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}  Low multiplicity observables 
}  Enable precision measurements 

}  Masses 
}  Couplings 
}  Parton distributions 

}  Precise theory 
}  Higher orders 
}  Resummation 
}  Full event properties 

}  Indirect new physics                                                             
searches 
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Benchmark processes 
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}  Production of short-lived heavy states (new physics searches) 
}  detected through their decay products 
}  yield multi-particle final states involving jets, leptons, γ, ET,miss 

}  Search for effects in many                                             
different multi-particle final states 

}  Need precise predictions for                                                  
hard scattering processes 
}  signal and background 
}  often combine theory and                                                        

data-driven approaches 
 

Multi-particle production 
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}  Fixed order calculations 
}  Expansion in powers of the coupling constant 
}  Correctly describes hard radiation pattern 
}  Final states are described by single hard particles 
}  NLO: up to two particles in a jet, NNLO: up to three.. 
}  Soft radiation poorly described, resummation needed 

}  Parton shower  
}  Exponentiates multiple soft radiation (leading logarithms) 
}  Describes multi-particle dynamics and jet substructure 
}  Allows generation of full events (interface to hadronization) 
}  Basis of multi-purpose generators (SHERPA, HERWIG, PYTHIA) 
}  Fails to account for hard emissions 

}  Ideally: combine virtues of both approaches 
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Fixed order versus parton shower 



}  Why NLO? 
}  reduce scale uncertainty of LO theory prediction  
}  reliable normalization and shape 
}  accounts for effects of extra radiation 
}  jet algorithm dependence 

}  Typical observations   
}  sizable NLO corrections 
}  corrections not constant, but kinematics-dependent 
}  remaining uncertainty at NLO typically 10-20% 
 

NLO multi-particle production 
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}  Enormous progress in getting NLO predictions for 
2➞(4,5,6!) processes over the last years 

}  Made possible by   
}  Improved techniques for loop amplitudes 
}  Crucial: a high level of automation 

}  Well-defined interfaces (Binoth Les Houches accord) 
}  combine different ingredients from different codes 
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NLO multi-parton production  



}  One-loop amplitudes 
}  BlackHat (Z. Bern, L. Dixon, F. Febres Cordero, S. Höche, H. Ita, D. Kosower, D. Maitre, 

K. Ozeren) 

}  GoSam (G. Cullen, N. Greiner, G. Heinrich, G. Luisoni, P. Mastrolia, G. Ossola, T. Reiter, F. 
Tramontano) 

}  OpenLoops (F. Cascioli, P. Maierhöfer, S. Pozzorini) 

}  NJet (S. Badger, B. Biedermann, P. Uwer, V.  Yundin) 

}  MadLoop/aMC@NLO (R. Frederix et al.) 

}  CutTools (G. Ossola, C. Papadopoulos, R. Pittau) 

}  Real radiation, subtraction terms and                                       
phase space (infrastructure) 
}  From event generator programs 
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NLO automation    

ͻ Virtual corrections 
Automatized recently: 
• FEYNARTS/FORMCALC/LOOPTOOLS (public) 

 

• HELAC-NLO (public) 

 
• MadLoop 
  
• OpenLoops 

 

• GoSam (public) 
 

 
Dedicated programs also involve high level of 

automation: 
 

[Hahn et al.] 

Automation in NLO calculations 
ͻ Different ingredients of a NLO calculation have also different 

levels of automation according to their complexity: 

G.Luisoni, 4th September 2012 

Born Real 
corrections 

Subtraction 
terms 

Virtual 
corrections 

NLO 

NLO Revolution 

[Bevilacqua, Czakon, van Hameren, 
 Papadopoulos, Pittau, Worek,  11] 
[Hirschi,Frederix,Frixione,Garzelli, 
Maltoni,Pittau ,11] 

[Cullen, Greiner, Heinrich, GL, Mastrolia, 
Ossola, Reiter, Tramontano, 11] 

Denner-Dittmaier et al., VBFNLO (public), MCFM (public), 
NGLUON (public), BLACKHAT, ROCKET. 

[Cascioli, Maierhöfer,Pozzorini , 12] 



}  MCFM, VBFNLO (J. Campbell, K. Ellis, C. Williams; D. Zeppenfeld et al.) 

}  Extensive libraries of NLO QCD processes 

}  MG5_aMC@NLO (F. Maltoni, S. Frixione et al.) 

}  Full event generation program  
}  Automation of one-loop amplitudes 
}  Matching to parton shower (MC@NLO method) 

}  SHERPA (F. Kraus et al.) 

}  Full event generation program 
}  interfaces to automated one-loop codes                       

(OpenLoops, BlackHat, Njet, GoSam) 

}  Matching to parton shower (MC@NLO, POWHEG methods) 
}  Matching of NLO multiplicities (MENLOPS) 
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Tools for NLO calculations 



}  Impressive list of results during past years, e.g.: 
}  multiple jets (up to 4) (Blackhat + Sherpa; Njet) 

}  gauge boson and up to 5 jets (Blackhat + Sherpa) 
}  two gauge bosons with up to 2 jets (T. Melia et al.; VBFNLO: F. Campanario, M. Kerner, 

L.D. Ninh, D. Zeppenfeld; GoSam + MadEvent) 

}  three gauge bosons (VBFNLO: G. Bozzi, F. Campanario, C. Englert, M. Rauch, D. Zeppenfeld)  

}  top quarks with jets (up to 2) (A. Denner, S. Dittmaier, S. Kallweit, S. Pozzorini; G. 
Bevilacqua, M. Czakon, C. Papadopoulos, M. Worek) 

}  top quarks with a gauge boson (A. Lazopoulos, K. Melnikov, F. Petriello; K. Melnikov, M. 
Schulze, A. Scharf; HelacNLO: A. Kardos, Z. Trocsanyi, C. Papadopoulos; MCFM: J. Campbell, K. Ellis) 

}  Higgs with a top quark pair and one jet (GoSam + Sherpa + MadEvent: H. van Deurzen, 
G. Luisoni, P. Mastrolia, E. Mirabella, G. Ossola, T. Peraro) 

}  Higgs and up to 3 jets (GoSam + Sherpa + Madevent: G. Cullen, H. van Deurzen, N. Greiner, G. 
Luisoni, P. Mastrolia, E. Mirabella, G. Ossola, T. Peraro, F. Tramontano) 

 

}  Broad implications for precision phenomenology     
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Automation in NLO computations 



}  Combining NLO computations for different multiplicities 
and interfacing with parton showers 
}  SHERPA (S. Höche, F. Krauss, M. Schönherr, F. Siegert) 

}  MINLO (K. Hamilton, P. Nason, C. Oleari, G. Zanderighi) 

}  UNLOPS (L. Lönnblad, S. Prestel)  

}  Applications:  V+jets, H+jets, tt+jets 
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Merging of fixed order and parton shower    

10�3

10�2

10�1

100

0 50 100 150 200 250 300

pH
T [GeV]

d
�
/d

p
H T
[p
b
/G

eV
]

#
/H

J
J

#
/H

J
J
?

#
/H

Q
T

pH
T [GeV]

d
�
/d

p
H T
[p
b
/G

eV
]

#
/H

J
J

#
/H

J
J
?

#
/H

Q
T

d
�
/d

p
H T
[p
b
/G

eV
]

#
/H

J
J

#
/H

J
J
?

#
/H

Q
T

d
�
/d

p
H T
[p
b
/G

eV
]

#
/H

J
J

#
/H

J
J
?

#
/H

Q
T

HJJ?

HQT

HJJ 0.7

1.0

1.3

0 50 100 150 200 250 300

0.7

1.0

1.3

0.7

1.0

1.3

Figure 2. Transverse momentum of the Higgs boson as obtained from the Hjj-Minlo (Hjj, blue) and
improved Hjj-Minlo (Hjj?, red) generators, together with the associated NNLL+NNLO computation from
the Hqt program (dark green) [75–77].

pT . 5GeV. Given this technicality, and the fact that this region is under poor theoretical control
anyway, the conclusion, again, is that the method and its implementation work well. Turning
then to the comparison with Hqt in figure 2, we see, pleasingly, that the method substantially
corrects the shape of the pre-existing Hjj-Minlo simulation, with the resulting Hjj? prediction
agreeing very well with Hqt in the region where the latter is undeniably the superior calculation
(pT . 100GeV).17 In the high transverse momentum tail both Hjj? and Hqt computations have
the same NLO accuracy for this distribution. Differences between Hjj? and Hqt occur there due
to the different choice of scales in each code, roughly, pH

T in the case of Hjj?, compared to 1

2

mH in
Hqt. The same comments made above for the Higgs boson rapidity distribution in regards to the
uncertainty associated with the ⇢ parameter apply equally well again here.

Jet cross sections

In figure 3 we compare predictions for inclusive jet cross sections, between the Hjj (blue), Nnlops
(dark green) and Hjj? (red) generators, defined according to the anti-k

t

-jet algorithm [80] with
radius parameter R = 0.4, for jet transverse momentum thresholds of 25, 50 and 100 GeV. In figure
4 we show the analogous set of plots for the corresponding exclusive jet cross sections. No rapidity
cuts have been applied to the jets in making these plots.

First we discuss the inclusive jet cross sections in fig. 3. For the 0-jet inclusive cross sections,
the improved Hjj? results are indistinguishable from the Nnlops ones, shifted upwards by 10%
with respect to the original Hjj-Minlo predictions (Hjj). The 1-jet inclusive predictions show the
Hjj? results agreeing with the Nnlops ones to within 2%. Unlike the case of the 0-jet bin, in the
1-jet bin, for 25 and 50 GeV jet pT thresholds, the unimproved Hjj-Minlo result was already in
agreement with the Nnlops at the level of 5% or better. So, for the 1-jet inclusive cross sections
the room for improvement is very much smaller, with only a small amount visible in the case of the
50 GeV pT cut. For the case of the 100 GeV jet pT threshold the unimproved Hjj-Minlo prediction

17In Hqt we have used the ‘switched’ mode and taken the central renormalization, factorization and resummation
scales to be 1

2mH. The uncertainty band comprises the envelope of a 7-point variation of the first two scales:
µR ! KRµR, µF ! KFµF , with KR/F = 1

2 , 1, 2, omitting the two combinations for which KR and KF differ by
more than a factor of two.

– 27 –

MiNLO:  
R. Frederix,  
K. Hamilton 



}  Extension of automated NLO codes to include 
electroweak corrections 
}  OpenLoops (S. Kallweit, J. Lindert, P. Maierhöfer, S. Pozzorini, M. Schönherr) 

}  MG5_aMC@NLO (S. Frixione, V. Hirschi, D. Pagani, H. Shao, M. Zaro) 

}  Issue of ordering of corrections:                                     
QCDxEW or QCD+EW 

}  Applications 
}  Top pair production                                         

(MG5_aMC@NLO) 

}  Vector boson plus multijet                                           
(OpenLoops+Sherpa) 
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NLO QCD+EW 
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Figure 20. Distribution in the transverse momentum of the reconstructed vector boson in `�⌫̄` + jets
production with standard cuts (left) and in presence of an extra cut ��j

1

j
2

< 2.5 (right). The upper frame
displays absolute predictions obtained with MEPS@NLO QCD merging (green) and its extension to NLO
QCD+EW accuracy including (red) or excluding (black) mixed Born contributions to V + 2 jet topologies
(LO mix). Relative corrections with respect to MEPS@NLO QCD are shown in the lower panels. The bands
correspond to scale variations, and in the case of ratios only the numerator is varied.

5.5 Numerical MEPS@NLO QCD+EW results for pp ! V + 0, 1, 2 jets

Based on the above described multijet merging method, in this section we present an inclusive sim-
ulation of `�⌫̄`+multijet production that includes NLO QCD+EWvirt correction effects in phase-
space regions with up to two resolved jets. In addition to the settings summarised in (2.5)–(2.10)
we set the renormalisation scale according to (5.5), and both factorisation and resummation scales
to the core scale defined in (5.6). The remaining free parameter, the merging scale separating the
individual jet multiplicities, is set to Qcut = 20GeV. To estimate the uncertainties of our calcula-
tion, we vary the renormalisation and factorisation scales by a factor two in a correlated way. The
resummation and merging scales are not varied here as they give rise to much smaller uncertainties
for the observables to be studied in this paper. While this observation has already been made in
various studies based on the MEPS@NLO method [98, 108–113], in Appendix B we show that it
holds true also in the multi-TeV regime, where the gap between the merging scale and the hard
scattering energy can reach two orders of magnitude. The presented analysis has been implemented
in Rivet [114].

The first observable we study is the transverse momentum of the reconstructed W boson in
`�⌫̄` + jets production, as detailed in Fig. 20. This observable receives significant contributions from
two-jet topologies, which are, however, typically dominated by a first hard jet, while the second jet
tends to be much softer. For this reason we observe a rather similar behaviour of NLO QCD+EW
effects in fixed-order calculations for `�⌫̄` + 1 jet (Fig. 5) and `�⌫̄` + 2 jets (Fig. 6), as well as in
their combination through exclusive sums (Fig. 15) and with MEPS@NLO QCD+EWvirt merging
(Fig. 20). More precisely, apart from statistical fluctuations and minor differences due to different
scale choices, MEPS@NLO QCD+EWvirt predictions are in good agreement with `�⌫̄` + 2-jet re-
sults, both for what concerns the size of electroweak corrections and scale uncertainties. At high

– 30 –



}  Parton shower: leading logarithmic accuracy (LL) 
}  Resummation of higher-order logarithms 

}  threshold, transverse momentum, jet size 

}  Recent results 
}  Generic N3LL threshold resummation                                          

(S. Catani, L. Cieri,  D. de Florian, G. Ferrera,                                                       
M. Grazzini; T. Ahmed, N. Rana, V. Ravindran) 

}  Generic NNLL transverse momentum                          
resummation (S. Catani et al.; M. Grazzini,                                                        
S. Kallweit, D. Rathlev, M. Wiesemann) 

}  Development of N3LL transverse                            
momentum resummation (H.X. Zhu, Y.Li) 
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Resummation 

Transverse momentum resummation of colorless final states at the NNLL+NNLO
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Figure 5: (a) Experimental measurement of the ZZ pT shape in the fiducial region from
Ref. [17] and (b) comparison of the data with various predictions at higher orders.

4. Conclusions and outlook

We presented a general implementation of small-pT resummation in the MATRIX framework.
Logarithmically enhanced contributions are resummed through NNLL accuracy and consistently
combined with the NNLO cross section for any process with colorless final states, as long as the
respective two-loop amplitude is known.

In this proceedings article we further reviewed the first application of this framework to on-shell
W+W� and ZZ production [16], showing results for both the inclusive pT distribution of the pair
and within cuts on its momentum. We also reported on results for the pT -vetoed cross section and a
comparison to experimental data of the ZZ pT spectrum.

Exploiting the helicity amplitudes of Refs. [59, 60] to include the leptonic decays of the vector
bosons with off-shell effects and spin correlations as well as the application to further processes is
left to future work.
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}  Resummation for small jet radius (LLR)                         
(M. Dasgupta, F. Dreyer, G. Salam, G. Soyez) 

}  Application to jet veto in                                                 
Higgs production (A. Banfi, F. Caola, F. Dreyer,                                                   
F. Dulat, P. Monni, G. Salam, G. Zanderighi) 
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Figure 2. Left: Comparison of the R dependence in the exact and small-R approximated NLO
expansion, using Eq. (2.3), shown as a function of jet transverse momentum pt, for

p
s = 7TeV

in the rapidity region |y| < 0.5. Right: comparison of �1+2(pt, R,Rref) and �LLR
1+2 (pt, R,Rref) (cf.

Eq. (2.5)). In both plots CT10 NLO PDFs [37] are used, while the renormalisation and factorisation
scales are set equal to the pt of the highest-pt R = 1 jet in the event (this same scale is used for all
R choices in the final jet finding).

quantity �1(pt, R,Rref), where

�i(pt, R,Rref) ⌘ �i(pt, R)� �i(pt, Rref)

�0(pt)
. (2.3)

Here �i(pt) corresponds to the order ↵2+i
s contribution to the inclusive jet cross section in

a given bin of pt. This can be compared to a similar ratio, �LLR
1 (pt, R,Rref), obtained from

the NLO expansion of Eq. (2.1) instead of the exact NLO result.3 The quantity Rref here

is some small reference radius at which one expects the small-R approximation to be valid;

we choose Rref = 0.1. Fig. 2 (left) shows the comparison of �1 (filled squares) and �LLR
1

(crosses) as a function of pt for several di↵erent R values. One sees very good agreement

between �1 and �LLR
1 for the smaller R values, while the agreement starts to break down

for R in the vicinity of 1–1.5. This provides grounds for using the small-R approximation

for R values . 0.6 and motivates a choice of R0 in range 1–1.5. We will take R0 = 1 as

our default, and use R0 = 1.5 as a probe of resummation uncertainties.

Next let us examine e↵ects of subleading small-R logarithms, terms that come with

a factor ↵n
s ln

n�1R relative to the Born cross section. While there has been some work

3�LLR
1 (pt, R,Rref) is independent of R0 because the R0 cancels between the two terms in the numerator.

– 5 –



}  Soft-collinear effective theory (SCET) for resummation 
}  Effective field theory for jet process                                       

(T. Becher, M. Neubert, L. Rothen, D. Shao) 

}  XCONE: N-jettiness as jet algorithm                                       
(I. Stewart, F. Tackmann, C. Vermilion, T. Wilkason) 

}  Multi-scale hierarchies between jets                                       
(P. Pietrulewicz, F. Tackmann, W. Waalewijn) 

}  Endpoint NNLL resummation for event shapes                       
(T. Becher, G. Bell; X. Garcia i Tormo, J. Piclum) 

}  Systematic perturbative expansion of ingredients 
}  Soft functions (Y. Li, H.X. Zhu; R. Boughezal, X. Liu, F. Petriello) 

}  Beam functions (J. Gaunt, M. Stahlhofen, F. Tackmann; T. Lübbert, L.L. Yang, TG) 
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Resummation 
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Figure 1. Di↵erent hierarchies for three-jet events in e+e� collisions.

in case (b), where two jets (labelled 1 and 2) are close to each other. It is characterized

by the hierarchy s12 ⌧ s13 ⇠ s23 ⇠ Q2. The soft regime is shown in case (c), where

one jet (labelled 1) is less energetic than the others. It is characterized by the hierarchy

s12 ⇠ s13 ⌧ s23 ⇠ Q2. Finally, in the soft/collinear overlap regime, shown in case (d), one

jet is softer than the others and at the same time closer to one of the hard jets, leading to

the hierarchy s12 ⌧ s13 ⌧ s23 ⇠ Q2.

In general, SCET+ can have multiple soft and collinear regimes (along with the cor-

responding overlap regimes), which is necessary to describe multiple hierarchies between

several jets. We discuss in detail the application of the SCET+ formalism for a generic

N -jet process at hadron colliders and for a number of di↵erent hierarchies. The cases we

explicitly consider include

• One soft jet.

• Two jets collinear to each other, with or without a hierarchy in their energies.

• Two jets collinear to each other plus an additional soft jet.

• Two soft jets with or without a hierarchy in their energies.

• Two soft jets collinear to each other.

• Three jets collinear to each other with or without a hierarchy in the angles between

them.

These cases contain the nontrivial features and essential building blocks that are needed

to describe arbitrary hierarchies.

Each regime requires a di↵erent mode setup in SCET+, so technically corresponds to

a di↵erent e↵ective field theory. We explain how they are appropriately combined and

– 3 –



}  NNLO predictions 
}  expected to have a per-cent level accuracy 
}  yielding first reliable estimate of theoretical uncertainty   

}  For processes measured to few per cent accuracy 
}  jet production 
}  vector boson (+jet) production 
}  vector boson pair prodcution 
}  top quark pair production 

}  For processes with potentially large perturbative 
corrections 
}  New channels and/or phase space regions open up  

}  Higgs or vector boson pair production 

 

NNLO observables at hadron colliders    
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}  Require three principal ingredients  
}  two-loop matrix elements 

}  explicit infrared poles from loop integral   
§  known for all massless 2 → 2 processes  

}  one-loop matrix elements 
}  explicit infrared poles from loop integral 
}  and implicit poles from single real emission 

§  usually known from NLO calculations 

}  tree-level matrix elements 
}  implicit poles from double real emission 

§  known from LO calculations 

}  Infrared poles cancel in the sum 
}  Challenge: combine contributions into parton-level generator 

}  Need a method to extract implicit infrared poles 

NNLO calculations 
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Real radiation at NNLO: methods 
}  Sector decomposition (T. Binoth, G. Heinrich; C. Anastasiou, K. Melnikov, F. Petriello) 

}  pp → H, pp → V, including decays                                                                  
(C. Anastasiou, K. Melnikov, F. Petriello; S. Bühler, F. Herzog, A. Lazopoulos, R. Müller) 

}  Sector-improved residues (M. Czakon; R. Boughezal, K. Melinkov, F. Petriello) 

}  pp → tt (M. Czakon, P.  Fiedler,  A. Mitov) 

}  pp → H+j (R. Boughezal, F. Caola, K. Melnikov, F. Petriello, M. Schulze)  

}  pp → t+j (M. Brucherseifer, F. Caola, K. Melnikov) 
}  Antenna subtraction (A. Gehrmann-De Ridder, E.W.N. Glover,  TG) 

}  e+e- → 3j (A. Gehrmann-De Ridder, E.W.N. Glover, G. Heinrich, TG; S. Weinzierl)  

}  pp → H+j (X. Chen, E.W.N. Glover, M. Jaquier, TG) 

}  pp → Z+j (A. Gehrmann-De Ridder, E.W.N. Glover, A. Huss, T. Morgan, TG) 
}  qT subtraction (S. Catani, M. Grazzini) 

}  pp → H, pp → V, pp →γγ, pp → VH                                                                     
(S. Catani, L. Cieri, D. de Florian, G. Ferrera M. Grazzini, F. Tramontano) 

}  pp → Vγ(M. Grazzini, S. Kallweit, D. Rathlev) 

}  pp → ZZ, pp → WW (M. Grazzini et al.) 

18 



Real radiation at NNLO: methods 
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}  N-Jettiness subtraction                                                 
(R. Boughezal, X. Liu, F. Petriello; J. Gaunt, M. Stahlhofen, F. Tackmann, J.R. Walsh) 

}  pp → H+j (R. Boughezal, C. Focke, W. Giele, X. Liu, F. Petriello) 

}  pp → W+j (R. Boughezal, C. Focke, X. Liu, F. Petriello) 

}  pp → Z+j (R. Boughezal, J. Campbell, K. Ellis, C. Focke, W. Giele, X. Liu, F. Petriello) 

}  N-Jettiness variable: distance from N-parton configuration 
(I. Stewart, F. Tackmann, W. Waalewijn) 

 
}  Universal behaviour at small TN from SCET resummation 
}  Implementation: N+1jet calculation at NLO with cut-off on TN 

When there is no ambiguity, we will associate i ⌘ i (e.g., we use fa ⌘ fa), and we use

the collective label  to denote the whole partonic channel, i.e.,

 ⌘ {a,b;1, . . . ,N} ⌘ {a, b; 1, . . . , N} . (3.3)

We write the massless Born momenta qi as

qµi = Ei n
µ
i , nµ

i = (1,~ni) , |~ni| = 1 . (3.4)

In particular, for the incoming momenta we have

Ea,b = xa,b
Ecm

2
, nµ

a = (1, ẑ) , nµ
b = (1,�ẑ) , (3.5)

where Ecm is the total (hadronic) center-of-mass energy and ẑ points along the beam axis.

The xa,b are the light-cone momentum fractions of the incoming partons, and momentum

conservation implies

xaEcm = nb · (q1 + · · ·+ qN + q) , xbEcm = na · (q1 + · · ·+ qN + q) . (3.6)

The total invariant mass-squared Q2 and rapidity Y of the Born phase space are

Q2 = xaxbE
2
cm , Y =

1

2
ln

xa
xb

, xaEcm = QeY , xbEcm = Qe�Y . (3.7)

The complete d�N phase-space measure corresponds to

Z

d�N ⌘ 1

2E2
cm

Z

dxa
xa

dxb
xb

Z

d�N (qa + qb; q1, . . . , qN , q)
dq2

2⇡
d�L(q)

X



s , (3.8)

where d�N (...) on the right-hand side denotes the standard Lorentz-invariant N -particle

phase space, the sum over  runs over all partonic channels, and s is the appropriate

factor to take care of symmetry, flavor and spin averaging for each partonic channel.

3.1.2 N-jettiness

Given an M -particle phase space point with M � N , N -jettiness is defined as [50]

TN (�M ) =
M
X

k=1

min
i

n2qi · pk
Qi

o

, (3.9)

where i runs over a, b, 1, . . . , N . (Here we use a dimension-one definition of TN following

refs. [52, 62].) For ep or ee collisions, one or both of the incoming directions are absent.

The Qi are normalization factors, which are explained below. The pk are the M final-state

parton momenta (so excluding the nonhadronic final state) of �M . The qi in eq. (3.9)

are massless Born “reference momenta”, and the corresponding directions ~ni = ~qi/|~qi| are
referred to as the N -jettiness axes. For later convenience we also define the normalized

vectors

q̂i =
qi
Qi

. (3.10)
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Vector boson fusion at NNLO 
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}  New method: projection to Born process                        
(M. Cacciari, F. Dreyer,  A. Karlberg, G. Salam, G. Zanderighi) 

}  Corrections small for total                                                  
cross section 

}  Sizable effects in fiducial                                                       
cross sections and distributions 

}  Not accounted for by NLO+PS 

2

(a) Born VBF process

two loop

passed to analysis
projected momentum,

original momentum,

H

W,Z

W,Z

+

double−real counterevent

one−loop single−real counterevent

integrated over

double real

one−loop single real

+ −

+ −

(b) NNLO "inclusive" part (from structure function method) (c) NNLO "exclusive" part (from VBF H+3j@NLO)

projected double real

projected one−loop single real

+ +

FIG. 1: (a) Illustration of the Born VBFH process. (b) NNLO corrections to the upper sector of the VBF process, from the
“inclusive” part of our calculation. (c) Corresponding “exclusive” part. The double-real and one-loop single-real counterevents
in the exclusive part cancel the projected double-real and one-loop single-real contributions in the inclusive part. In the
“projected” and “counterevent” contributions, the dashed lines corresponds to the full set of parton momenta that are integrated
over (for the structure functions, this integral is implicit in the derivation of the coe�cient functions), while the solid lines
correspond to the partons that are left over after projection to Born-like kinematics and then passed to the analysis. The
projection does not change the direction of initial partons and so the corresponding incoming dashed lines are implicit.

quark ! quark + V , then it is straightforward to show
that knowledge of the vector-boson momentum q

1

(q
2

)
uniquely determines the momenta of both the incoming
and outgoing (on-shell) quarks,

p
in,i = xiPi, p

out,i = xiPi � qi . (1)

We exploit this feature in order to assemble a full cal-
culation from two separate ingredients. For the first one,
the “inclusive” ingredient, we remain within the struc-
ture function approach, and for each set of q

1

and q
2

use
Eq. (1) to assign VBF Born-like kinematics to the up-
per and lower sectors. This is represented in Fig. 1b
(showing, for brevity, just the upper sector): for the
two-loop contribution, the Born kinematics that we as-
sign corresponds to that of the actual diagrams; for the
tree-level double-real and one-loop single-real diagrams,
it corresponds to a projection from the true kinematics
(2 ! H + n for n = 3, 4) down to the Born kinemat-
ics (2 ! H + 2). The projected momenta are used to
obtain the “inclusive” contribution to di↵erential cross
sections. Note that the Higgs momentum is una↵ected
by the projection.

Our second, “exclusive”, ingredient starts from the
NLO fully di↵erential calculation of vector-boson fusion
Higgs production with three jets [16, 17], as obtained in
a factorised approximation, i.e. where there is no cross-
talk between upper and lower sectors.2 Thus each par-
ton can be uniquely assigned to one of the upper or lower
sectors and the two vector-boson momenta can be unam-
biguously determined. For each event in a Monte Carlo
integration over phase space, with weight w, we add a

2 The NLO calculation without this approximation is given in
Ref. [18].

counterevent, with weight �w, to which we assign pro-
jected Born VBF kinematics based on the vector-boson
momenta and Eq. (1). This is illustrated in Fig. 1c.
From the original events, we thus obtain the full mo-
mentum structure for tree-level double-real and one-loop
single-real contributions. Meanwhile, after integration
over phase space, the counterevents exactly cancel the
projected tree-level double-real and one-loop single-real
contributions from the inclusive part of the calculation.
Thus the sum of the inclusive and exclusive parts gives
the complete di↵erential NNLO VBFH result.3

For the implementation of the inclusive part of the cal-
culation, we have taken the phase space from POWHEG’s
Higgs plus two-jet VBF calculation [20], while the matrix
element has been coded with structure functions evalu-
ated using parametrised versions [21, 22] of the NNLO
DIS coe�cient functions [23–25] integrated with HOPPET
v1.1.5 [26]. We have tested our implementation against
the results of one of the codes used in Ref. [9, 10] and
found agreement, both for the structure functions and the
final cross sections. We have also checked that switching
to the exact DIS coe�cient functions has a negligible im-
pact. A further successful comparison of the evaluation of
structure functions was made against APFEL v.2.4.1[27].

For the exclusive part of the calculation, as a starting
point we took the NLO (i.e. fixed-order, but not parton-
shower) part of the POWHEG H+3-jet VBF code [17], it-
self based on the calculation of Ref. [16], with tree-level
matrix elements from MadGraph 4 [28]. This code al-
ready uses a factorised approximation for the matrix ele-
ment, however for a given phase-space point it sums over

3 Our approach can be contrasted with the di↵erential NNLO
structure-function type calculation for single-top production [19]
in that we do not need any fully di↵erential ingredients at NNLO.
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FIG. 2: From left to right, di↵erential cross sections for the transverse momentum distributions for the two leading jets, pt,j1
and pt,j2 , for the Higgs boson, pt,H , and the distribution for the rapidity separation between the two leading jets, �yj1,j2 .

interpretation is that since NNLO e↵ects redistribute jets
from higher to lower pt’s (cf. the plots for pt,j1 and pt,j2),
they reduce the cross section for any observable defined
with VBF cuts. As pt,H grows larger, the forward jets
tend naturally to get harder and so automatically pass
the pt thresholds, reducing the impact of NNLO terms.

As observed above for the total cross section with VBF
cuts, the NNLO di↵erential corrections are sizeable and
often outside the uncertainty band suggested by NLO
scale variation. One reason for this might be that NLO
is the first order where the non-inclusiveness of the jet
definition matters, e.g. radiation outside the cone modi-
fies the cross section. Thus NLO is, in e↵ect, a leading-
order calculation for the exclusive corrections, with all
associated limitations.

To further understand the size of the NNLO correc-
tions, it is instructive to examine a NLO plus parton
shower (NLOPS) calculation, since the parton shower
will include some approximation of the NNLO correc-
tions. For this purpose we have used the POWHEG VBF
H+2-jet calculation [20], showered with PYTHIA version
6.428 with the Perugia 2012 tune [35]. The POWHEG part
of this NLOPS calculation uses the same PDF, scale
choices and electroweak parameters as our full NNLO
calculation. The NLOPS results are included in Fig. 2,
at parton level, with multi-parton interactions (MPI)
switched o↵. They di↵er from the NLO by an amount
that is of a similar order of magnitude to the NNLO
e↵ects. This lends support to our interpretation that fi-
nal (and initial)-state radiation from the hard partons
is responsible for a substantial part of the NNLO correc-
tions. However, while the NLOPS calculation reproduces
the shape of the NNLO corrections for some observables

(especially pt,H), there are others for which this is not
the case, the most striking being perhaps �yj1,j2 . Par-
ton shower e↵ects were also studied in Ref. [36], using
the MC@NLO approach [37]. Various parton showers
di↵ered there by up to about 10%.

In addition to the NNLO contributions, precise phe-
nomenological studies require the inclusion of EW con-
tributions and non-perturbative hadronisation and MPI
corrections. The former are of the same order of magni-
tude as our NNLO corrections [13]. Using Pythia 6.428
and Pythia 8.185 we find that hadronisation corrections
are between �2 and 0%, while MPI brings up to +5%
at low pt’s. The small hadronisation corrections appear
to be due to a partial cancellation between shifts in pt
and rapidity. We leave a combined study of all e↵ects
to future work. The code for our calculation will also be
made public.

With the calculation presented in this letter, di↵er-
ential VBF Higgs production has been brought to the
same NNLO level of accuracy that has been available for
some time now for the ggH [38, 39] and VH [40] pro-
duction channels. This constitutes the first fully di↵er-
ential NNLO 2 ! 3 hadron-collider calculation, an ad-
vance made possible thanks to the factorisable nature of
the process. The NNLO corrections are non-negligible,
5–10%, i.e. an order of magnitude larger than the cor-
rections to the inclusive cross section. Their size might
even motivate a calculation one order higher, to N3LO,
to match the precision achieved recently for the ggH to-
tal cross section [41]. With the new “projection-to-Born”
approach introduced here, we believe that this is within
reach. It would also be of interest to obtain NNLO plus
parton shower predictions, again matching the accuracy



}  Total cross section at NNLO (M. Czakon, P. Fiedler,  A. Mitov)  
}  Observe: theoretical and experimental                                  

uncertainties comparable (% level) 
}  Input to precision phenomenology 
}  Explain forward-backward                                                      

asymmetry at Tevatron 

 

}  Differential distributions (M. Czakon, D. Heymes,  A. Mitov)                                    
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4 4 Probabilistic Approach
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Figure 1: Predicted tt cross section at NNLO+NNLL, as a function of the top-quark pole mass
(left) and of the strong coupling constant (right), using five different NNLO PDF sets, com-
pared to the cross section measured by CMS assuming mt = mpole

t . The uncertainties on the
measured stt as well as the renormalization and factorization scale and PDF uncertainties on
the prediction with NNPDF2.3 are illustrated with filled bands. The uncertainties on the stt
predictions using the other PDF sets are indicated only in the right panel at the corresponding
default aS(mZ) values. The mpole

t and aS(mZ) regions favored by the direct measurements at
the Tevatron and by the latest world average, respectively, are shown as hatched areas. In the
left panel, the inner (solid) area of the vertical band corresponds to the original uncertainty
of the direct mt average, while the outer (hatched) area additionally accounts for the possible
difference between this mass and mpole

t .

relative uncertainty of 4.1% on the measured stt is independent of mt to very good approxima-
tion.

Changes of the assumed value of aS(mZ) in the simulation used to derive the acceptance cor-
rections can alter the measured stt as well, which is discussed in this Letter for the first time.
QCD radiation effects increase at higher aS(mZ), both at the matrix-element level and at the
hadronization level. The aS(mZ)-dependence of the acceptance corrections is studied using the
NLO CTEQ6AB PDF sets [50], and the POWHEG BOX 1.4 [51, 52] NLO generator for tt produc-
tion interfaced with PYTHIA 6.4.24 [53] for the parton showering. Additionally, the impact of
aS(mZ) variations on the acceptance is studied with standalone PYTHIA as a plain leading-order
generator with parton showering and cross-checked with MCFM 6.2 [54] as an NLO prediction
without parton showering. In all cases, a relative change of the acceptance by less than 1% is
observed when varying aS(mZ) by ±0.0100 with respect to the CTEQ reference value of 0.1180.
This is accounted for by applying an aS(mZ)-dependent uncertainty to the measured stt. This
additional uncertainty is also included in the uncertainty band shown in Fig. 1. Over the rele-
vant aS(mZ) range, there is almost no increase in the total uncertainty of 4.1% on the measured
stt.

In the mt and aS(mZ) regions favored by the direct measurements at the Tevatron and by the
latest world average, respectively, the measured and the predicted cross section are compati-
ble within their uncertainties for all considered PDF sets. When using ABM11 with its default
aS(mZ), the discrepancy between measured and predicted cross section is larger than one stan-
dard deviation.

4 Probabilistic Approach

In the following, the theory prediction for stt is employed to construct a Bayesian prior to
the cross section measurement, from which a joint posterior in stt, mpole

t and aS(mZ) is derived.
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High-Precision Differential Predictions for Top-Quark Pairs at the LHC

Michal Czakon,1 David Heymes,2 and Alexander Mitov2

1Institut für Theoretische Teilchenphysik und Kosmologie,
RWTH Aachen University, D-52056 Aachen, Germany

2Cavendish Laboratory, University of Cambridge, Cambridge CB3 0HE, UK

We present the first complete next-to-next-to-leading order (NNLO) QCD predictions for differ-
ential distributions in the top-quark pair production process at the LHC. Our results are derived
from a fully differential partonic Monte Carlo calculation with stable top quarks which involves no
approximations beyond the fixed-order truncation of the perturbation series. The NNLO correc-
tions improve the agreement between existing LHC measurements [V. Khachatryan et al. (CMS
Collaboration), Eur. Phys. J. C 75, 542 (2015)] and standard model predictions for the top-quark
transverse momentum distribution, thus helping alleviate one long-standing discrepancy. The shape
of the top-quark pair invariant mass distribution turns out to be stable with respect to radiative
corrections beyond NLO which increases the value of this observable as a place to search for physics
beyond the standard model. The results presented here provide essential input for parton distri-
bution function fits, implementation of higher-order effects in Monte Carlo generators as well as
top-quark mass and strong coupling determination.

INTRODUCTION

There is remarkable overall agreement between stan-
dard model (SM) predictions for top-quark pair produc-
tion and LHC measurements. Measurements of the total
inclusive cross section at 7, 8, and 13 TeV [1–5] agree well
with next-to-next-to leading order (NNLO) QCD pre-
dictions [6–11]. Differential measurements of final state
leptons and jets are generally well described by exist-
ing NLO QCD Monte Carlo (MC) generators. Concern-
ing top-quark differential distributions, the description of
the top-quark pT has long been in tension with data [12–
14]; see also the latest differential measurements in the
bulk [15] and boosted top [16] regions. The first 13 TeV
measurements have just appeared [17, 18] and they show
similar results; i.e., MC predictions tend to be harder
than data.

This “pT discrepancy” has long been a reason for con-
cern. Since the top quark is not measured directly, but
is inferred from its decay products, any discrepancy be-
tween top-quark-level data and SM prediction implies
that, potentially, the MC generators used in unfolding
the data may not be accurate enough in their description
of top-quark processes. With the top quark being a main
background in most searches for physics beyond the SM
(BSM), any discrepancy in the SM top-quark description
may potentially affect a broad class of processes at the
LHC, including BSM searches and Higgs physics.

The main “suspects” contributing to such a discrep-
ancy are higher order SM corrections to top-quark pair
production and possible deficiencies in MC event gener-
ators. A goal of this work is to derive the NNLO QCD
corrections to the top-quark pT spectrum at the LHC
and establish if these corrections bridge the gap between
LHC measurements, propagated back to top-quark level
with current MC event generators, and SM predictions
at the level of stable top quarks.
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FIG. 1: Normalized top-antitop pT distribution vs CMS
lepton+jets data [15]. NNLO error band from scale vari-
ation only. The lower panel shows the ratios LO/NNLO,
NLO/NNLO, and data/NNLO.

Our calculations are for the LHC at 8 TeV. They show
that the NNLO QCD corrections to the top-quark pT
spectrum are significant and must be taken into account
for proper modeling of this observable. The effect of
NNLO QCD correction is to soften the spectrum and
bring it closer to the 8 TeV CMS data [15]. In addition
to the top-quark pT, all major top-quark pair differential
distributions are studied as well.
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}  Vector boson pair production 
}  Test standard model coupling structure (anomalous couplings) 
}  Final state configurations similar to beyond-SM signatures 

}  Fully exclusive results 
}  Fiducial cross sections 
}  Differential distributions 
}  pp → Z Z, pp → V Ɣ                                                                                        

(M. Grazzini, S. Kallweit, D. Rathlev) 

Status of diboson production in NNLO QCD Dirk Rathlev
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Figure 3: The leading-lepton pT (left) and the ∆φ (right) distributions at NLO and NNLO compared

to the CMS data. In the lower panels the ratio of our theoretical results over the data, and the

NNLO result normalized to the central NLO prediction are presented. The bands correspond to

scale variations as described in the text.

duction of 4 leptons at the LHC. While the relative size of the NNLO effects is similar to the one
found in the on-shell computation, taking off-shell effects and the decay into account allowed for
the first time to apply realistic selection cuts and to perform a direct comparison with measured
fiducial cross sections and distributions.

The present study represents one of the first applications of the numerical program MATRIX,
which is able to compute NNLO QCD corrections and to perform transverse-momentum resum-
mation up to next-to-next-to-leading logarithmic accuracy for a wide class of processes relevant at
the LHC.
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}  Total cross section for W pair production 
}  pp → WW (M. Grazzini, S. Kallweit, P. Maierhöfer,  A. von Manteuffel,              

S. Pozzorini, D. Rathlev, L. Tancredi, TG)  

}  Total cross section in 4FNS 
}  Improved description of data 
}  Data based on interpolation                                                  

from fiducial region  
}  Calls for fully differential                                               

description, including vector                                                
boson decays and off-shell                                                    
effects  

3

√
s

TeV σLO σNLO σNNLO σgg→H→WW∗

7 29.52+1.6%
−2.5% 45.16+3.7%

−2.9% 49.04+2.1%
−1.8% 3.25+7.1%

−7.8%

8 35.50+2.4%
−3.5% 54.77+3.7%

−2.9% 59.84+2.2%
−1.9% 4.14+7.2%

−7.8%

13 67.16+5.5%
−6.7% 106.0+4.1%

−3.2% 118.7+2.5%
−2.2% 9.44+7.4%

−7.9%

14 73.74+5.9%
−7.2% 116.7+4.1%

−3.3% 131.3+2.6%
−2.2% 10.64+7.5%

−8.0%

TABLE I. LO, NLO and NNLO cross sections (in picobarn)
for on-shell W+W− production in the 4FNS and reference
results for gg → H → WW ∗ from Ref. [75].

decrease when moving from LO to NLO and NNLO.
Moreover, the NNLO (NLO) corrections turn out to ex-
ceed the scale uncertainty of the NLO (LO) predictions
by up to a factor 3 (34). The fact that LO and NLO
scale variations underestimate higher-order effects can be
attributed to the fact that the gluon–quark and gluon–
gluon induced partonic channels, which yield a sizable
contribution to the W+W− cross section, appear only
beyond LO and NLO, respectively. The NNLO is the
first order at which all partonic channels are contribut-
ing. The NNLO scale dependence, which amounts to
about 3%, can thus be considered a realistic estimate of
the theoretical uncertainty due to missing higher-order
effects.

In Figure 1, theoretical predictions in the 4FNS are
compared to CMS and ATLAS measurements at 7 and
8 TeV [5–8]. For a consistent comparison, our results
for on-shell W+W− production are combined with the
gg → H → WW ∗ cross sections reported in Table I.
It turns out that the inclusion of the NNLO corrections
leads to an excellent description of the data at 7 TeV and
decreases the significance of the observed excess at 8 TeV.
In the lower frame of Figure 1, predictions and scale vari-
ations at NNLO are compared to NLO ones, and also the
individual contribution of the gg → W+W− channel is
shown. Using NNLO parton distributions throughout,
the loop induced gluon fusion contribution is only about
35% of the total NNLO correction.

In the light of the small scale dependence of the 4FNS
NNLO cross section, the ambiguities associated with the
definition of a top-free W+W− cross section and its sen-
sitivity to the choice of the FNS might represent a sig-
nificant source of theoretical uncertainty at NNLO. In
particular, the omission of b-quark emissions in our 4FNS
definition of the W+W− cross section implies potentially
large logarithms of mb in the transition from the 4FNS
to the 5FNS. To quantify this kind of uncertainties, we
study the NNLO W+W− cross section in the 5FNS and
introduce a subtraction of its top contamination that al-
lows for a consistent comparison between the two FNSs.
An optimal definition of W+W− production in the 5FNS
requires maximal suppression of the top resonances in
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FIG. 1. The on-shell W+W− cross section in the 4FNS at

LO (dots), NLO (dashes), NLO+gg (dot dashes) and NNLO

(solid) combined with gg → H → WW ∗ is compared to re-

cent ATLAS and CMS measurements [5–8]. In the lower panel

NNLO and NLO+gg results are normalized to NLO predic-

tions. The bands describe scale variations.

the pp → W+W−b and pp → W+W−bb̄ channels. At
the same time, the cancellation of collinear singularities
associated with massless g → bb̄ splittings requires a suf-
ficient level of inclusiveness. The difficulty of fulfilling
both requirements is clearly illustrated in Figure 2 (left),
where 5FNS predictions are plotted versus a b-jet veto
that rejects b-jets with pT,bjet > pvetoT,bjet over the whole
rapidity range, and are compared to 4FNS results. In
the inclusive limit, pvetoT,bjet → ∞, the higher-order correc-
tions in the 5FNS suffer from a huge top contamination.
At 7 (14) TeV the resulting relative enhancement with
respect to the 4FNS amounts to about 30 (60)% at NLO
and a factor 4 (8) at NNLO. In principle, it can be sup-
pressed through the b-jet veto. However, for natural jet
veto values around 30 GeV the top contamination re-
mains larger than 10% of the W+W− cross section, and
a complete suppression of the top contributions requires
a veto of the order of 1 GeV. Moreover, as pvetoT,bjet → 0,
the (N)NLO cross section does not approach a constant,
but, starting from pvetoT,bjet ∼ 10 GeV, it displays a loga-
rithmic slope due to singularities associated with initial
state g → bb̄ splittings. This sensitivity to the jet-veto
parameters represents a theoretical ambiguity at the sev-
eral percent level, which is inherent in the definition of
top-free W+W− production based on a b-jet veto.

To circumvent this problem we will adopt an alterna-



}  Essential to establish the properties of the newly 
discovered Higgs boson  

}  Three independent NNLO                                     
calculations  
}  Sector-improved subtraction                                                     

(F. Caola, K. Melnikov, M. Schulze) 

}  N-Jettiness subtraction                                                           
(R. Boughezal, C. Focke, W. Giele, X. Liu, F. Petriello) 

}  Antenna subtraction                                                                     
(X. Chen, E.W.N. Glover, M. Jaquier, TG) 

}  Including Higgs decays  
}  Fiducial cross sections 
}  Preparing precision Higgs studies 
 24 

Higgs+jet production at NNLO 



}  Benchmark process 
}  Parton distributions 
}  Strong coupling  
}  Energy calibration 

}  NNLO calculations 
}  Including leptonic decay 
}  pp → W+j (R. Boughezal, C. Focke, X. Liu, F. Petriello) 

}  pp → Z+j (A. Gehrmann-De Ridder, E.W.N. Glover,                                                     
A. Huss, T. Morgan, TG) 

}  pp → Z+j (R. Boughezal, J. Campbell, K. Ellis,                                                           
C. Focke, W. Giele, X. Liu, F. Petriello) 

}  Precision phenomenology upcoming 
}  NNLO error at 1% level 

25 

V+jet production at NNLO 

FIG. 4. Plots of the leading-jet pseudorapidity distribution for the following scenarios: 8 TeV

inclusive 1-jet bin (upper left), 8 TeV exclusive 1-jet bin (upper right), 13 TeV inclusive 1-jet bin

(lower left), 13 TeV exclusive 1-jet bin (lower right). In each plot the upper inset shows the LO,

NLO and NNLO distributions, while the lower inset shows KNLO and KNNLO. The bands indicate

the scale variation.

in Table I: nearly no variation in the positive direction, and a 2% variation in the negative

direction. As for the jet pseudorapidity distribution, the corrections in the exclusive 1-jet bin

have a similar shape as the corrections in the inclusive 1-jet bin, but a di↵erent magnitude.

The NNLO correction reduces the result for central rapidities by about 8%. There is a

slight decrease in the NNLO K-factor as |Y
W

| is increased, with KNNLO ⇡ 0.85 at the upper

boundary for both 8 TeV and 13 TeV collisions.

Finally, we show in Fig. 6 the results for the transverse mass distribution. To explain the

observed distributions and the pattern of corrections, we recall that the m
T

distribution for

on-shell W -boson production exhibits a Jacobian peak at M
W

. Higher values of m
T

beyond

13



}  Inclusive jet and di-jet production 
}  Important constraints on gluon distribution 
}  Determination of αs 

}  Hadron collider 
}  Precision data from Tevatron, CMS, ATLAS 
}  NNLO calculation ongoing                                                          

(J. Currie, E.W.N. Glover, J. Pires) 

}  Deep inelastic scattering 
}  Precision data from H1, ZEUS 
}  NNLO calculation completed                                                

(J. Currie, J. Niehues, TG) 
}  Leading jet distribution in dijet events 

}  Prepare interfaces to PDF determination 

26 

Di-jet production at NNLO 
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}  Approaches: build upon NLO                               
multiplicity merging 
}  UN2LOPS (S Höche, Y. Li, S. Prestel) 

}  NNLOPS                                                                               
(K. Hamilton, P. Nason, E. Re, G. Zanderighi)  

}  Frist applications 
}  Higgs production (UN2LOPS, NNLOPS) 

}  Drell-Yan process                                                             
(UN2LOPS, A. Karlberg, E. Re, G. Zanderighi) 

}  WH production                                                                   
(W. Astill, W. Bizon, E. Re, G. Zanderighi) 
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NNLO + parton shower 
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FIG. 2. Rapidity spectrum of the Higgs boson in individual matching (left) and factorized matching (right). See Sec. IV for
details.
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FIG. 3. Transverse momentum spectrum of the Higgs boson in individual matching (left) and factorized matching (right). See
Sec. IV for details.

In order to cross-check our implementation we first compare the total cross section to results obtained from
HNNLO [6, 7]. Table I shows that the predictions agree within the permille-level statistical uncertainty of the Monte-
Carlo integration. Additionally, we have checked that our results are identical when varying qT,cut between 0.1 GeV
and 1 GeV. The default value is qT,cut =1 GeV. Figure 1 shows a comparison of the Higgs rapidity and transverse
momentum spectrum between Sherpa and HNNLO. The excellent agreement over a wide range of phase space confirms
the correct implementation of the NNLO calculation in Sherpa.



Towards NNLO automation 

28 

}  Methods for real radiation at NNLO becoming mature 
}  qT subtraction 
}  N-Jettiness subtraction 
}  Sector-improved schemes 
}  Antenna subtraction 

}  Issues 
}  Automation of code generation 
}  Numerical efficiency and stability 
}  Availability of two-loop amplitudes 



Multi-loop amplitudes 
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}  Key ingredient to higher order QCD corrections 
}  Two challenges 

}  Expression of amplitude in terms of master integrals 
}  Calculation of master integrals 

}  Integral reduction techniques 
}  Integration-by-parts (K. Chetyrkin, F.  Tkachev; S. Laporta) 

}  Unitarity-based methods 
}  Integrand reduction 

}  Calculation of integrals 
}  Direct evaluation (numerical: sector decomposition) 
}  Differential equations (A. Kotikov; E. Remiddi, TG; J. Henn) 
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}  Limit in complexity at two loops: 2 → 2 
}  Up to two external masses, one internal mass 

}  pp → V1V2, pp → tt available  
}  2 → 3 ongoing: gg → ggg (S. Badger, G. Mogull, A. Ochirov, D. O’Connell; J. Henn. 

A. Lo Presti, TG; C. Papadopoulos, D. Tomassini, C. Wever) 

}  Limit in complexity at three loops: 2 → 1 (or equivalent) 
}  DIS three loop splitting and coefficient functions                         

(S. Moch, A. Vogt, J. Vermaseren) 

}  Heavy quark DIS coefficient                                                  
functions at NNLO                                                                 
(J. Ablinger, A. Behring, J. Blümlein, A. Hasselhuhn,                                                                     
A. von Manteuffel, C.G. Raab, M. Round,                                                                          
C. Schneider, F.  Wissbrock) 

3-Loop Corrections to the Heavy Flavor Wilson Coefficients J. Blümlein
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Figure 3: Left panel: The ratio of the charm to the massless flavor contribution to the polarized structure
function g1(x,Q2

) up to 3-loop order; from Ref. [39]. Right panel: The ratio of the charm to the massless
flavor contribution to the structure function x(FW+

3 +FW�
3 ) up to 3-loop order; from Ref. [38].
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Figure 4: Left panel: xa(3),PS
Qq (x) in the low x region (solid red line) and leading terms approximating this

quantity; dotted line: ‘leading’ small x approximation O(ln(x)/x), dashed line: adding the O(1/x)-term,
dash-dotted line: adding all other logarithmic contributions. Right panel: Charm pure singlet contribution to
F2(x,Q2

) to O(a2
s ) and O(a3

s ) as a function of Q2; from Ref. [40].

In Figure 4 we illustrate the 3-loop pure-singlet corrections to the structure function F2(x,Q2
).

First we consider the constant part of the unrenormalized OME as a function of x. There is a
prediction of the most singular small x contribution [73, 74], which is analytically confirmed in
our calculation. However, this term is misleading and describes this correction nowhere, since
subleading terms are of the same size and are therefore important, cf. [75]. The massive pure-
singlet corrections are larger than those in the non-singlet case and again the 3-loop corrections are
relevant.

5. A

gg

(N)

Most recently we have calculated the OME Agg(N) at 3-loop order contributing in the VFNS. In
a first step we calculated this OME for all its even integer moments for N � 2. Here the part
not induced by renormalization and factorization is the constant part of the 3-loop unrenormalized

6
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}  N3LO contributions to Higgs production (P. Baikov, K. Chetyrkin,          
V. Smirnov, A. Smirnov, M. Steinhauser; N. Glover, T. Huber, N. Ikizlerli, C. Studerus, M. Jaquier,         
A. Koukoutsakis, C. Anastasiou, C. Duhr, F. Dulat, F. Herzog, B.Mistlberger, E. Furlan, Y. Li, A. von 
Manteuffel, R. Schabinger, H.X. Zhu, C. Anzai, A. Hasselhuhn,   M. Hoschele, J. Hoff, W. Kilgore, M. 
Steinhauer, T. Ueda, TG) 

}  Three-loop form factor 
}  Two-loop single real 
}  One-loop double real 
}  Tree-level triple real 

}  Coefficient function (C. Anastasiou,                                                                       
C. Duhr, F. Dulat, F. Herzog, B. Mistlberger)  

}  From high-order expansion                                                                   
around threshold 
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}  Precise prediction mandatory for                                  
coupling extraction 

}  N3LO coefficient function plus 
}  Quark mass corrections at NLO 
}  Electroweak corrections 

}  Sources of uncertainty 
}  PDF and strong coupling 
}  Resummation effects 
}  Truncation error 

}  Prediction for 13 TeV                                                          
(C. Anastasiou, C. Duhr, F. Dulat, E. Furlan, F. Herzog, A. Lazopoulos, B. Mistlberger, TG)  
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bTheoretical Physics Department, CERN, Geneva, Switzerland
cCenter for Cosmology, Particle Physics and Phenomenology (CP3),
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fNikhef, Science Park 105, NL-1098 XG Amsterdam, The Netherlands

Abstract: We present the most precise value for the Higgs boson cross-section in the

gluon-fusion production mode at the LHC. Our result is based on a perturbative expansion

through N3LO in QCD, in an e↵ective theory where the top-quark is assumed to be in-

finitely heavy, while all other Standard Model quarks are massless. We combine this result

with QCD corrections to the cross-section where all finite quark-mass e↵ects are included

exactly through NLO. In addition, electroweak corrections and the first corrections in the

inverse mass of the top-quark are incorporated at three loops. We also investigate the

e↵ects of threshold resummation, both in the traditional QCD framework and following a

SCET approach, which resums a class of ⇡2 contributions to all orders. We assess the uncer-

tainty of the cross-section from missing higher-order corrections due to both perturbative

QCD e↵ects beyond N3LO and unknown mixed QCD-electroweak e↵ects. In addition, we

determine the sensitivity of the cross-section to the choice of parton distribution function

(PDF) sets and to the parametric uncertainty in the strong coupling constant and quark

masses. For a Higgs mass of mH = 125 GeV and an LHC center-of-mass energy of 13 TeV,

our best prediction for the gluon fusion cross-section is

� = 48.58 pb+2.22 pb (+4.56%)
�3.27 pb (�6.72%) (theory)± 1.56 pb (3.20%) (PDF+↵s)
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Where do we stand? 
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}  Witnessed an NLO revolution 
}  Previously unthinkable NLO QCD+EW multi-particle calculations 

now feasible due to technological breakthroughs 
}  High-level of automation 
}  Standarization of interfaces: combine different codes (providers) 
}  Interface to experiment (codes, ntuples, histograms,..)? 

}  NLO and parton showers 
}  Matching of individual processes (MC@NLO, POWHEG) 

}  Substantial progress on NNLO calculations 
}  Several different methods available 
}  Close interplay with resummation 
}  Calculations on process-by-process basis 
}  Codes typically require HPC infrastructure 



Future Directions 
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}  NLO+PS as new standard for event generation 
}  Fully automated public codes 
}  Consistent matching to parton shower 
}  Matching of different multiplicities at NLO 
}  Monte Carlo with NLO-accurate event samples 
}  NNLO+PS emerging 

}  NNLO automation 
}  Uncover analytical structures to organize calculation  
}  Develop standard interfaces 
}  Interface to experiment ? 

}  Beyond NNLO 
}  N3LO precision for benchmark processes 


