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harmonic sums: Vermaseren 98; Bliimlein, Kurth 98
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For ai;,c; € N, b; € Ng, z; € R*, d; € Z and n € N we define

S(a1,b1,017d1,w1),<-~,(ak,bk,Clmdk,wk) ( ) =
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n dy
21
Z all'i‘bl)< ) S(as,b2,c2,d2,22), s (ak bi s dizr) (1)

R
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i=1
> quasi shuffle algebra
» shift: m; = (ai,bi,ci,di,xi)
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Smi,..omy (M) + @ DT\ nt1 Sma,.my, (n+1)
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How to choose the alphabet?

A sequence f(n) is called hypergeometric if

where ¢(z) is a rational function in z.
> We are dealing with hypergeometric letters.

> Suppose we have an alphabet A of k letters

A= {fl(n)afi’(n)v .. 7fk(n)}

and we cannot find a hypergeometric function g(n) and ¢; € K such that

e fi(n) +c2- fa(n) + -+ ek - fu(n) = g(n+ 1) — g(n).



How to choose the alphabet?

A sequence f(n) is called hypergeometric if

fin+1)

=4qn),
Fy 1
where ¢(z) is a rational function in z.

> We are dealing with hypergeometric letters.

> Suppose we have an alphabet A of k letters

A= {fl(n)afi’(n)v .. 7fk(n)}

and we cannot find a hypergeometric function g(n) and ¢; € K such that

e fi(n) +c2- fa(n) + -+ ek - fu(n) = g(n+ 1) — g(n).

> Conjecture: There are no additional algebraic relations beside the shuffle
relations.
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Binomial Sums 5

Procedure to choose the alphabet
> Let f(n) be a new letter.
> If we cannot find a hypergeometric function g(n) and ¢; € K such that
c-filn) + - Fek - fu(n) +c- f(n) =gn+1)—g(n)
we can add it to the alphabet A.
> If we find a hyperexponential function g(n) and ¢; € K such that

ci-filn) +--+ e fu(n) + e f(n) = g(n+1) —g(n)

we can express that letter:

i1=1 ig=1 i3=1
1 k n i1 12
- (- Doe > p(in) Y filia) Y qlis)
=1 i1=1 io=1 i3=1

n i1+1
+ Z p(i1)g(ir + 1) Z q(i2) — Z p(i1) Z 9(i2)fI(i2))

i1=1 ig=1 i1=1 ig=1
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We consider the following sums:

L1 & 1 ~ 1
2 Tr () X 2 ()

i=1

With a variant of Gosper's algorithm we can check that there are no ¢; and
g(n) such that
C1 C2
_|_
n(®>") (L +n)(*"

n n

)= g(n+1) —g(n)

however for
C1 C2 C3
+ +
n() G+ @+

n

] =g(n+1)—g(n)
we find 2(—1 + 2n)

— _|_ n
C1 ;C2 6763 79(”) n(l—f—n)(Q:)
And hence we get

n 1 " 1 n 1
—_— = =2 —n +6 YT

> T 2 L e

i=1

1 1 n
T @) 240 2@+n)




lterated Integrals over Root-valued Alphabets

compare J.A., Blimlein, Raab, Schneider 2014
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We introduce a general class of iterated integrals which we define recursively by

G(fi(7) fo(r),  fu()ya / FT)G (fa(r), - fulr)m) dm

with the special cases
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We introduce a general class of iterated integrals which we define recursively by

S o) D)) = [ )G (a(r).e ()
with the special cases
Gz)=1
and 11 1 1
22 2 _ 1 k
G<7_,T,...,T,:c> k!log(w) .
—_—— ——
k times
Concidering the letters
it 1
147 1—17

leads to harmonic polylogarithms. Remiddi, Vermaseren 2000
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Iterated Integrals 8

We introduce a general class of iterated integrals which we define recursively by

G (fo(r), fa(T)s -+ s fu(T / Ji(m)G (fo(7), - s fu(T), 1) dma
with the special cases
Gz)=1
and - .
<;a ;7 7;71:) = HIOg(w)k
k times

Typical letters that we concider are:

1 1 1 1 1 1
M+l —7 TNV =7 TVIF T VA= VAT

1
=

> shuffle algebra

> differentiation:

%G(fl(T)va(T)v T 7fk(7'),$) = fl(x)G (fQ(T)v o ,fk:(T)71»')



Iterated Integrals 9

How to choose the alphabet?



Iterated Integrals 9

How to choose the alphabet?

A function f(z) is called hyperexponential if

where g(z) is a rational function in x.



Iterated Integrals 9

How to choose the alphabet?

A function f(z) is called hyperexponential if

where g(z) is a rational function in x.

> We are dealing with hyperexponential letters.



Iterated Integrals 9

How to choose the alphabet?

A function f(z) is called hyperexponential if

where g(z) is a rational function in x.
> We are dealing with hyperexponential letters.

> Suppose we have an alphabet A of k letters

A= {fi(z), f2(2),..., fr(x)}



Iterated Integrals 9

How to choose the alphabet?

A function f(z) is called hyperexponential if

where g(z) is a rational function in x.
> We are dealing with hyperexponential letters.

> Suppose we have an alphabet A of k letters

1 1 1 1
A: ) ) )
{l-i-ac -z a1 —x \/5\/14-:5}
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Procedure to choose the alphabet

> Let f(x) be a new letter.

> If we cannot find a hyperexponential function g(x) and ¢; € K such that
e fi(@) + ez fa(@) 4ot fula) e fz) =4 (2)

we can add it to the alphabet A.
> If we find a hyperexponential function g(z) and ¢; € K such that

c-fi(@) +exs fa(@) +-o +ox - () + e flo) =g (x)

we can express that letter:

/pr ®) /Oy 1) /0 " g(w)dwdzdy =
i(‘i% /O:c p(y) /Oy fi(2) /Oz q(w)dwdzdy

+f " pw)ew) / " q(w)dwdy - / “p) / yg(z)q(z)dzdy)
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Iterated Integrals

3 1 V1+T1
3 - v- T _
G<(1+7-) 5T g T,x)

—%(3x—2)(w+l)%G( 1+T,x>—gG< ! oc)

4 2
—|—%m(x —x+3)



D-finite and P-finite

For details see e.g., The Concrete Tetrahedron (Kauers, Paule).
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> Let K be a field of characteristic 0 (i.e., K contains Q).

> A function f = f(z) is called D-finite if there exist
pa(z),pa-1(x),...,po(z) € K[z] (not all p; = 0) such that

pa(@) [ (@) + -+ pi(2) f (@) + po(2) f(z) = 0.

> A sequence (fn)n>o0 € K" is called P-finite if there exist
pa(n),pa—1(n),...,po(n) € K[n] (not all p; = 0) such that

pa(n) fota+ -+ p1(n) fat1 + po(n) fn = 0.

> If f(x) is D-finite, then the coefficients f,, of the formal power series
expansion

f@) =" faz"
n=0

form a P-finite sequence.

> The generating function of a P-finite sequence (fr)n>0 is D-finite.
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D-finite to P-finite

> Assume that f(z) = Z fnz™ is D-finite such that
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pa(@) f (@) + - +p1(2) f'(x) + po(x) f(z) = 0.

> It is easy to check that

l’f(]) ZH n+i—k)foij-rz" (1)
n>01i=1



D-finite and P-finite

D-finite to P-finite
> Assume that f(z) = Z fnz™ is D-finite such that
n>0
pa(@)f D (@) + -+ p1 (@) f (@) + po(a) f () = 0.
> |t is easy to check that

f(]) ZH nAi— k) frrj— Kz (1)
2 i1=1

> Transform the differential equation according to this relation.
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D-finite to P-finite

v

Assume that f(z) = Z fnz™ is D-finite such that
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Equate coefficients of same powers of = on both sides.



D-finite and P-finite

D-finite to P-finite

v

Assume that f(z) = Z fnz™ is D-finite such that

n>0

pa(@) f (@) + - +p1(2) f'(x) + po(x) f(z) = 0.

> |t is easy to check that

wf(]) ZH n+i—k)forj—rz" (1)
n>01i=1

v

Transform the differential equation according to this relation.

v

Equate coefficients of same powers of = on both sides.

v

We get a linear recurrence equation with polynomial coefficients, satisfied
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D-finite and P-finite

Consider

f@) =6 (i) = X g

n>0
We can derive the differential equation:

(+ 1) (z = Df" (@) + Bz — ) f"(2) + (=) = 0.

Expanding leads to
a® " (@) = " (@) + 3xf"(x) — f"(2) + f'(x) = 0.

Using (1) results in:

D AV fanz" +3Y nn+ 1) fariz" + Y (n—Dnn+1)frirz”
n=0 n=0 n=0

oo oo

Z (n+1)(n+2)fnt2z" —Z(n+1)(n+2)(n+3)fn+3wn:O.

n=0 n=0



D-finite and P-finite

Consider

f@) =6 (i) = X g

n>0
We can derive the differential equation:

(+ 1) (z = Df" (@) + Bz — ) f"(2) + (=) = 0.

Expanding leads to

7 ()~ @) + 3" (@)~ 1 (@) + f'(2) =0,

Using (1) results in:

Z(n + 1) fns12" +3 Z nn+1)fap12™ + Z(n —Dn(n+1) faprz™
n=0 n=0 n=0
Z (n+1)(n+2)fnt2z" —Z(n+1)(n+2)(n+3)fn+3wn:O.
n=0 n=0
Hence

(n+ 1) frsr = (n+2)(n+ D fatz — (n+2)(n+3)(n + 1) fass = 0
holds for (fn)n>o0.
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Initial values can be computed easily:

Ji=0, fz=%, fs=—2.

Solving (using the recurrence solver of Sigma)
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D-finite and P-finite

Initial values can be computed easily:

1
Ji=0, fz—? fs——a

Solving (using the recurrence solver of Sigma)

(n+1)°far1 = (n+2)(n+ 1) fasz = (n+2)(n +3)(n + 1) fass =0

leads to .
(1YY
fn — l/'=12
Hence )
ax- (D)
1 :
1 1 ( ) 1=2 i—1 n
f(z) = (l—i—r’ﬁ’ )Z x



D-finite and P-finite

Initial values can be computed easily:

Ji=0, f2=%, fs=—2.

Solving (using the recurrence solver of Sigma)

(n+1)°far1 = (n+2)(n+ 1) fasz = (n+2)(n +3)(n + 1) fass =0

leads to
(=1 Zz_l
fn: 7.
n
Hence )
n - -1)
f(z)=G LI z —Z—iz?z 130"
o 1477 1=7’ _n>0 ’

Note: This is implemented in HarmonicSums.



D-finite and P-finite

The reverse direction can be performed as well. For example given

flay =y 20

=1

we find:

flz) = 3—2(161—20932—1-8%3—w4)+x;2\/(4—m)xG(\/4—T T,T)

+56 (VI 7v7,2)”




D-finite and P-finite

The reverse direction can be performed as well. For example given

we find:

flz) = 3%(1693—209:2+8x3—x4)+xg2\/(4—x)xG(\/4—T T,T)

+56 (VI 7v7,2)”

This together with integral substitutions can be used to find and prove
identities of the form (see J.A. 2016)

Sk

Z 1+2)(%)  81V3
> Z;‘:I % 5 7'1'2 3
Z G G

J — 2=
L) T e
—i (20) \i i+
s A7) o
> = Tlog(2)Gs.



Mellin transform of D-finite functions

Compare J.A, Blimlein, Raab, Schneider 2014.



Mellin transform of D-finite functions

Let f(x) be a D-finite function such that

MIf@))n) = [ " fa)do
exists and let p;(z) € K[z] such that

pa(@)f (@) + -+ pi(@)f'(2) + po(w) f(z) = 0.



Mellin transform of D-finite functions

Let f(x) be a D-finite function such that

MIf@))n) = [ " fa)do
exists and let p;(z) € K[z] such that

pa(2)f D (x) + -+ pr(@) f () + po(z) f () = 0.
Since we have

(=17 (n+m)!
(n+m— M'

E:( Lt oo,

(n4+m—1)!

M[z™ /7 (z)](n) M[f(@)](n +m —p)



Mellin transform of D-finite functions

Let f(x) be a D-finite function such that

MU@HM%=/1ﬂf@Mw

0

exists and let p;(z) € K[z] such that

pa(@)f (@) + -+ pi(@)f'(2) + po(w) f(z) = 0.

Since we have

MLz £ (2))(n) = tﬂli—ﬁmmmm+m—m

we can conclude:

If the Mellin transform of a D-finite function is defined i.e., the integral
fol z" f(x)dz exists, then it is P-finite.



Mellin transform of D-finite functions

Given a D-finite function f(z).
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Mellin transform of D-finite functions

Given a D-finite function f(z).
Find an expression F'(n) given as a linear combination of indefinite nested
sums such that for all n € N (from a certain point on) we have

M[f (2)](n) = / " f(@)de = F(n).

Method:
1. Compute a D-finite differential equation for f(z).

2. Use the proposition above to compute a P-finite recurrence for
M[f ()] (n).
3. Compute initial values for the recurrence.

4. Solve the recurrence (using Sigma) to get a closed form representation for

M[f ())(n).

Note: This is implemented in HarmonicSums.
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Mellin transform of D-finite functions

We want to compute the Mellin transform of

L

fla) =6 (Y
We find that

(=3+a)f() +2(-1+2)1+2)f(x)" =0



Mellin transform of D-finite functions

We want to compute the Mellin transform of

V1—1T1 .
1477°7)°

f(x):=G <
We find that
(=3+2)f(z) +2(-1+2)(1+=)f(x)" =0

which leads to the recurrence

o[ V=

dr = =2(n—1)nM[f(x)](n—2)+3nM[f(z)](n—1)

+(n 4+ 1)(2n + 3) M[f(2)](n).

1+7



Mellin transform of D-finite functions

We want to compute the Mellin transform of

f(x):=G < T , T
We find that
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6/1\/ﬁ
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+(n 4+ 1)(2n + 3) M[f(2)](n).

Initial values can be computed easily



Mellin transform of D-finite functions

We want to compute the Mellin transform of

V1—1T1 .
1477°7)°

f(x):=G (
We find that
(=34 a)f(2) +2(-1+z)(1+2)f(z)" =0

which leads to the recurrence

o[ V=
0

dr = =2(n—1)nM[f(x)](n—2)+3nM[f(z)](n—1)

+(n+1)(2n + 3) M[f(2)](n).

1+7

Initial values can be computed easily and solving the recurrence leads to

. g+ G(£71) -2
M[f(x)l(n) = (-1) ((271_’_1)(2”4_3)(27?) + n+1 >

n

i=1

n+1

n 41
4(-1) 27(2”1)(2;) G(g,l)
n+1



Mellin transform of D-finite functions

Note that this method can be extended to compute regularized Mellin
transforms i.e., given a D-finite function f(z) such that

1
/ (z" — 1) f(z)dx
0
exists then we can compute

M[[/ ()] ](n) == / (& — 1)f(2)dz

using a slight extension of the method above.



Mellin transform of D-finite functions

Note that this method can be extended to compute regularized Mellin
transforms i.e., given a D-finite function f(z) such that

/0 (z" — 1) f(z)dx
exists then we can compute
MI[f(2)]+] (n) ::/0 (" = 1)f(2)dz

using a slight extension of the method above. For example

w [l=d) oo [ -n =) (=),
- 0
.
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Inverse Mellin transform

Given a P-finite recurrence for M[f(z)](n).
Find a differential equation for f(z).

We observe that

n?M[f(z)|(n+m) = M[(=1)"z""fP(2)](n) — a(n) M[f(2)](n + m)
_pfl (—=1)"*P(n +m + p)! (p—1—3)
; mimip—o W

where a(n) € K[n] with deg(a(n)) < p.

We can use this observation to compute the differential equation recursively.



Inverse Mellin transform

Given the P-finite recurrence for M[f(z)](n) :

pd(n)fn+d +-- +p1(n)fn+1 +p0(n)fn =0.



Inverse Mellin transform

Given the P-finite recurrence for M[f(z)](n) :

Pa(n) fnra + -+ p1(n) fat1 +po(n) fr = 0.

Let k := Jax, (deg(pi(x))) and let ¢ be the coefficient of n* in the recurrence

i.e.,
d
Cc= E Cifn-l—i
i=0

for some ¢; € K.



Inverse Mellin transform

Given the P-finite recurrence for M[f(z)](n) :

Pa(n) fnra + -+ p1(n) fat1 +po(n) fr = 0.

Let k := Jax, (deg(pi(x))) and let ¢ be the coefficient of n* in the recurrence

i.e.,
d
Cc= E cifn-l—i
i=0

for some ¢; € K.
Replace ¢;n” f,4i by

cin fovi + ei(=1) e P (@) — e M[(=1) 2" 1O ()] (n).



Inverse Mellin transform

Given the P-finite recurrence for M[f(z)](n) :

pa(n)fnta+ -+ +p1(n)fas1 +po(n)fn =0.
Let k := Jax, (deg(pi(x))) and let ¢ be the coefficient of n* in the recurrence

i.e.,
d
Cc= E cifn+i
i=0

for some ¢; € K.
Replace ¢;n” f,4i by

cin fovi + ei(=1) e P (@) — e M[(=1) 2" 1O ()] (n).

This reduces the degree of n.
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Inverse Mellin transform

Given the P-finite recurrence for M[f(z)](n) :

pa(n) fata + - +p1(n) fat1 +po(n)fn = 0.

Let k := 0n<1a<xd(deg(pi(a:))) and let ¢ be the coefficient of n* in the recurrence

le.,
d
Cc= E cifn+i
i=0

for some ¢; € K.
Replace ¢;n” f,4i by

ein® fus + ei(=1) 2" f P (@) — e M[(=1)* 2" P ()] (n).
This reduces the degree of n.
Apply this strategy until all appearences of n? f,; are removed, this yields

k—1

(@) @)+ a @) (@) + o) fx) + > ri(n) f91) = 0.

Jj=0

where g;(n) € Kg] and r;(n) € K[n].
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Inverse Mellin transform

Consider the recurrence

(24+n)fnte — fns1 — (n+ 1) fr =0.

The maximal degree of the coefficients f,,+; is 1 and the coefficient of n is

frnt2 — fn-

We substitute

Nfore = nfare =2 f(z) + M[z” f'(2)](n)
—nfn = —nfotaf'(z) = Mlzf(@)](n)



Inverse Mellin transform

Consider the recurrence

(24+n)fnte — fns1 — (n+ 1) fr =0.

The maximal degree of the coefficients f,,+; is 1 and the coefficient of n is

frntz — fa.
We substitute

Nfarz = nfare — 2 f (@) + M2°f'(2)](n)

—nfa = —nfat+af(z) = Mzf (2)](n)
This yields

(_xs + x)fl = fnt2 = for1 =0.
since
Mz’ f'(@)](n) = —(n+3)farz+ f(1)
Mz f'(x)](n) —(n+1)fu+ f(1)



Inverse Mellin transform

We have
(=2® + @) f' — fat2 — fus1 = 0.



Inverse Mellin transform

We have
(_$3 +$)fl - fn+2 - f'n+1 =0.
Next we substitute

—fovz = —fasz =2 f(2) + Mz f(2)](n)
—fatr = —fagr —2f(2) + Mz f(2)](n).



Inverse Mellin transform

We have
(_mg +$)fl = fat2 = fat1 =0.
Next we substitute
—frra = —fara — 2 f(z) + M[2” f(2)](n)
—far1 = —fapr —zf(z) + Mz f(2)](n).
Since

Mz f(2)](n) = foso
Mz f(z)](n)

fn+1

this yields
(=2’ +a)f'(z) — (&® + 2) f(x) = 0.
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Inverse Mellin transform

Our strategy to compute the inverse Mellin transform of P-finite can be
summarized as follows:

1. Compute a P-finite recurrence for M[f(z)](n).

2. Use the method above to compute a D-finite differential equation for
f(x).

3. Compute a linear independent set of solutions of the differential equation
(using HarmonicSums).

4. Compute initial values for M[f(z)](n).

5. Combine the initial values and the solutions to get a closed form
representation for f(x).

Note: This is implemented in HarmonicSums.
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Inverse Mellin transform (Example)
We want to compute the inverse Mellin transform of

i

L UYL Y
e D e D D

=1

We find that
0 = (n+Dn+2)>2f0—(n+2) (0> +7Tn+11) fuis
+ (—n3 —5n% —6n+ 1) frt2 +(n+ 3)3fn+3
which leads to the differential equation

0 = —(z—1%@=+1D2°fP @) — (z — 12z — 1)Bz 4+ 1)z f (z)
—(z = 1)(Tx — 1)2° f'(z) - (x — 1)2° f ()



Inverse Mellin transform (Example)
We want to compute the inverse Mellin transform of

i

L UYL Y
e D e D D

=1

We find that
0 = (n+Dn+2)>2f0—(n+2) (0> +7Tn+11) fuis
+ (=1 =50 — 61 + 1) fagz + (0 +3)° fuss
which leads to the differential equation

0 = —(z—1%@=+1D2°fP @) — (z — 12z — 1)Bz 4+ 1)z f (z)
—(z = 1)(Tx — 1)2° f'(z) - (x — 1)2° f ()

that has the general solution

_ C1 C2 1 C3 1 l
S(w)—:c—l—ldl—ac—l—lG(T—l’gE)+x—|—1G(7’—1’T’x>7

for some constants c1, c2, c3.




Inverse Mellin transform (Example)

In order to determine these constants we compute

! 2
0
2
/1 Sls(@)de = er(1—log(2)) + ca— log(2) 2+ G2 —2 +es log(2)¢2 2— 23 + 2
0

8Cs — 4log(2)¢2 — 3
4 tos 8 :

1 21og(2) — 1 210g(2)% — 2 1
/ Z‘QS(JJ)d:L‘ = og(2) +ca 0g(2) Gt
0



Inverse Mellin transform (Example)

In order to determine these constants we compute

' i —log(2
/ :cos(w)d:v = ci1log(2) + e 10g(2)2 2 +es 2¢s ;)g( )G2
0
1 _ 5 B B
/ xls(x)dg; = c1(1—1og(2)) + ca 10g(2)2+ G2 —2 +0310g(2)C22 2(3 +2
0
' - i 1 — 4log(2)C2 —
/ Ps(@)de = Cl2log(22) 1, 2loe(2) - 202+1 ,  8G og( ) =3
0

Since



Inverse Mellin transform (Example)

In order to determine these constants we compute

! 2
- — 2
[ g
0
1 B 5 B B
/ o's(x)de = (1~ log(2)) +c2 10g(2)2+ @2 +0310g(2)C22 2(3 +2
0
1 - ‘- — 4log(2)¢s —
/ a’s(z)de = 61210g(22) ! +62210g(2) 4 =t -1—1238CS o§( )G2 3.
0

Since

fo = -y LR

fl — 1+Z%
3 oo

e

we can deduce that ¢co = 0,¢1 = 0 and ¢c2 = 1 and hence

e ()




Inverse Mellin transform (Example)

~ 1 4—"/1 n L 2G (7, 7) 2G<@7w)
2 (2;)13 - o r 6(—4+ x) —4+4zx —4+x
LSG) s | 2eee)
“ite Itz itz |
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Asymptotic expansion
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Asymptotic expansion

All the algorithms mentioned in this talk and many more are implemented in
the package

HarmonicSums

using Sigma for certain subtasks dealing with recurrences and sums.

The packages are available at

http://www.risc.jku.at/research/combinat/software /



