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Motivation

& Amplitudes & Phenomenology

& Developing an algorithm for multi-loop many-leg processes
& Extending the NLO automation at high high orders

& From the beauty of simple formulas (in special kinematics)
to the beauty of the structures (in arbitrary kinematics)

Path

&Multi-loop Integrand Reduction: exploiting dimensional regularization

& Revisiting the 1-loop decomposition

& Novel decomposition @ any loop: the 2-loop case to begin with

®Magnus Series for Master Integrals

& Two-loop Master Integrals for the QCD-EW corrections to Drell-Yan scattering



Amplitudes Decomposition:
the algebraic way

a=axi + ayi + azk

&Basis: {i j k}

&Scalar product/Projection:
to extract the components



Amplitudes Decomposition:
the algebraic way

Master functions
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Amplitudes Decomposition:
the algebraic way

Master functions
> 4

~
-~
=~ -y

L

Cuts

coefficients
product of simpler amplitudes



Integrand-Reduction

unitarity at integrand level

Ossola Papadopoulos Pittau (2006)
Ellis Giele Kunszt Melnikov (2007)

Ossola & PM. (2011)

Badger, Frellesvig, Zhang (2011)
Zhang (2012)

Mirabella, Ossola, Peraro, & PM. (2012)

>> Ossola



One-Loop Integrand Decomposition

L - Naulg, p?) _

one—loop __ 2¢ 4 2 IRy n\4» =3

An p_/d u/qun(q,u), An(%u):DoDr“an DZ:(q+pz)2—m?:(q+pz)2_m3_u2
We use a bar to denote objects living in d = 4 — 2¢ dimensions qd=4q¢+f, with 672 = C]2 — ,Lbz -

—1

M @ the integrand—level Ossola, Papadopoulos, Pittau
A (q 2) £ C5,0 C4,0 1 C4,4M4 C3,0 + 63,7,u2 C2,0 + 62,9,u2 C1,0
i 1 DoD1DyD3Dy ~ DyDyDyDs DoD1Dy DoD1 Dy

cs.0 + fo1234(q, 1?) L G40 + cqap + for23(q, 1?) L @30 + ez 71 + fo12(q, 1?) L €20 + ca.9p® + fo1(g, 1?) L Lo + Jfo(q, (1?)

DoD1DyD3Dy DoD1DyDs DoD1 Dy DyD; Dy

M f's are “spurious” ==> integrate to O Il



Towards Higher Loop  oxonsem con

[ JProblem: what is the form of the residues?

v o

Product of trees Polynomials

&find the right variables encoding the cut-structure”

@ variables

e [SP’s = Irreducible Scalar Products:

— g-components which can variate under cut-conditions

— spurious: vanishing upon integration

— non-spurious: non-vanishing upon integration = MI’s




Zhang (2012); Badger Frellesvig Zhang (2012)
Mirabella, Ossola, Peraro, & P.M. (2012)

® Quantum Field Theory ® Algebraic Geometry

& Unitarity-Cuts, Vanishing denominators & Polynomial equations, ideals

& Cut-residue & Remainder of polynomial division
& Amplitudes factorization in tree-amplitudes & Polynomials in quotient rings

Amplitude decomposition Multivariate Polynomial division



Multi-Loop Integrand Recurrence

Mirabella, Ossola, Peraro, & PM. (2012)

® (-Loop Recurrence Relation

b -
—— -

/l_

n-line
graph

- P
> — )+ 5
Pinches / L |
coefficient Master functions
(n-1)-line product of simpler amplitudes

graph

[ all orders (any number of loops and legs)
[ any topology (planar and non-planar)
[ all kinematics (massless and massive)

[ high-power of denominators



The MaXimum'CUt Theorem Mirabella, Ossola, Peraro, & P.M. (2012)

At any loop /4, loops we define maximum cut as the set of vanishing denominators
Do=D;1=...=0

which constrains completely the components of the loop momenta. O-dimensional

We assume that, in non-exceptional phase-space points, a maximum-cut has a finite number
ns of solutions, each with multiplicity one.

Then,

¥

Theorem 4.1 (Maximum cut). The residue at the mazimum-cut is a polynomial para- -
matrised by ns coefficients, which admits a univariate representation of degree (ng — 1). g

R r—— | *———-—-—-———J



One-Loop Integrand Decomposition  d=4-2¢

@ Choice of 4-dimensional basis for an m-point residue
2 2 2 2
e} =e5; =0, e1-er =1, e5 =e; = Opma, e3-e4 = —(1 — dpa)

@ Coordinates: z = (z1,22,23,24,25) = (X1,X2,X3,X4,M2)

u 2 2 2
44-dim = _Pll +x1 e +xeh +x3 33 + x4 €, d = d4-dim — M
@ Generic numerator
Z o Zl Z2 Z§3 Zf Z§5, (j1...js) suchthat rank(N;,...;,) < m

N

@ Residues

reproducing:
Aj iyizigis = €0 Ossola Papadopoulos Pittau
2 2 Ellis Giele Kunszt Melnikov
Ajiyiziy, = €0+ c1x4 + p(c2 + c3x4 + pcy)
2 2 2
Aj iris = o + c1x3 + x5 + 03x§ + caxq + c5x5 + c6xi + p=(c7 4 cgx3 + coxyg)

2 2 2 2
itip, = Co + C1X2 + C2X3 + C3X4 + C4X; + C5X3 + CeXy + C7X2X3 + CoXpX4 + Colt

Ail = o + Cc1X1 + C2Xx2 + C3X3 + Cax4




Longitudinal and Transverse Space

Peraro Primo P.M. (to appear)

® Dimensional Regularization

d =4 — 2¢

® if n-legs <5

d:d//+dJ_

Transverse Space

Longitudinal space
spanned by the
(independent) legs

M Denominators do not depend on “the angular variables” of the Transverse Space ) |

[ Numerators depend on “all" loop variables



idea n.1 d:d//—l—dj_

Integrating over Transverse Space



One-Loop Integrals (¢ =4 2)

d‘q N(q) =
]dN :/ : D; = Q+ij +mi,  po=0,
S e 7Y
parametrization 4] ’ 14 = &y =
ﬂﬁlntegration N = K /OO ﬁdx-/ood 2( 2)Ci2;6/\/($¢,u2)
variables & - w5 i " Jo s 1=, D

2 0
D, = (qu+ Y p;) +p?+md, o \/det(aqm 3(1[4m).

83% 8:13]'



One-Loop Integrals (d=d, +d.)

& loop momentum
- a .« o @ e 2% ) 2
parametrization " =q + A7, k] Zx?eﬂ’ q" = Qi T A7,

k-dimensional the space spanned by the external momenta,

= Z 33]'6? + u?, M= Z ZC? + ,uz, (d — k)-dimensional orthogonal subspace.
j=k+1 j=k+1 Larsen Zhang;

IYN] = d¥ g d)\ (A?) = H dcos@ (sin ;)4 k12 ./\/'_(q) .
N i=0 ~i

=
S
|

: 2
:N(Qﬁg]a)‘27{xk+la ooy C64:}) D; = (Q[k;]‘l‘zpj) +)\2+m%.
=0

M Denominators do not depend on “the angular variables” of the Transverse Space ) |

I Integration over ) : 2



Integrating over Transverse Angles

Peraro Primo P.M. (to appear)
® Gegenbauer polynomials
orthogonal polynomials over the interval [—1, 1]

weight function i) = (L xz)a_%

o

generating function e 2xt o Z cle

5 o = 5O @) (@)
C v = 1, (67

if ¢/ P = (0@
S s 202, 3 L @100 @ () 4 o
) = — L e ) st )

'~ el @ + O @)
® Orthogonality condition
1 12«
2°7°*w'(n 4 2a)
d cos (sin 0)2*~1CY (cos ) O\ (cos ) = § .
| daos(sin0)2 ) (a0 0)CIE c08) = bl

M Integration over Transverse Angles: trivialized @ all-loop!

[ Alternative to PV-tensor reduction in the transverse-space



One-Loop Integrals (d=d, +d.)

& loop momentum
. a .« o @ e 2% ) 2
parametrization " =q + A7, A = Zx?eﬂ’ q" = Qi T A7,

k-dimensional the space spanned by the external momenta,

= Z -Cl?je? + u?, N = Z ZC? + ,uz, (d — k)-dimensional orthogonal subspace.
j=k+1 Jj=k+1

IYN] = d¥ g d)\ (A?) = H dcos@ (sin ;)4 k12 ./\/'_(q) .
N i=0 ~i

=
S
|

: 2
:N(Qﬁg]a)‘27{xk+la ooy 564}) D; = (q[k;H-ij) +)\2+m%.
=0

M Denominators do not depend on “the angular variables” of the Transverse Space ) |

M Integration over {)) : Gegenbauer orthogonality condition
Spurious integrals vanish automatically!



3 2
& Four-point integrals I{IN] = / dj/[g] / dd_g)‘/\gqgjg 54)'
T 0&12723

T4 = A cos b

1

1 i d—5 . _
ij[./\/'] = 7T2F(@) /d3q[3]/0 dA2(\?) 2 / dcosHl(smHl)d g
2

—1

® Examples

1
di—3

1
[écll[)‘z] — 5 éil+2[1]7

2
=S

If[=3] =

I{[z3] =

M Gegenbauer integration produces powers of ;i = A; - \;

N (qp3, A2, cos 61)
DyD1D3Ds




& Three-point integrals { €3 = Acos by

T4 = Asin 64 cos 0y

1 i aa [1 : _ 1 N (g1, A2, {cos 01, sin 67, cos B })
Id N / d2 / d>\2 )\2 > / d 0 0 d—5 < / . d—6 d[21; N\ 1, 1, 2
5[N] T ( d—54) d[2] . (A7) » cos 01 (sin 0) B d cos 02 (sin 05) DD, Dy :

€«

Two-point integrals

To = Acos bty
r3 = Asin 64 cos 62,

T4 = A\sin 67 sin 05 cos 63

d 1 ® a2z [ ek R 2
IZ[N] :W/dqm/ dA~ (A7) 2 / d cos 61 (sin 07) ></ dCOSHQ(SiH@Q)d_E)/ d cos 3 (sin 03) %6 x
mT(5%) 0 -1 L X
N(q[l], A2, cos 6, sin 07, cos s, sin Oy, cos 03)
DoD; :
1 B2 4 (! _ 1 N (qio1, A2, cos 07, sin 0y, cos 0 x3 = Acos 6
Ig[NHp2:0 :W/CPQ[Q}/ d)\z()\Z)dT/ dcosc91(51n91)d_5></ d cos 92(Sin02)d_6 (q[2] 1 1 2)j 3
™I (%5) 0 -1 | DoDy T4 = Asin 07 cos Oy
€ One-point integrals [ 21 = Acoséy,
< T9 = Asin 6 cos O,
r3 = Asin 67 sin 05 cos 03
| T = A sin 64 sin 05 sin 03 cos 0,4
1 - a2 1 . 1 .
]f[/\f]:m/ d>\2(>\2)7/ d00891(SiH91)d_3/ d00891(SiH91)d_4></ dcosﬁg(sinﬁg)d_5></ d cos 03(sin 63) %75 x
Bl 0 =1 -1 = —1

N(qm , A2, cos 01, sin 6, cos 0, sin Oy, cos 03, sin O3, cos 6)
Dy




idea n.2 d:d//—l—dj_
Cutting in the Longitudinal Space



Adaptive Unitarity @ 1-loop (d=d;+d,)

® Integrand red’n e
5 q” = q[oié] J D; = (CI[k] a5 ZP]’) S m?.
k 1=0
afy = D_ %€ A
j=1 Cutting in different dimensions

reducible according to the # of legs

&1-loop :: always MAXIMUM CUTS

& New residue parametrization

\ﬁ, Aiomizx = Cp.

"~ 2 3 4 A
Ajyig = Co + 174 + 2Ty + c3x] + c4xy,

2 2 3 2 2 3
j> Aioiliz =Cp + C1T3 + CaTy4 + C3T3 + C4X3T4 + C5Ty + CX3 + CTL3T4 + CRT3TY + C9Ty.

@7 Ajgiy =Co + €172 + C2T3 + C3T4 + C4T2T3 + cyToT4 + CeT3T4 + C7T5 + CTH + CoT.

w@w Aigiy|p2—o =Co + 171 + c2x3 + €374 + C4T1T3 + c5T124 + CeT3TL + C7$% + 68x§ + 09x?1.
\§ J

4
Q Aio = Co + Z C;X;
i=1




Adaptive Unitarity @ 1-loop (d=d;+d,)

® Integrand red’n

& Integration of the Residues over Transverse Angles

ddq A2'07517322'3 _ d 1 dry2 3 dry4 d 1 d+2 3 d+4
/ 742 Dy Dy, Dy, Dy | col[1] + (d— 3)0214 AT+ (d—3)(d 1)6414 N = colf[1] + 56214 1]+ 16414 [1].

dq  Nigivis | 4 1 dry2 d 1 d+2
E / w2 D D Dy col3[1] + (d—3) (e3 + c5)I5[N] | = coI5[1] + 5(03 +¢5) 1577 [1].

dlq Ny d 1 diy 2 1
( > / d/2 DZ_O;); :Eofz 1] + (d—3) (7 +cs + o) I5 (A7) | = coI[1] + 5(07 + e + o) IST21].

O [t
7Td/2 Dio Dil

1 1
:EO I$[1] + e1I5[w] + cr IS [ai] + gt co) I§[N?] F eol5 1] + erl o] + er I (2] + 5 (es + co) I T2 [1).
p>=0 .

/Wd/2 Di col7[1].

O

-----

reducible



Divide et Impera
Philip IT of Macedon

-
- -
-

i) Divide...
ii) et Integra...
iii) et Divide



Divide-et-Integra-et-Divide

& Additional Polynomial Division

)\2
reducible
divide infegra  divide
Topology AV Aiﬁt in A;o rin
7 T Y ! N N
01234
{1} — —
T 5) 3 1
0123
{173747%4217%27%?1} {17)\27)‘4} {1}
7 10 2 1
012 E 1 2 2 .3 .2 2 .3 12
{ 7$3,$4,$3,$3$4,$4,$3,$3$4,$3$4,$4} { ) } {1}
T ( > 10 2 1
02
{1,3}2,%3,334,x%,$2$3,$2$4,$§,$3$4,$i} {17)\2} {1}
o 10 i 3
01
{1,$1,$3,ZC4,x%,$1$3,$1$4,$§,x3$4,$i} {17'/131737%7)\2} {1,%1,37%}
O ’ ) )
{1, 21,22, 23, 24} {1}

M minimal number of irreducible non-spurious monomials (irr. scal. prod.s)!

M Second polynomial division <==> Dimensional Recurrence @ integrand level




d:d//—FdJ_

idea n.1 Integrating over Transverse Space

idea n.2 Cutting in the Longitudinal Space

M both ideas can be applied @ all-loops



Two-Loop Integrals  (d=4 - 2¢)

dlq1d%s N'(q1, q2
Ig[N] ™ / d ISI _ )7 qp = Q?[4] +ui, g = qg‘[4] + 1, Mi * g = Mijy Qi * G5 = Q4[4] * 9j[4] T Hij>
i Yi
& |oop momentum =
P afg =D mef, a5y = Z% 5

parametrization

2d—61C. KC V1122 ey
Ig[N] s / dxzdyz/ d,ull / d,u22/ d,LL12 1122 — /1,12) 2 X N(xj’ Yis ,uz'j)
7T5F d 5 H M11M22 H,L DZ )



Two-Loop Integrals (d=d, +d.)

& loop momentum

8 (8 (8 (8 (87 (8
e = + A = + A k<3
parametrization A1 = Sl an A S R A S
k
a Gy a o
TNk — Z e Dolk] — Z Yi€5 > k-dimensional space spanned by the external kinematics
= =
— Z g;je?‘ + /ﬁ, Z Yj 63 L qu (d — k)-dimensional orthogonal subspaces,
j=k+1 j=k+1
cos b9 = A1z
VA1 A2

9d—6 o0 d—k—2 [° d—k—2
d*qq0dF / dXi1(\ / dao (N
T (n— k — 1)/ Q1K) 4" Q2[k] 11(A11) 2 i 22(A22) 2 X

1 4—k
Hdcos@zldcos9@+12(81n921)d h—i— 2(8111(924_12)0[ h—i=3

LN =

1

N(Ql, q2> .

Hz'i

d cos 012 (sin 012) d k- 3/

M Denominators do not depend on “the angular variables” of the Transverse Space ) |
M Numerators depend on “all" loop variables

M Integration over {)) : Gegenbauer orthogonality condition
Spurious integrals vanish automatically @ all-loop!



Adaptive Unitarity @ 2-loop

® Novel Integrand red’n

(a‘) Ilp2345678910 11 (b) Z£gi5678910 11 (C) Z¥22?15678910 11

M Arbitrary (external and internal) kinematics!



® 8 and 7 legs

IZIZTL Allln 1-7/17/?1 AZIZ”II
119345678910 1 T194567891011 —
{1} {1,241}
INPl 1 INPl 10
12345678910 1 1245678910 11
{1} {1,240}
TNP2 1 NP1 - 6
12345678910 11 1234568910 11
{1} {1, w42}
o ) 6 . 10
2345678910 11 1245678910 11
{1,241} {1,242}
NP1 b 10 NP1 ” 15
2345678910 11 24567891011
{1,242} {1,231, 241}
NP2 é 6 NP2 33
1234578910 11 234567910 11
{1,240} {1,241, x40}
INP2 10 INPl 39
1234678910 11 124568910 11
{1,242} {1,241, 740}
P [ 15 NP1 odh d 15
7534678910 11 T153456810 11
{1,231, 241} {1, 32,242}
ZP 33 INPZ 45
234578910 11 124678910 11
{1,241, 742} {1,241, 740}
7NP1 39 7NP1 d 20
234578910 11 2478910 11
{1,241, %42} {1,291, 231,241}
NP1 o d 15 7NP1 76
123456910 11 23478910 11
{1,232, 42} {1,231, %41, %42}
INP2 B 45 INPl _ 116
234678910 11 | 24578910 11 S5
{1, 241,240} {1,241, 232, 242}
INPl 80
12457810 11

{1,231, 241, 242}




® 6 and 5 legs

Z’ir--in Auln Z; i Ail'"in
- 15 / 20
4t 17 <
135678910 11 15678910 11
{1, 231,241} {1,921, 231,241}
P 62 P 76
T 194567910 11 T\ 3567910 11
{1,241, 742} {1,231, 241,242}
7NP1 - 39 7NP1 80
23568910 11 15678910 11
{1, 241,40} {1,231, 241,242}
. P 15 - / 15
123456910 11 1678910 11
{1,232, 242} {1,211, %21, %31, T41}
|
INPQ 45 INPl 116
135678910 11 13568910 11
{1,241, 40} {1,231, 232, T42}
P 20 P 94
Z55678910 11 T 467910 11
{1, 21,231,241} {1, 291,231,241, T2}
p 76 P 66
Z53568910 11 Ti678911
{1,231, %41, T2} {1,211, %21, %31, Ta1, Ta2}
- 80 . 160
Zo5678910 11 T1956910 11
{1,231, 241, T42} {1, 231,241, Y32, Ta2}
INPl — 116 INPl 185
24568910 11 1357910 11
{1, 41,232, Ta2} {1,231, %41, %32, T42}
o 15 . 180
Z3678910 11 Ti956911
{1,211,221,231, %41} {1,211, %31, 41, T32, Ta2}
o 94 . 246
Z5578910 11 7546910 11
{17$21,$31,3741,3?42} {1,$31,€U41,$22,3332,3742}
. 160
T9357910 11
{1,231, %41, %32, T2}
|
e 185
2457910 11

{1,231, 241,232, Ta2}




® 4 legs: divide-integra-divide

)\z'j
reducible
Tis67910 11 Q o » 1
{1,201, 231, %41, Ta2} {1, 221,231, A1, Aoz, Aia} {1,221, 231}
Ti9956010 11 jI[ 1 ” =
{1, 231, %41, 32, T42 } {1, 231,232, A1, Ao2, A2} {1, 231,232}
Z%Pgéglon E 184 105 25
{1,231, 242, x32, Ta2 } {1, 231,232, A1, Aoz, Ai2} {1,231, 232}
7P 180 101 39
1908 {1, 231, %41, T22, T32, Ta2 } {1,231, 222, x32, A1, A22, A2} {1, 231, 222, Y32}
Tieso10 11 v . Y
{1, 211, 21, 231, Ta1, Ta2 } {1, 211, @21, 231, A1, A2z, A2} {1, 211,221, 231 }
N
Do | 245 137 55
{1, 231, 241, 221, T32, Ta2 } {1,231, 222, 32, A11, A22, A2} {1,231, 222, y32}
- E{ 115 66 35
- {1, 231, 41, %12, 22, 32, Ta2 } | {1,231, T12, 22, T32, A11, A2, A2} | {1,231, %12, T22, T30}
If%gll " 180 103 60
- {1, 211, 231, Ta1, 22, 32, Ta2} | {1, 11,231, %22, T32, A11, A22, A2} | {1, 211,231, T22, T30}




®3, 2, 1 legs: divide-integra-divide

reducible
Liy.i, Ajy i, ;Illtlk Qllk
180 22 4
Ti356011
{1,231, 41, 22, T32, T42 } {1, 222, A\11, A22, A12} {1,292}
Ton < 0 > °
{1,231, 241, 22, 32, Ta2 } {1, 22, A11, Aa2, M2} {1,292}
Z%71011 > 180 3 b
{1,221, 31, T41,T12, T32, Ta2 } {1,221, x12, A11, A22, A12} {1,221, 212}
If691011 > Ho 20 0
{1,231, %41, T12, T22, T32, T42 } {1,211, 2211, A22, A12} {1,212, 222}
I§61011 X 100 26 16
{1,211, 221,231, Ta1, 22, 32, Ta2} | {1,211, 221,222, A11, A22, A12} | {®11, 221,222}
Liy i, Aiy i, ARt Al
180 8 1
IFSGlOllﬂ}
{1,291, 31, %41, T22, T32, T42} {1, A11, Aoz, A2} {1}
. 100 8 3
Tis1011 7@
{1,211, 21, 31, T4, 22, Y3, Ta2 } {1,211, A11, Aa2, A2} {1,211}
. 100 26 16
Ti51011 @
{1,211, 21, %31, a1, 12, T32, Ta2 } {1,211, 221, T12, A11, A2z, A2} {1,211, 221,12}
151011 % 45 ’ °
{1,211, %21, %31, %41, T12, T22, 32, Ta2 } {1,211, 12, A1, A22, A12} {1,211, 212}
45 18 15
L3011 w@w
{1,211, %21, 31, Ta1, T12, T22, T32, Ta2} | {1,211, %21, T12, T22, A11, A2z, A2} | {1,211, T22, 21, T22}

Iir"in Ail-"in A;Ttln Agl...in
45 4 1

{1,211, %21, 31, T41, T12, T22, T32, T42 }

{1, A11, A2z, A2} {1}




2-loop Automation

® Integrand generation + Integration over Transverse Angles GoSam >> Jones

M Simplifying the integrands to be reduced (nleg < 5)
Removing the transverse direction ==> less coefficients to be determined



2-loop Automation

® Integrand generation + Integration over Transverse Angles GoSam

M Simplifying the integrands to be reduced (nleg < 5)
Removing the transverse direction ==> less coefficients to be determined

M Integrals whose denominators depend on a reduced set of variables (@ higher-loops)

Factorized diagrams Ladder diagrams
Denominators do not depend on Denominators do not depend on
12 A13

integration with
Gegenbauer orthogonality condition



2-loop Automation

® Integrand generation + Integration over Transverse Angles GoSam

M Simplifying the integrands to be reduced (nleg < 5)
Removing the transverse direction ==> less coefficients to be determined

M Integrals whose denominators depend on a reduced set of variables (@ higher-loops)

M note :: Generalizing and extending to all-loop the R2-integration



2-loop Automation

® Integrand generation + Integration over Transverse Angles GoSam

M Simplifying the integrands to be reduced (nleg < 5)
Removing the transverse direction ==> less coefficients to be determined

M Integrals whose denominators depend on a reduced set of variables (@ higher-loops)

M note :: Generalizing and extending to all-loop the R2-integration

® Adaptive Integrand Reduction + 1BP-id’s

‘;ﬁImproved IBP Solver Fire; Reduze; LiteRed ...

@Algebmic Geometry Methods (exploiting sygyzy's)

Kosower Gluza Kaida; Ita; Larsen Zhang;

® Adaptive Integrand Reduction + Numerical Mls

‘.ﬁlmproved Sector Decomposition
SecDec >> Jones, Kerner



The Geometry of Cut-Residues

® (-Loop Recurrence Relation

_~ =
/ [_— Pinches @ / |
coefficient Master functions
n-line (n-1)-line product of simpler amplitudes
grqph graph

(polar coordinates)
Harmonic expansion of the residue:
Rotation Invariance manifest



J[ Basis :: Master Functions

l J
dy
X “‘ |

dy

® Tree level >/< §\< KnOWH!

® One Loop

>©é % Known!

@ Higher Loops ﬁ ﬁ Vé
% Vé ?Unknown?



Differential Equations for Master Integrals

5)23‘ — — A(d7 QIZ)

kinematic variable space-time
(s,t,u, masses) dimensions
/

Kotikov; Remiddi;

Gehrmann Remiddi

Argeri Bonciani Ferroglia Remiddi P.M.
Aglietti Bonciani DeGrassi Vicini
Weinzierl

Henn;

Henn Smirnov & Smirnov

Henn Melnikov, Smirnov

Caron-Huot Henn

Gehrmann vonManteuffel Tancredi

Lee

Argeri diVita Mirabella Schlenk Schubert
Tancredi P.M.

diVita Schubert Yundin P.M.

Papadopoulos
Papadopoulos Tommasini Wever
Ablinger Bluemlein DeFreitas Schneider



Quantum Mechanics

&Schroedinger Eq'n (g-linear Hamiltonian)
ih 0| W (t)) = H(e, t)|V(1)) , H (e, t) = Ho(t) + eH (1)

& Interaction Picture
H,1(t) = BI(t) Hi(t) B(t

& Matrix Transform

ih 8, B(t) = Ho(t)B(t) B(t) = ¢~ # Jig rHo ()

0§Schroedinger Eq’n (canonical form)

ih Oy Wr(t)) = e Hy ()| Wy (t)),



Argeri, Di Vita, Mirabella,

Magn us ExpanSiOn Schlenk, Schubert, Tancredi, PM. (2014)

&System of 1st ODE

0:Y(x) =A(x)Y(x), Y(xg) =Y. A(x) non-commutative
&solution: Matrix Exponential
Y (z) = &%) ¥ () = @) Yy, Qz) = ZQn(x) :
n=1

Ql(x) = /xdTlA(Tl) 3

T

() = 5 / o / dry [A(r1), A(m)]
t 1 T2
Oua) = ¢ [ dn [ dn [ dry (A, (A, A + [A(), [A(), AT
& Iterated Integrals
Ch] —— . . = f o ¥ Lo d
P A= dlogn;, ... dlogn;, = g5, (tk) . g; (¢1) dta ... dig g; (t) = — logn;i(y(t))
~ 0<t1<...<tp<1 dt Chen
Goncharov
Remiddi Vermaseren
g Gehrmann Remiddi
af o’ B

CT%Y] Cf[?] — Cf??] '—'—'Crn[ﬁ] = Z Cpb] Cz[k]zl = Zcz'[k,]...,z‘pﬂ Cz[p]zl Bonciani Remiddi P.M.
=l p=0 Vollinga Weinzierl
Brown

Duhr Gangl Rhodes



Argeri, Di Vita, Mirabella,
Schlenk, Schubert, Tancredi, PM. (2014)

® Quantum Mechanics ® Feynman Integrals
& Time-evolution in Perturbation Theory & Kinematic-evolution in Dimensional Regularization
@perturbation parameter: € @space—time dimensional parameter: € = (4-d)/2
& Linear Hamiltonian in & & Linear system in €
& Unitary transform & non-Unitary Magnus transform
& Schroedinger Equation & System of Differential Equations
in the interaction picture (e-factorization) in canonical form (e-factorization) Henn (2013)
& solution: Dyson series & solution: Dyson/Magnus series

WEL - @

&Feynman integrals can be determined from differential equations that looks like
gauge transformations

boundary term
(simpler integral)



D rEI I -Yan @ 2 IOOp EW_QC D Bonciani, Di Vita, Schubert, P.M. (to appear)

q(p1) + a(p2) — 1" (p3) + 1" (p4), g wzy

AN
q(p1) + 7' (p2) = 1" (p3) + v(pa) - % | Lo

No-mass T-mass 2-mass
known new new

&Systems of 1st ODE for 41 Master Integrals using Reduze 2

dT = edAT with dA=A,de+ A,dy dA =" M; dlogn,
1=1



® 1-Mass

&31 Mis
&alphabet: 6 rational letters

@solution: GPLs

& numerical checks using GiNac vs SecDec

@constants: GPl's@ 1 e {—1,0,%,1}



® 2-Mass

€36 Mls
@alphabet: 12 rational + 5 irrational letters

&solution: Iterated integrals ::
(O mixed Chen-Goncharov representation

& numerical checks using GiNac vs SecDec
O 1-fold representation over GPLs-kernel by using ibp for Chen-integrals

2 1 5

@COnStantSI GPI_/S @ 1 1 {_1707 _i7i717(_]—)%7_(_1)§}7 - { 1 O z, 7_(_1)6’_(_1)6}7



Summary and Outlook

™ IntegrANDS

- Multi-Loop Integrand Reduction

& Complete Development :: for generic kinematics
& Exploiting DimReg :: Adaptive Unitarity and Transverse space integration

& any loop :: we are at the same point as OPP for 1-loop.

& Applying symmetries to the coefficients w/in the integrand decomposition

& FDF: simple implementation of FDH scheme for generalized unitarity cuts
Fazio, Mirabella, Torres, PM (2014)

. @ = = M T
& B(J relations @ tree-level in DimReg w/in FDFPrimo, Schubert, Torres, PM (2015)

@ BCJ relations @ 1-Loop Chester (2016)

Primo, Torres (2016)

M IntegrALS

& Multi-Loop Master Integrals evaluation

& Differential Equations (analytic as well as numerical) :: Magnus Exponential

& exploiting Path invariance

& MI’s in different dimensions ==> Adaptive Differential Equations?

& Numerical methods: the big short



