:

(x+ 1)(x− 1)f ′′′(x) + (3x− 1)f ′′(x) + f ′(x) = 0.

Expanding leads to

x2f ′′′(x)− f ′′′(x) + 3xf ′′(x)− f ′′(x) + f ′(x) = 0.

Using (1) results in:

∞∑
n=0

(n+ 1)fn+1x
n + 3

∞∑
n=0

n(n+ 1)fn+1x
n +

∞∑
n=0

(n− 1)n(n+ 1)fn+1x
n

−
∞∑
n=0

(n+ 1)(n+ 2)fn+2x
n −

∞∑
n=0

(n+ 1)(n+ 2)(n+ 3)fn+3x
n = 0.

Hence

(n+ 1)3fn+1 − (n+ 2)(n+ 1)fn+2 − (n+ 2)(n+ 3)(n+ 1)fn+3 = 0

holds for (fn)n>0.
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D-finite and P-finite 16

Initial values can be computed easily:

f1 = 0, f2 =
1

2
, f3 = −1

6
.

Solving (using the recurrence solver of Sigma)

(n+ 1)3fn+1 − (n+ 2)(n+ 1)fn+2 − (n+ 2)(n+ 3)(n+ 1)fn+3 = 0

leads to

fn =

(−1)n
n∑
i=2

(−1)i

i− 1

n
.

Hence

f(x) = G

(
1

1 + τ
,

1

1− τ , x
)

=
∑
n>0

(−1)n
n∑
i=2

(−1)i

i− 1

n
xn.

Note: This is implemented in HarmonicSums.
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D-finite and P-finite 17

The reverse direction can be performed as well. For example given

f(x) =
∞∑
i=1

xi
(
2i
i

)
i2

we find:

f(x) =
1

32

(
16x− 20x2 + 8x3 − x4

)
+
x− 2

8

√
(4− x)xG

(√
4− τ

√
τ , x
)

+
1

8
G
(√

4− τ
√
τ , x
)2

This together with integral substitutions can be used to find and prove
identities of the form (see J.A. 2016)

∞∑
i=1

∑i
j=1

1
j2

(1 + 2i)
(
2i
i

) =
π3

81
√
3

∞∑
i=1

∑i
j=1

1
j3

i2
(
2i
i

) =
ζ5
9

+
π2ζ3
27

∞∑
i=1

4−i
(
2i
i

)∑i
j=1

4j
∑j

k=1
1
k

j2(2jj )

i
= 7 log(2)ζ3.
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Mellin transform of D-finite functions

Compare J.A, Blümlein, Raab, Schneider 2014.



Mellin transform of D-finite functions 19

Let f(x) be a D-finite function such that

M[f(x)](n) :=

∫ 1

0

xnf(x)dx

exists and let pi(x) ∈ K[x] such that

pd(x)f
(d)(x) + · · ·+ p1(x)f

′(x) + p0(x)f(x) = 0.

Since we have

M[xmf (p)(x)](n) =
(−1)p(n+m)!

(n+m− p)! M[f(x)](n+m− p)

+

p−1∑
i=0

(−1)i(n+m)!

(n+m− i)! f
(p−1−i)(1),

we can conclude:

If the Mellin transform of a D-finite function is defined i.e., the integral∫ 1

0
xnf(x)dx exists, then it is P -finite.



Mellin transform of D-finite functions 19

Let f(x) be a D-finite function such that

M[f(x)](n) :=

∫ 1

0

xnf(x)dx

exists and let pi(x) ∈ K[x] such that

pd(x)f
(d)(x) + · · ·+ p1(x)f

′(x) + p0(x)f(x) = 0.

Since we have

M[xmf (p)(x)](n) =
(−1)p(n+m)!

(n+m− p)! M[f(x)](n+m− p)

+

p−1∑
i=0

(−1)i(n+m)!

(n+m− i)! f
(p−1−i)(1),

we can conclude:

If the Mellin transform of a D-finite function is defined i.e., the integral∫ 1

0
xnf(x)dx exists, then it is P -finite.



Mellin transform of D-finite functions 19

Let f(x) be a D-finite function such that

M[f(x)](n) :=

∫ 1

0

xnf(x)dx

exists and let pi(x) ∈ K[x] such that

pd(x)f
(d)(x) + · · ·+ p1(x)f

′(x) + p0(x)f(x) = 0.

Since we have

M[xmf (p)(x)](n) =
(−1)p(n+m)!

(n+m− p)! M[f(x)](n+m− p)

+

p−1∑
i=0

(−1)i(n+m)!

(n+m− i)! f
(p−1−i)(1),

we can conclude:

If the Mellin transform of a D-finite function is defined i.e., the integral∫ 1

0
xnf(x)dx exists, then it is P -finite.



Mellin transform of D-finite functions 20

Given a D-finite function f(x).
Find an expression F (n) given as a linear combination of indefinite nested
sums such that for all n ∈ N (from a certain point on) we have

M[f(x)](n) :=

∫ 1

0

xnf(x)dx = F (n).

Method:

1. Compute a D-finite differential equation for f(x).

2. Use the proposition above to compute a P -finite recurrence for
M[f(x)](n).

3. Compute initial values for the recurrence.

4. Solve the recurrence (using Sigma) to get a closed form representation for
M[f(x)](n).

Note: This is implemented in HarmonicSums.
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Mellin transform of D-finite functions 21

We want to compute the Mellin transform of

f(x) := G

(√
1− τ
1 + τ

, x

)
.

We find that

(−3 + x)f(x)′ + 2(−1 + x)(1 + x)f(x)′′ = 0

which leads to the recurrence

6

∫ 1

0

√
1− τ
1 + τ

dτ = −2(n− 1)nM[f(x)](n− 2) + 3nM[f(x)](n− 1)

+(n+ 1)(2n+ 3)M[f(x)](n).

Initial values can be computed easily and solving the recurrence leads to

M[f(x)](n) = (−1)n
(

4n+1

(2n+ 1)(2n+ 3)
(
2n
n

) +
G
(√

1−τ
1+τ

, 1
)
− 2

n+ 1

)

−
4(−1)n

n∑
i=1

4i

(2i+ 1)
(
2i
i

)
n+ 1

+
G
(√

1−τ
1+τ

, 1
)

n+ 1
.
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Mellin transform of D-finite functions 22

Note that this method can be extended to compute regularized Mellin
transforms i.e., given a D-finite function f(x) such that∫ 1

0

(xn − 1)f(x)dx

exists then we can compute

M[[f(x)]+](n) :=

∫ 1

0

(xn − 1)f(x)dx

using a slight extension of the method above.

For example

M

G
(

1√
τ
√
4−τ , x

)
1− x


+

 (n) =

∫ 1

0

(xn − 1)
G
(

1√
τ
√

4−τ , x
)

1− x dx =

1

6

(
3
√
3 + 2π

)( n∑
i=1

(
2i
i

)
i
−

n∑
i=1

1

i

)
− 3

2

√
3

n∑
i=1

(
2i
i

) i∑
j=1

1(
2j
j

)
i
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Inverse Mellin transform



Inverse Mellin transform 24

Given a P -finite recurrence for M[f(x)](n).
Find a differential equation for f(x).

We observe that

np M[f(x)](n+m) = M[(−1)pxm+pf (p)(x)](n)− a(n)M[f(x)](n+m)

−
p−1∑
i=0

(−1)i+p(n+m+ p)!

(n+m+ p− i)! f (p−1−i)(1),

where a(n) ∈ K[n] with deg(a(n)) < p.

We can use this observation to compute the differential equation recursively.
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Inverse Mellin transform 25

Given the P -finite recurrence for M[f(x)](n) :

pd(n)fn+d + · · ·+ p1(n)fn+1 + p0(n)fn = 0.

Let k := max
0≤i≤d

(deg(pi(x))) and let c be the coefficient of nk in the recurrence

i.e.,

c =

d∑
i=0

cifn+i

for some ci ∈ K.
Replace cin

kfn+i by

cin
kfn+i + ci(−1)kxk+if (k)(x)− ci M[(−1)kxk+if (k)(x)](n).

This reduces the degree of n.
Apply this strategy until all appearences of np fn+i are removed, this yields

ql(x)f
(l)(x) + · · ·+ q1(x)f

′(x) + q0(x)f(x) +

k−1∑
j=0

rj(n)f
(j)(1) = 0.

where qi(n) ∈ K[q] and rj(n) ∈ K[n].
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kfn+i + ci(−1)kxk+if (k)(x)− ci M[(−1)kxk+if (k)(x)](n).

This reduces the degree of n.
Apply this strategy until all appearences of np fn+i are removed, this yields

ql(x)f
(l)(x) + · · ·+ q1(x)f

′(x) + q0(x)f(x) +

k−1∑
j=0

rj(n)f
(j)(1) = 0.

where qi(n) ∈ K[q] and rj(n) ∈ K[n].
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Consider the recurrence

(2 + n)fn+2 − fn+1 − (n+ 1)fn = 0.

The maximal degree of the coefficients fn+i is 1 and the coefficient of n is
fn+2 − fn.

We substitute

nfn+2 → nfn+2 − x3f ′(x) + M[x3f ′(x)](n)

−nfn → −nfn + xf ′(x)− M[xf ′(x)](n)

This yields
(−x3 + x)f ′ − fn+2 − fn+1 = 0.

since

M[x3f ′(x)](n) = −(n+ 3)fn+2 + f(1)

M[xf ′(x)](n) = −(n+ 1)fn + f(1)
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We have
(−x3 + x)f ′ − fn+2 − fn+1 = 0.

Next we substitute

−fn+2 → −fn+2 − x2f(x) + M[x2f(x)](n)

−fn+1 → −fn+1 − xf(x) + M[xf(x)](n).

Since

M[x2f(x)](n) = fn+2

M[xf(x)](n) = fn+1

this yields
(−x3 + x)f ′(x)− (x2 + x)f(x) = 0.
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Inverse Mellin transform 28

Our strategy to compute the inverse Mellin transform of P -finite can be
summarized as follows:

1. Compute a P -finite recurrence for M[f(x)](n).

2. Use the method above to compute a D-finite differential equation for
f(x).

3. Compute a linear independent set of solutions of the differential equation
(using HarmonicSums).

4. Compute initial values for M[f(x)](n).

5. Combine the initial values and the solutions to get a closed form
representation for f(x).

Note: This is implemented in HarmonicSums.
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Inverse Mellin transform (Example) 29

We want to compute the inverse Mellin transform of

fn := (−1)n


n∑
i=1

(−1)i
i∑

j=1

1

j2

i
−
∞∑
i=1

(−1)i
i∑

j=1

1

j2

i



We find that

0 = (n+ 1)(n+ 2)2fn − (n+ 2)
(
n2 + 7n+ 11

)
fn+1

+
(
−n3 − 5n2 − 6n+ 1

)
fn+2 + (n+ 3)3fn+3

which leads to the differential equation

0 = −(x− 1)2(x+ 1)x3f (3)(x)− (x− 1)(2x− 1)(3x+ 1)x2f ′′(x)

−(x− 1)(7x− 1)x2f ′(x)− (x− 1)x2f(x)

that has the general solution

s(x) =
c1

x+ 1
+

c2
x+ 1

G

(
1

τ − 1
, x

)
+

c3
x+ 1

G

(
1

τ − 1
,
1

τ
, x

)
,

for some constants c1, c2, c3.
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Inverse Mellin transform (Example) 30

In order to determine these constants we compute∫ 1

0

x0s(x)dx = c1 log(2) + c2
log(2)2 − ζ2

2
+ c3

2ζ3 − log(2)ζ2
2∫ 1

0

x1s(x)dx = c1(1− log(2)) + c2
− log(2)2 + ζ2 − 2

2
+ c3

log(2)ζ2 − 2ζ3 + 2

2∫ 1

0

x2s(x)dx = c1
2 log(2)− 1

2
+ c2

2 log(2)2 − 2ζ2 + 1

4
+ c3

8ζ3 − 4 log(2)ζ2 − 3

8
.

Since

f0 = −
∞∑
i=1

(−1)i
∑i
j=1

1
j2

i

f1 = 1 +

∞∑
i=1

(−1)i
∑i
j=1

1
j2

i

f2 = −3

8
−
∞∑
i=1

(−1)i
∑i
j=1

1
j2

i

we can deduce that c0 = 0, c1 = 0 and c2 = 1 and hence

fn = M

[
1

x+ 1
G

(
1

τ − 1
,
1

τ
, x

)]
(n).
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n∑
i=1

1(
2i
i

)
i3

= 4−n
∫ 1

0

xn

− π2

6(−4 + x)
+

2G
(
1
τ
, x
)

−4 + x
−

2G
(√

1−τ
τ

, x
)

−4 + x

+
G
(

1
τ
,
√
1−τ
τ

, x
)

−4 + x
−

2G
(
1
τ
, x
)
log(2)

−4 + x
+

2 log2(2)

−4 + x

 dx

+
∞∑
i=1

1(
2i
i

)
i3

n∑
i=1

(
2i
i

) i∑
j=1

1

j2

i
=

∫ 1

0

((4 x)n − 1)

4πG
(

1√
1−τ
√
τ
, x
)

−3 + 12x

+
2G
(

1√
1−τ
√
τ
, x
)2

1− 4x
−

2G
(

1√
1−τ
√
τ
, x
)3

3π − 12πx

 dx
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n∑
i=1

1(
2i
i

)
i3

∼ 2−2n√n
√
π

(
3927237851

21233664n8
− 34924547

884736n7
+

91999

9216n6

− 10537

3456n5
+

77

72n4
− 1

3n3
+O

(
1

n9

))
+
∞∑
i=1

1(
2i
i

)
i3

n∑
i=1

(
2i
i

) i∑
j=1

1

j2

i
∼ −2ζ3

3
+ 22n

√
n

1√
π

(
− 2233

864n5
− 5

18n4
− 4

3n3

+

(
2441

4608n5
+

121

576n4
+

1

12n3
+

2

9n2

)
π2 +O

(
1

n6

))
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All the algorithms mentioned in this talk and many more are implemented in
the package

HarmonicSums

using Sigma for certain subtasks dealing with recurrences and sums.

The packages are available at

http://www.risc.jku.at/research/combinat/software/


