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Introduction

PDFs and TMDs to incorporate hadron structure
ui(k)u; (k) ~ (k)ij = ®45(k; P, S)
e (k)e™* (k) ~ —g7’ = TP (k; P, 5)
Employed at high energies
k' = 2 P" + kb + (k% — k3 )nH
— O(z,kr; P,S) and T (x,kp; P,S)
Polarized targets provide opportunities and challenges
M S* = Sp P* + M S4. + M? St n"
M2 S# = S, PP+ Lplngyt a2 gy o
At high energies x linked to scaling variables (e.g. x = Q2/2P.q) and convolutions

of transverse momenta are linked to azimuthal asymmetries (noncollinearity)
requiring semi-inclusivity and/or polarization

Operator structure PDFs and TMDs can be embedded in a field theoretical
framework via Operator Product Expansion (OPE), connecting Mellin moments
and transverse moments of (TMD) PDFs with particular QCD matrix elements of
operators (spin and twist expansion, gluonic pole matrix elements)



Matrix elements for TMDs

m quark-quark

d¢-Pd
by (eprin) = [ LTS 0 (p.5[7,0) ui©)P.5) en

P lu@ | B0y

m gluon-gluon

F“”(sv,pT;n):/df(;C)l & e’ (P.S|F™(0) F™ (€) |P.S)] . —IO

m quark-gluon-quark IS : o |

d* ‘:-&d n o/ (PP)E4ipLN
(27)°

d* §d 77 i(p-p,).E+ip,.n
(27)°

) (p-pnp | p)= [

"(Plip,(0)D“(m) v,(5)|P)

¢ (p-pp,|1p)=[ "(Plip,(0)F"(m) w,(5)|P)



TMDs and color gauge invariance

m Gauge invariance in a non-local situation requires a gauge link U(0,&)

FOWE) = 3~ E .5 (0)3, .3, ¥(0) 5
" U0,5)=? GXp(—igfdsﬂAﬂ)

FOUO.LY(E) = 3 E"..E“(0)D, .. D, y(0) .
n ‘ A

m Introduces path dependence for ®(x,p+) b
( > E.P

0

m ‘Dominant’ paths: along lightcone connected at lightcone infinity (staples)
S

m Reduces to ‘straight line’ for ®(x)

' Nx,p,) = D(x) :




Non-universality because of process dependent gauge links

d(§.P)d’E, SipE
27y’

@) (x. pyim) = [ (Plw, <0>Um§ v,&|P), , | ™D
path dependent gauge link

€ Gauge links associated with dimension zero (not suppressed!) collinear A" = At
gluons, leading for TMD correlators to process-dependence:

“ai SIDIS

DY

R
L 2
L g
A / ‘0"
.. At . —
. A+
(resummation)
gT E"T
o= ® T & —
®l-] . Pl+]
- t - f L
£” Time reversal £

Belitsky, Ji, Yuan, 2003; Boer, M, Pijlman, 2003 5



Non-universality because of process dependent gauge links

d(§.P)d’E, oD
27y

W, pyim= (PP OUELF P,

€ The TMD gluon correlators contain two links, which can have different paths.
Note that standard field displacement involves C = C’

PO = UL P UL,

€ Basic (simplest) gauge links for gluon TMD correlators:

q)g[+,+] & é— -] (I)g[-,-] i s
éT_- PR - gT--
(I)g[+,-] ﬂ; | g_ ) (I)g[-,+] _ s :é_*
T

ingg & QQ

Bombhof, M, Pijilman, 2006; Dominguez, Xiao, Yuan, 2011



Matrix elements for TMDs

m quark-quark

d¢-Pd¢r _
(I)r[tgj] (xapT; n) — / §(2W)3€T e’bp'f <P,S’¢] (0> U[Oaf]wl (5)’P75> ‘f-n:O

m gluon-gluon

, d&-Pd? - n nv
PUI e (2, prin) :/ L e (P,S|F"(0) Uy g ™ (€) Ule g7 |1P,S) .,

(27)? =0

m ... and even single Wilson loop correlator

U, d¢-Pd*¢r 4,
5(%) FE) ](pTa n) — / (27'(')3 e’ ¢ <P7S’U[O,£] U[/E,O] ’P,S

>}§-n:0



Quark correlator

m Unpolarized target
09z k) = { A0 + it i) B2 1

m Vector polarized target

o (k) = {SngU] (z, k2)ys + Sphi Y (x,

U U kT'ST
olf o kr) = { o ) 7

+ h[lU] (z, k7)vs 51 + th[U] (z, k7)

k'_(zlﬁ STO/VBW% E
M? 2

m Surviving in collinear correlators ®(x) and including flavor index
fi(@) =q(z) gi(z) = Aq(x) hi(x) = dq(z)

m Note: be careful with use of h;+ and non-traceless tensor with k;.S;
since h,; is not a TMD of definite rank!



Definite rank TMDs

m Expansion in constant tensors in transverse momentum space

gy =g — plegys e = elnmy — et
m ... or traceless symmetric tensors (of definite rank)

K

ki = kikh — 1k3. g7

k" = kpkiky — i) (9 K+ 95 Ky + g kT)
m Simple azimuthal behavior: k%" < |kp| e

functions showing up in cos(m¢) or sin(m¢) asymmetries (wrt e.g. ¢;)
m Simple Bessel transform to b-space (relevant for evolution):

Fo (2, by) = / bdb T, (krb) Fy (2, )
0

P (2,b) = / b dbeg o (k) Fo (2, For)
0



Structure of quark (8) TMD PDFs in spin 2 target

m 8 TMDs F...(x,ks?) PARTON SPIN

QUARKS , . vy,

z| U (A hy

n L B GRS 1

— ¢ \

W g 1/," hlL

EEC T 1 - Nl

= i Eir h, /,,"'th

m Integrated (collinear) correlator: only circled ones survive
m Collinear functions are spin-spin correlations

m TMDs also momentum-spin correlations (spin-orbit) including also
T-odd (single-spin) functions (appearing in single-spin asymmetries)

m Existence of T-odd functions because of gauge link dependence!



Structure of quark TMD PDFs in spin 1 target

PARTON SPIN

UARKS - - s
Q y 14 )/5 VY 7/5
s L
U :\\ ]FI /,,‘ hl
L //”'"‘\ L
(\\ gl y hlL
= T -
o . Y
7)) S Eir WL
|_
LL ) y
EE ‘\flLL hlLL
I_ L I ——
ji 7 8ir h1 LT hlLT
- L
flTT Err thT thT

Hoodbhoy, Jaffe & Manohar, NP B312 (1988) 571: introduction of f;;, = b,

Bacchetta & M, PRD 62 (2000) 114004; h,; first introduced as T-odd PDF

X. Ji, PRD 49 (1994) 114; introduction of Hirr = hi (PFF)




Gluon correlators

m Unpolarized target

U] (z, kr) = ;E

3o 10w +

m Vector polarized target

FLJ[U] (2, kr) = 5{267‘2 SLQEU] (x, k7) +

X

T @, kr) = 5

M 1T

M2

{i

eﬂﬁa

s <w,k%>}

kj}a

M2

T gV <x,k%>}

iE%ij“f;r [U]

1] kS
{5 100,05 -

k{i i Spfi, g
_ GT{ Sgr}+€T {kgf} ha (e, k2)) —

AM

M g7 (7, k%)

6¥ ng}aST 1 2
OéMg h1T($7kT)}
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Gluon correlators

m Tensor polarized target

ij X ij k7
Fﬁyl[;U]](x7kT) = 5{—91%75[1, fl[g]lj(ilf,k%) + ]\4T2 SLLhi_l[flj;] (:Ij,k%)}

(U] T ke Sur o oy €T 0] o
U'yr (x,kT):§ —9gr M flLT(x7kT)+Z€T791LT(377]€T)

L Sprky
M 1LT

k2S1ra 11U
(z, k%) + TM3 hlL[T](a:,k%)}

B
45 6T 7k;IY”aSTTa5 (U]

af
iU T ik STT0g LU
PZZPEF ](557 kr) = 5{_912 L M2 d 1[T]T(x7 k’%) T+ 1€p M2 91TT(557 k’_zr)
j U] 2 Sﬁ{fT k’%}a L[U] 9
+ Spp hipp(w, k) + ]\}2 hirr (@, kT)

K2 Stras  11i0], o
+ MA hirr (@, kT)
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Structure of gluon TMD PDFs in spin 1 target

PARTON SPIN

GLUONS ap of off
-g, £ Dy s
U e lg
\\\\ ‘fi ,,/: hl
L g lg
gl ,' hlL
= T —
o lg g g lg
n flT Eir hl th
|_
o i i) hs
I— \\\N__’//I
LT g g g lg
1LT EiLr hlLT hlLT
TT g g ‘7 N plg pllg
17T 81t \\th@/ thT thT

For Gluon PDFs in spin 1 target two collinear PDFs: linear pol. of gluons reflected in S+ 14



Simplest color flow classes for quarks (in lower hadron)

15



Color flow and gauge-link

Hadron (-)

or

Hadron (+)

(FO) UL FE) U

=)
0.¢] el N
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Color flow classes for quarks (in lower hadron)

2

4 = q 99 = qq qq9—qq  99—99 99— 99
([9(0) Uiy, () Hag — g or 4q




Color flow classes for quarks or diffractive (in lower hadron)

g — g 99 — qq 9 —+qq 9999 99— 9q
[$(0) U (€)1 Nag — g or gq

_qz :[_] 994 algg) > a  9(99) =g
{|¥(0) [0,£]¢(§)’> @[{53]|> (UEl)

18



Color flow classes for gluons (in lower hadron)

C I

q99 — 49

q99 — 49

- s s e e e -

99 — 99

:

99 — g9

e o s ms o= o= -

q99 — 49

99 — qq
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Operator structure in collinear case (reminder)

m Collinear functions and x-moments

(x) = [LEL) ors (pli0) Ul )| P)

27) £.n=E, =0
Nl e d(§.P) ,, — n\N-17 7[n

X0l (x) = [ %e g<P ‘W(O)(as) U[[o,é]w(g)‘])z.n:gfo
Y d(§.P) ;, n nyN-!

o PSR g e,

m Moments correspond to IocaI matrix elements of operators that all have the
same twist since dim(D") =

o) - <P\w<0><D”>N1 (0)| P)

m Moments are particularly useful because their anomalous dimensions can be
rigorously calculated and these can be Mellin transformed into the splitting
functions that govern the QCD evolution.

20



Transverse moments - operator structure of TMD PDFs

m Operator analysis for [U] dependence (e.g. [+] or [-]) TMD functions: in analogy
to Mellin moments consider transverse moments - role for quark-gluon m.e.

P?q)[i](x,pT;n)=fd(§ P)d’ & zp§<P‘w(0)U zD;‘U[ioog]l/J(S)‘P>

2m)’
calculable

&E.n=0

o [ [dp, py@Vx,psm) = @ (x)+ C0G(x) |

T-even T-odd

[Cig‘ (x) =D (x)-D(x) ] T-even (gauge -invariant derivative)
r\ ™~ D (x) = PVf CI)”O‘(x X, X, | X)

D (x) = fdx D7 (x—x,,x, | x)

[ O (x)=m D7 (x,0]|x) ] T-odd (soft-gluon or gluonic pole, ETQS m.e.)

Efremov, Teryaev; Qiu, Sterman;
Brodsky, Hwang, Schmidt; Boer, Teryaev; Bomhof, Pijiman, M 21




Gluonic pole factors are calculable

m C.Ylcalculable gluonic pole factors (quarks)

U [+ (it ] NLC TI‘C(U[D]) [7t]
HIU] HlE 0] HI(O)+]
cy +1 3 1

Cooa 9 1

¢ " 0 0 4

\ Buffing, Mukherjee, M, PRD86 (2012) 074030, ArXiv 1207.3221

Buffing, Mukherjee, M, PRD88 (2013) 054027, ArXiv 1306.5897
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Operator classification of TMDs according to rank

factor TMD PDF RANK
0 1 2 3

1 D(x) ® (x) D (x) D (x)
[U] F F ¥

CG,c (I)G,c (X) (I){Ga},c (x) (I){Gaa},c ()C)
[U] ¥ F

CGG,C (DGG,C (x) (I){GGa},c (x)
[U] F

C'GGG,c (I)GGG,C (x)

m Transverse moments to be used as coefficients in ®(x,p?)

\ Buffing, Mukherjee, M, PRD86 (2012) 074030, ArXiv 1207.3221

Buffing, Mukherjee, M, PRD88 (2013) 054027, ArXiv 1306.5897
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Operator classification of TMDs (including trace terms)

factor TMD PDF RANK
0 1 2 3
1 O(x,py) | D,(x,p) D (x,p7) D (x,pl)
Ce., O, (x,p)) | P (up) | @, (xP))
Coc. O 0p0) | P (p7)
Coot. Py (X, P7)

m Transverse moments to be used as coefficients in ®(x,p?)

m Trace terms involving 9-0 are responsible for f,(x) > f;(x,p?)

Boer, Buffing, M, JHEPOS8 (2015) 053, arXiv:1503.03760
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Operator classification of quark TMDs (polarized nucleon)

factor QUARK TMD RANK FOR VECTOR POL. (SPIN /2) HADRON

0 1 2 3
1 S, & h g My, by
Cs W i
C[U] hlJ_T[GGl] hlJ_T[GG2]

Three pretzelocities:

Process dependence also for (T-even) pretzelocity

h#U] _ h#aa] + CWU1 plG6G1 | ~lU] p1GG2]

GG, 1T

GG,2 1T

00]: Yoy =Tr [881/)1/_)]
GG 1]: T, [GGW]

GG 2]: Tr [GG]TrC [wgz]

Buffing, Mukherjee, M, PRD86 (2012) 074030, ArXiv 1207.3221 25



Operator classification of TMDs (including trace terms)
factor TMD PDF RANK
0 1 2 3
1 d(x, p;) (i)a &)aa &)aaa
Cg{c] 6&){68},0 &)G,c &){Ga},c &){Gaa},c
C[GUG],C 6&)G.G,c 5&){G.Ga},c &)GG,C &){GGG},C
C[G((]?]G,c 5&){G.GG.8},C 6&)G.GG,C 5&){G.GG8},C &)GGG,C

m Transverse moments to be used as coefficients in ®(x,p?)
m Trace terms involving 9-0 are responsible for f,(x) > f;(x,p?)

m Trace terms involving G.G are responsible for new functions (not necessarily
new structures)

m Trace terms affect p; width (note 6@ ;(x) = 0, etc.

Boer, Buffing, M, JHEPOS8 (2015) 053, arXiv:1503.03760 26



Operator classification of quark TMDs (including trace terms)

factor QUARK TMD RANK FOR VECTOR POL. (SPIN /2) HADRON
0 1 5 -
L hah gy h," )
Coe BT i
C[G(é;],c 5f1[GGC]m hliT[GGu hlJ_T[GG2]
Coco.

Process dependence in p; dependence of TMDs due to gluonic pole operators
(e.g. affecting <p*>

03y = £, + CL S A9 with o166 d(x) = 0

Boer, Buffing, M, JHEPOS8 (2015) 053, arXiv:1503.03760
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Classifying Polarized Quark TMDs (including tensor pol)

factor QUARK TMD RANK FOR VECTOR POL. (SPIN /2) HADRON
0 1 2 3
L fs k| gy B b
e GRS
C[GUG],C 5fl[GGc] hlJ_T[GGI] hlJ_T[GG2]
Coooe
factor QUARK TMD RANK FOR TENSOR POL. (SPIN 1) HADRON
0 1 2 3
1 ur it Sr
' Ohyy' |l g i | M g | B
e /5
L, i
6h1[2]7], (x,p;) = Cg]] 5h1[i'f](x,p;) with 5hl[i‘TG](x) =0

28



Operator classification of gluon TMDs

factor GLUON TMD PDF RANK FOR SPIN /2 HADRON
0 1 2 3
NN i
[U] 1[Ge] 7.[Gc] 1[0Gc] 1[99G c]
CG,c flT hl hlL th
(U] [GGc] 1[GG <]
CGG,c 5f1 ) hl
U] hJ_[GGGc]
CGGG‘c I
factor ADDITIONAL PDFs FOR TENSOR POL. SPIN 1 HADRON
0 1 2 3 4
[0] [0] [00] 7.1[00] 7.1[00] 1[309] 11[3909]
1 flLL thT flLT hlLT flTT hlLL thT hlLT thT
[U] [Gc] 1[0G ]
Coo &1 girr
[U] 1[GGc] 1. 1[GG ] 7. L[GG ¢ 1[0GG] 11[00GGc]
CGG,c flTT hlLL thT hlLT thT
(U]
CGGG,c
[U] 11[GGGG ]
CGGGG c thT

29



Small x physics in terms of TMDs

m The single Wilson-loop correlator T,

r B 1 ) EkST )
o, kr) = = e(k}) — = er(k})
factor GLUON TMD PDF RANK FOR UNPOL. AND SPIN /2 HADRON
0 1 2 3
1 e
(U] 1[Gc]
CG,C eT
[U] [GGc]
CGG’C oe
[U] 1[G.GGe]
CGGG,c 5eT

m Note limit x = 0 for gluon TMDs linked to gluonic pole m.e. of T,

L0, ) = OE T3

(pr)
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Small x physics in terms of TMDs

m Note limit x = 0 for gluon TMDs linked to gluonic pole m.e. of T,

w2 T U0, pr) = Cgg’ T ée(pr)

m At small x only two structures for unpolarized and transversely polarized
nucleons with same effects as pomeron & odderon structure

fi(z, k) — C&d  8el%C (k)
U 1[Ge U G.GG e
O Fid (@, k2) — OLde dei 999 (12

U Ge U G.GG e
Col N @, k2) — Cldg der 9C 9 (k3)

D. Boer, M.G. Echevarria, PJM, J. Zhou, PRL 116 (2016) 122001, ArXiv 1511.03485 | 31



Two initial state hadrons (e.g. DY)

I =~ VW VWWe—T" g Complications if the transverse momentum of two
‘ initial state hadrons is involved, resulting for DY at
measured Q; in

dopy = Tr. [Ui[pﬂ@(xl,plT)U—[pz]F*

xUT [p1]® (w2, par)U_[p1]T

1 it
#* ﬁq’[_](xlapm)r*q)[ ]($2,p2T)F,

"=y This leads to color factors just as for twist-3

squared in collinear DY
1 _
[—OOUz] ODY(xl’x2’qT) = F]Fl(xlaplT)®.]q(xzap2T)

1 1

N, N’-1

c

Buffing, M, PRL 112 (2014), 092002 32

ht(x,p, )®h*(x,,p,. )cos(2¢)




Entanglement in processes with two initial state hadrons

m Resummation of collinear gluons coupling onto external lines contribute to

gauge links By \I}’
o B kf k| /®1<;%;Pl;v£. /@kgf.’ﬁ; e
= , k-’
Peng T S am g
p_pl p p_p'l p1 p_Pl pl pl
1
@ ®) © 7

m ... leading to entangled situation (Rogers, M), breaking universality

w(&,) . (0,

m Gauge knots (Buffing, M)

wE) 90, .



Conclusions and outlook

TMDs extend collinear PDFs to novel TMD PDF functions

Although operator structure including ETQS matrix elements
ultimately has same operators basis as collinear approach, it is a
physically relevant combination/resummation of higher twist
operators that governs transverse structure (definite rank linked to
azimuthal structure)

Transverse structure for PDFs (in contrast to PFFs) requires careful

study of process dependence linked to color flow in hard process,
determining gauge links

Like spin, the transverse structure does offer valuable tools, but you
need to know how to use them!
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