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Introduction

Unpolarized Deep–Inelastic Scattering (DIS):

q

k′
k

P Wµν

Lµν

Q2 := −q2, x :=
Q2

2P.q
Bjorken–x

dσ

dQ2 dx
∼WµνL

µν

Wµν(q,P, s) =
1

4π

∫
d4ξ exp(iqξ)〈P, s | [Jem

µ (ξ), Jem
ν (0)] | P, s〉 =

1

2x

(
gµν −

qµqν
q2

)
FL(x ,Q2) +

2x

Q2

(
PµPν +

qµPν + qνPµ
2x

− Q2

4x2
gµν

)
F2(x ,Q2) .

Structure Functions: F2,L

contain light and heavy quark contributions.
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αs(M2
Z ) from NNLO DIS(+) analyses

αs(M2
Z )

BBG 0.1134 +0.0019
−0.0021 valence analysis, NNLO

GRS 0.112 valence analysis, NNLO
ABKM 0.1135 ± 0.0014 HQ: FFNS Nf = 3
JR 0.1128 ± 0.0010 dynamical approach
JR 0.1162 ± 0.0006 including NLO-jets
MSTW 0.1171 ± 0.0014
Thorne 0.1136 [DIS+DY+HT∗] (2014)
ABM11J 0.1134 − 0.1149 ± 0.0012 Tevatron jets (NLO) incl.
ABM13 0.1133 ± 0.0011
ABM13 0.1132 ± 0.0011 (without jets)
ABM16 0.1149 ± 0.0009 + new HERA, + tt̄
CTEQ 0.1159..0.1162
CTEQ 0.1140 (without jets)
NN21 0.1174 ± 0.0006 ± 0.0001

Gehrmann et al. 0.1131 + 0.0028
− 0.0022 e+e− thrust

Abbate et al. 0.1140 ± 0.0015 e+e− thrust

BBG 0.1141 +0.0020
−0.0022 valence analysis, N3LO

∆THαs = αs(N3LO) − αs(NNLO) + ∆HQ = +0.0009 ± 0.0006HQ

NNLO accuracy is needed to analyze the world data. =⇒ NNLO HQ
corrections needed.
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Factorization of the Structure Functions

At leading twist the structure functions factorize in terms of a Mellin
convolution

F(2,L)(x ,Q
2) =

∑

j

Cj,(2,L)

(
x ,

Q2

µ2
,
m2

µ2

)

︸ ︷︷ ︸
perturbative

⊗ fj(x , µ
2)︸ ︷︷ ︸

nonpert.

into (pert.) Wilson coefficients and (nonpert.) parton distribution
functions (PDFs).
⊗ denotes the Mellin convolution

f (x)⊗ g(x) ≡
∫ 1

0

dy

∫ 1

0

dz δ(x − yz)f (y)g(z) .

The subsequent calculations are performed in Mellin space, where ⊗
reduces to a multiplication, due to the Mellin transformation

f̂ (N) =

∫ 1

0

dx xN−1f (x) .
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Wilson coefficients:

Cj,(2,L)

(
N,

Q2

µ2
,
m2

µ2

)
= Cj,(2,L)

(
N,

Q2

µ2

)
+ Hj,(2,L)

(
N,

Q2

µ2
,
m2

µ2

)
.

At Q2 � m2 the heavy flavor part

Hj,(2,L)

(
N,

Q2

µ2
,
m2

µ2

)
=
∑
i

Ci,(2,L)

(
N,

Q2

µ2

)
Aij

(
m2

µ2
,N

)
[Buza, Matiounine, Smith, van Neerven 1996 Nucl.Phys.B]

factorizes into the light flavor Wilson coefficients C and the massive
operator matrix elements (OMEs) of local operators Oi between partonic
states j

Aij

(
m2

µ2
,N

)
= 〈j | Oi | j〉 .

→ additional Feynman rules with local operator insertions for partonic
matrix elements.
The unpolarized light flavor Wilson coefficients are known up to NNLO

[Moch, Vermaseren, Vogt, 2005 Nucl.Phys.B].
For F2(x ,Q2) : at Q2 & 10m2 the asymptotic representation holds at the
1% level.
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The Wilson Coefficients at large Q2

LNS
q,(2,L)(NF + 1) = a2s

[
A

(2),NS
qq,Q (NF + 1) δ2 + Ĉ

(2),NS
q,(2,L)(NF )

]

+ a3s

[
A

(3),NS
qq,Q (NF + 1) δ2 +A

(2),NS
qq,Q (NF + 1)C

(1),NS
q,(2,L)(NF + 1) + Ĉ

(3),NS
q,(2,L)(NF )

]

LPS
q,(2,L)(NF + 1) = a3s

[
A

(3),PS
qq,Q (NF + 1) δ2 +A

(2)
gq,Q(NF ) NF C̃

(1)
g,(2,L)(NF + 1) +NF

ˆ̃C
(3),PS
q,(2,L)(NF )

]

LS
g,(2,L)(NF + 1) = a2sA

(1)
gg,Q(NF + 1)NF C̃

(1)
g,(2,L)(NF + 1) + a3s

[
A

(3)
qg,Q(NF + 1) δ2

+A
(1)
gg,Q(NF + 1) NF C̃

(2)
g,(2,L)(NF + 1) +A

(2)
gg,Q(NF + 1) NF C̃

(1)
g,(2,L)(NF + 1)

+ A
(1)
Qg(NF + 1) NF C̃

(2),PS
q,(2,L)(NF + 1) +NF

ˆ̃C
(3)
g,(2,L)(NF )

]
,

HPS
q,(2,L)(NF + 1) = a2s

[
A

(2),PS
Qq (NF + 1) δ2 + C̃

(2),PS
q,(2,L)(NF + 1)

]
+ a3s

[
A

(3),PS
Qq (NF + 1) δ2

+ C̃
(3),PS
q,(2,L)(NF + 1) +A

(2)
gq,Q(NF + 1) C̃

(1)
g,(2,L)(NF + 1)

+A
(2),PS
Qq (NF + 1) C

(1),NS
q,(2,L)(NF + 1)

]
,

HS
g,(2,L)(NF + 1) = as

[
A

(1)
Qg(NF + 1) δ2 + C̃

(1)
g,(2,L)(NF + 1)

]
+ a2s

[
A

(2)
Qg(NF + 1) δ2

+ A
(1)
Qg(NF + 1) C

(1),NS
q,(2,L)(NF + 1) + A

(1)
gg,Q(NF + 1) C̃

(1)
g,(2,L)(NF + 1)

+ C̃
(2)
g,(2,L)(NF + 1)

]
+ a3s

[
A

(3)
Qg(NF + 1) δ2 + A

(2)
Qg(NF + 1) C

(1),NS
q,(2,L)(NF + 1)

+ A
(2)
gg,Q(NF + 1) C̃

(1)
g,(2,L)(NF + 1) + A

(1)
Qg(NF + 1)

{
C

(2),NS
q,(2,L)(NF + 1)

+ C̃
(2),PS
q,(2,L)(NF + 1)

}
+ A

(1)
gg,Q(NF + 1) C̃

(2)
g,(2,L)(NF + 1) + C̃

(3)
g,(2,L)(NF + 1)

]

J. Ablinger, J. Blümlein, S. Klein, C. Schneider and F. Wißbrock, Nucl. Phys. B 844

(2011) 26
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The Wilson Coefficients at large Q2

LNS
q,(2,L)(NF + 1) = a2s

[
A

(2),NS
qq,Q (NF + 1) δ2 + Ĉ

(2),NS
q,(2,L)(NF )

]

+ a3s

[
A

(3),NS
qq,Q (NF + 1) δ2 +A

(2),NS
qq,Q (NF + 1)C

(1),NS
q,(2,L)(NF + 1) + Ĉ

(3),NS
q,(2,L)(NF )

]

LPS
q,(2,L)(NF + 1) = a3s

[
A

(3),PS
qq,Q (NF + 1) δ2 +A

(2)
gq,Q(NF ) NF C̃

(1)
g,(2,L)(NF + 1) +NF

ˆ̃C
(3),PS
q,(2,L)(NF )

]

LS
g,(2,L)(NF + 1) = a2sA

(1)
gg,Q(NF + 1)NF C̃

(1)
g,(2,L)(NF + 1) + a3s

[
A

(3)
qg,Q(NF + 1) δ2

+A
(1)
gg,Q(NF + 1) NF C̃

(2)
g,(2,L)(NF + 1) +A

(2)
gg,Q(NF + 1) NF C̃

(1)
g,(2,L)(NF + 1)

+ A
(1)
Qg(NF + 1) NF C̃

(2),PS
q,(2,L)(NF + 1) +NF

ˆ̃C
(3)
g,(2,L)(NF )

]
,

HPS
q,(2,L)(NF + 1) = a2s

[
A

(2),PS
Qq (NF + 1) δ2 + C̃

(2),PS
q,(2,L)(NF + 1)

]
+ a3s

[
A

(3),PS
Qq (NF + 1) δ2

+ C̃
(3),PS
q,(2,L)(NF + 1) +A

(2)
gq,Q(NF + 1) C̃

(1)
g,(2,L)(NF + 1)

+A
(2),PS
Qq (NF + 1) C

(1),NS
q,(2,L)(NF + 1)

]
,

HS
g,(2,L)(NF + 1) = as

[
A

(1)
Qg(NF + 1) δ2 + C̃

(1)
g,(2,L)(NF + 1)

]
+ a2s

[
A

(2)
Qg(NF + 1) δ2

+ A
(1)
Qg(NF + 1) C

(1),NS
q,(2,L)(NF + 1) + A

(1)
gg,Q(NF + 1) C̃

(1)
g,(2,L)(NF + 1)

+ C̃
(2)
g,(2,L)(NF + 1)

]
+ a3s

[
A

(3)
Qg(NF + 1) δ2 + A

(2)
Qg(NF + 1) C

(1),NS
q,(2,L)(NF + 1)

+ A
(2)
gg,Q(NF + 1) C̃

(1)
g,(2,L)(NF + 1) + A

(1)
Qg(NF + 1)

{
C

(2),NS
q,(2,L)(NF + 1)

+ C̃
(2),PS
q,(2,L)(NF + 1)

}
+ A

(1)
gg,Q(NF + 1) C̃

(2)
g,(2,L)(NF + 1) + C̃

(3)
g,(2,L)(NF + 1)

]

J. Ablinger, J. Blümlein, S. Klein, C. Schneider and F. Wißbrock, Nucl. Phys. B 844

(2011) 26
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The Wilson Coefficients at large Q2

LNS
q,(2,L)(NF + 1) = a2s

[
A

(2),NS
qq,Q (NF + 1) δ2 + Ĉ

(2),NS
q,(2,L)(NF )

]

+ a3s

[
A

(3),NS
qq,Q (NF + 1) δ2 +A

(2),NS
qq,Q (NF + 1)C

(1),NS
q,(2,L)(NF + 1) + Ĉ

(3),NS
q,(2,L)(NF )

]

LPS
q,(2,L)(NF + 1) = a3s

[
A

(3),PS
qq,Q (NF + 1) δ2 +A

(2)
gq,Q(NF ) NF C̃

(1)
g,(2,L)(NF + 1) +NF

ˆ̃C
(3),PS
q,(2,L)(NF )

]

LS
g,(2,L)(NF + 1) = a2sA

(1)
gg,Q(NF + 1)NF C̃

(1)
g,(2,L)(NF + 1) + a3s

[
A

(3)
qg,Q(NF + 1) δ2

+A
(1)
gg,Q(NF + 1) NF C̃

(2)
g,(2,L)(NF + 1) +A

(2)
gg,Q(NF + 1) NF C̃

(1)
g,(2,L)(NF + 1)

+ A
(1)
Qg(NF + 1) NF C̃

(2),PS
q,(2,L)(NF + 1) +NF

ˆ̃C
(3)
g,(2,L)(NF )

]
,

HPS
q,(2,L)(NF + 1) = a2s

[
A

(2),PS
Qq (NF + 1) δ2 + C̃

(2),PS
q,(2,L)(NF + 1)

]
+ a3s

[
A

(3),PS
Qq (NF + 1) δ2

+ C̃
(3),PS
q,(2,L)(NF + 1) +A

(2)
gq,Q(NF + 1) C̃

(1)
g,(2,L)(NF + 1)

+A
(2),PS
Qq (NF + 1) C

(1),NS
q,(2,L)(NF + 1)

]
,

HS
g,(2,L)(NF + 1) = as

[
A

(1)
Qg(NF + 1) δ2 + C̃

(1)
g,(2,L)(NF + 1)

]
+ a2s

[
A

(2)
Qg(NF + 1) δ2

+ A
(1)
Qg(NF + 1) C

(1),NS
q,(2,L)(NF + 1) + A

(1)
gg,Q(NF + 1) C̃

(1)
g,(2,L)(NF + 1)

+ C̃
(2)
g,(2,L)(NF + 1)

]
+ a3s

[
A

(3)
Qg(NF + 1) δ2 + A

(2)
Qg(NF + 1) C

(1),NS
q,(2,L)(NF + 1)

+ A
(2)
gg,Q(NF + 1) C̃

(1)
g,(2,L)(NF + 1) + A

(1)
Qg(NF + 1)

{
C

(2),NS
q,(2,L)(NF + 1)

+ C̃
(2),PS
q,(2,L)(NF + 1)

}
+ A

(1)
gg,Q(NF + 1) C̃

(2)
g,(2,L)(NF + 1) + C̃

(3)
g,(2,L)(NF + 1)

]

J. Ablinger, J. Blümlein, S. Klein, C. Schneider and F. Wißbrock, Nucl. Phys. B 844

(2011) 26; J. Ablinger et al., 2014
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The Wilson Coefficients at large Q2

LNS
q,(2,L)(NF + 1) = a2s

[
A

(2),NS
qq,Q (NF + 1) δ2 + Ĉ

(2),NS
q,(2,L)(NF )

]

+ a3s

[
A

(3),NS
qq,Q (NF + 1) δ2 +A

(2),NS
qq,Q (NF + 1)C

(1),NS
q,(2,L)(NF + 1) + Ĉ

(3),NS
q,(2,L)(NF )

]

LPS
q,(2,L)(NF + 1) = a3s

[
A

(3),PS
qq,Q (NF + 1) δ2 +A

(2)
gq,Q(NF ) NF C̃

(1)
g,(2,L)(NF + 1) +NF

ˆ̃C
(3),PS
q,(2,L)(NF )

]

LS
g,(2,L)(NF + 1) = a2sA

(1)
gg,Q(NF + 1)NF C̃

(1)
g,(2,L)(NF + 1) + a3s

[
A

(3)
qg,Q(NF + 1) δ2

+A
(1)
gg,Q(NF + 1) NF C̃

(2)
g,(2,L)(NF + 1) +A

(2)
gg,Q(NF + 1) NF C̃

(1)
g,(2,L)(NF + 1)

+ A
(1)
Qg(NF + 1) NF C̃

(2),PS
q,(2,L)(NF + 1) +NF

ˆ̃C
(3)
g,(2,L)(NF )

]
,

HPS
q,(2,L)(NF + 1) = a2s

[
A

(2),PS
Qq (NF + 1) δ2 + C̃

(2),PS
q,(2,L)(NF + 1)

]
+ a3s

[
A

(3),PS
Qq (NF + 1) δ2

+ C̃
(3),PS
q,(2,L)(NF + 1) +A

(2)
gq,Q(NF + 1) C̃

(1)
g,(2,L)(NF + 1)

+A
(2),PS
Qq (NF + 1) C

(1),NS
q,(2,L)(NF + 1)

]
,

HS
g,(2,L)(NF + 1) = as

[
A

(1)
Qg(NF + 1) δ2 + C̃

(1)
g,(2,L)(NF + 1)

]
+ a2s

[
A

(2)
Qg(NF + 1) δ2

+ A
(1)
Qg(NF + 1) C

(1),NS
q,(2,L)(NF + 1) + A

(1)
gg,Q(NF + 1) C̃

(1)
g,(2,L)(NF + 1)

+ C̃
(2)
g,(2,L)(NF + 1)

]
+ a3s

[
A

(3)
Qg(NF + 1) δ2 + A

(2)
Qg(NF + 1) C

(1),NS
q,(2,L)(NF + 1)

+ A
(2)
gg,Q(NF + 1) C̃

(1)
g,(2,L)(NF + 1) + A

(1)
Qg(NF + 1)

{
C

(2),NS
q,(2,L)(NF + 1)

+ C̃
(2),PS
q,(2,L)(NF + 1)

}
+ A

(1)
gg,Q(NF + 1) C̃

(2)
g,(2,L)(NF + 1) + C̃

(3)
g,(2,L)(NF + 1)

]

J. Ablinger, J. Blümlein, S. Klein, C. Schneider and F. Wißbrock, Nucl. Phys. B 844

(2011) 26; J. Ablinger et al., 2014
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Variable Flavor Number Scheme

fk (nf + 1, µ2) + fk (nf + 1, µ2) = ANS
qq,Q

(
nf ,

µ2

m2

)
⊗
[
fk (nf , µ

2) + fk (nf , µ
2)
]

+ ÃPS
qq,Q

(
nf ,

µ2

m2

)
⊗ Σ(nf , µ

2) + ÃS
qg,Q

(
nf ,

µ2

m2

)
⊗ G(nf , µ

2)

fQ+Q̄ (nf + 1, µ2) = ÃPS
Qq

(
nf ,

µ2

m2

)
⊗ Σ(nf , µ

2) + ÃS
Qg

(
nf ,

µ2

m2

)
⊗ G(nf , µ

2) .

G(nf + 1, µ2) = AS
gq,Q

(
nf ,

µ2

m2

)
⊗ Σ(nf , µ

2) + AS
gg,Q

(
nf ,

µ2

m2

)
⊗ G(nf , µ

2) .

Σ(nf + 1, µ2) =

nf +1∑
k=1

[
fk (nf + 1, µ2) + fk (nf + 1, µ2)

]

=

 ANS
qq,Q

(
nf ,

µ2

m2

)
+ nf ÃPS

qq,Q

(
nf ,

µ2

m2

)
+ ÃPS

Qq

(
nf ,

µ2

m2

) 
⊗Σ(nf , µ

2)

+

nf ÃS
qg,Q

(
nf ,

µ2

m2

)
+ ÃS

Qg

(
nf ,

µ2

m2

)⊗ G(nf , µ
2)

All master integrals for A
(3)
gg have been completed.
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2. Calculation of the 3-loop operator matrix elements

The OMEs are calculated using the QCD Feynman rules together with
the following operator insertion Feynman rules:

p, jp, i

δij/∆γ±(∆ · p)N−1 , N ≥ 1

p2, jp1, i

µ, a

gtaji∆
µ/∆γ±

∑N−2
j=0 (∆ · p1)j(∆ · p2)N−j−2 , N ≥ 2

p2, jp1, i

p3, µ, a p4, ν, b

g2∆µ∆ν/∆γ±
∑N−3

j=0

∑N−2
l=j+1(∆p2)

j(∆p1)
N−l−2

[
(tatb)ji(∆p1 +∆p4)

l−j−1 + (tbta)ji(∆p1 +∆p3)
l−j−1

]
,

N ≥ 3

p2, jp1, i

p3, µ, a p4, ν, b p5, ρ, c

g3∆µ∆ν∆ρ/∆γ±
∑N−4

j=0

∑N−3
l=j+1

∑N−2
m=l+1(∆.p2)

j(∆.p1)
N−m−2

[
(tatbtc)ji(∆.p4 +∆.p5 +∆.p1)

l−j−1(∆.p5 +∆.p1)
m−l−1

+(tatctb)ji(∆.p4 +∆.p5 +∆.p1)
l−j−1(∆.p4 +∆.p1)

m−l−1

+(tbtatc)ji(∆.p3 +∆.p5 +∆.p1)
l−j−1(∆.p5 +∆.p1)

m−l−1

+(tbtcta)ji(∆.p3 +∆.p5 +∆.p1)
l−j−1(∆.p3 +∆.p1)

m−l−1

+(tctatb)ji(∆.p3 +∆.p4 +∆.p1)
l−j−1(∆.p4 +∆.p1)

m−l−1

+(tctbta)ji(∆.p3 +∆.p4 +∆.p1)
l−j−1(∆.p3 +∆.p1)

m−l−1
]
,

N ≥ 4

γ+ = 1 , γ− = γ5 .

p, µ, ap, ν, b 1+(−1)N

2
δab(∆ · p)N−2

[
gµν(∆ · p)2 − (∆µpν +∆νpµ)∆ · p+ p2∆µ∆ν

]
, N ≥ 2

p1, µ, a
→

p2, ν, b

↑

p3, λ, c
←

−ig 1+(−1)N

2
fabc

(

[
(∆νgλµ −∆λgµν)∆ · p1 +∆µ(p1,ν∆λ − p1,λ∆ν)

]
(∆ · p1)N−2

+∆λ

[
∆ · p1p2,µ∆ν +∆ · p2p1,ν∆µ −∆ · p1∆ · p2gµν − p1 · p2∆µ∆ν

]

×∑N−3
j=0 (−∆ · p1)j(∆ · p2)N−3−j

+
{

p1→p2→p3→p1
µ→ν→λ→µ

}
+
{

p1→p3→p2→p1
µ→λ→ν→µ

})
, N ≥ 2

p1, µ, a
→

p2, ν, b

↑
p3, λ, c

↑

p4, σ, d
←

g2 1+(−1)N

2

(
fabef cdeOµνλσ(p1, p2, p3, p4)

+facef bdeOµλνσ(p1, p3, p2, p4) + fadef bceOµσνλ(p1, p4, p2, p3)

)
,

Oµνλσ(p1, p2, p3, p4) = ∆ν∆λ

{
−gµσ(∆ · p3 +∆ · p4)N−2

+[p4,µ∆σ −∆ · p4gµσ]
∑N−3

i=0 (∆ · p3 +∆ · p4)i(∆ · p4)N−3−i

−[p1,σ∆µ −∆ · p1gµσ]
∑N−3

i=0 (−∆ · p1)i(∆ · p3 +∆ · p4)N−3−i

+[∆ · p1∆ · p4gµσ + p1 · p4∆µ∆σ −∆ · p4p1,σ∆µ −∆ · p1p4,µ∆σ]

×∑N−4
i=0

∑i
j=0(−∆ · p1)N−4−i(∆ · p3 +∆ · p4)i−j(∆ · p4)j

}

−
{

p1↔p2
µ↔ν

}
−
{

p3↔p4
λ↔σ

}
+
{

p1↔p2, p3↔p4
µ↔ν, λ↔σ

}
, N ≥ 2
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Sample of diagrams (for A
(3) PS
Qq )
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The diagrams are generated using QGRAF [Nogueira 1993 J. Comput. Phys].

A
(3),NS
qq,Q A

(3)
gq,Q A

(3),PS
Qq A

(3)
gg ,Q A

(3)
Qg

No. diagrams 110 86 123 642 1233

A Form program was written in order to perform the γ-matrix algebra in
the numerator of all diagrams, which are then expressed as a linear
combination of scalar integrals.

A
(3),NS
qq,Q → 7426 scalar integrals.

A
(3)
gq,Q → 12529 scalar integrals.

A
(3),PS
Qq → 5470 scalar integrals.

=⇒ Need to use integration by parts identities.
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Integration by parts

We use Reduze [A. von Manteuffel, C. Studerus, 2012] to express all scalar
integrals required in the calculation in terms of a small(er) set of master
integrals.

Reduze is a C++ program based on Laporta’s algorithm. It is somewhat
difficult to adapt this algorithm to the case where we have operator
insertions, due to the dependance on the arbitrary parameter N. For this
reason we apply the following trick:

(∆ · k)N →
∞∑

N=0

xN(∆ · k)N =
1

1− x∆ · k
This can be then treated as an additional propagator, and Laporta’s
algorithm can be applied without further modification.

If we denote the master integrals by Mi , then the reduction algorithm will
allow us to express any given integral I as

I =
∑

i

ci (x)Mi (x)
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In fact, any given diagram D will be written this way: D =
∑

i ci (x)Mi (x)

In general the coefficients ci (x) will be rational functions of x , m2, ∆.p
and the dimension D.

We want to obtain each diagram D(N) as a function of N. We proceed
as follows:

1. Calculate the master integrals Mi (N) as functions of N.

2. Evaluate Mi (x) =
∑∞

N=0 x
NMi (N).

3. Insert the results in D(x) =
∑

i ci (x)Mi (x).

4. Obtain D(N) by extracting the Nth term in the Taylor expansion of
D(x).

Step 1 is done using a variety of techniques to be described shortly.

Steps 2 to 4 are done using the Mathematica packages
”HarmonicSums.m”, ”SumProduction.m” and ”EvaluateMultiSums.m”
by J. Ablinger and C. Schneider.
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Number of master integrals:

A
(3),NS
qq,Q → 35 master integrals.

A
(3)
gq,Q → 41 master integrals.

A
(3),PS
Qq → 66 master integrals.

A
(3)
gg ,Q → 205 master integrals.

A
(3)
Qg → 334 master integrals.

24 integral families are required and implemented in Reduze.
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Calculation of the master integrals

For the calculation of the master integrals we use a wide variety of tools:

I Hypergeometric functions.

I Symbolic summation algorithms based on difference fields,
implemented in the Mathematica program Sigma [C. Schneider,

2005–].

I Mellin-Barnes representations.

I In the case of convergent massive 3-loop Feynman integrals, they
can be performed in terms of Hyperlogarithms [Generalization of a

method by F. Brown, 2008, to non-vanishing masses and local operators].

I Almkvist-Zeilberger algorithm.

I Differential (difference) equations.

17/29



Differential (difference) equations

In general our N-dependent Feynman master integrals will have the
following structure

M(N) = F (N)(m2)−a+ 3
2 D(∆ · p)N

Differentiating the master integrals w.r.t. m2 or ∆ · p doesn’t give any
new information, since we already know the functional dependence on
these invariants. Differentiating w.r.t. N makes no sense.

However, in the x representation of the integrals

M(x) =
∞∑

N=0

xNF (N)(m2)−a+ 3
2 D(∆ · p)N ,

we can differentiate w.r.t. x , since as we saw before, this turns the
operator insertions into artificial propagators.
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Differentiation will raise the powers of the artificial propagators and the
resulting integrals can be re-expressed in terms of master integrals.

d

dx
M(x) =

∑

i

pi (x)

qi (x)
Mi (x)

Integrals in a given sector will produce a system of coupled differential
equations.

Let’s consider the following example,

M1(N) =

∫
dDk1

(2π)D
dDk2

(2π)D
dDk3

(2π)D

∑N
j=0(∆ · k3)j(∆ · k3 −∆ · k1)N−j

D1D2D3D4D5
,

M2(N) =

∫
dDk1

(2π)D
dDk2

(2π)D
dDk3

(2π)D

∑N
j=0(∆ · k3)j(∆ · k3 −∆ · k1)N−j

D2
1D2D3D4D5

,

where D1 = (k1 − p)2, D2 = (k2 − p)2, D3 = k2
3 −m2,

D4 = (k3 − k1)2 −m2 and D5 = (k3 − k2)2 −m2.
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In the x representation, they become

M1(x) =

∫
dDk1

(2π)D
dDk2

(2π)D
dDk3

(2π)D
1

D1D2D3D4D5D6D7
,

M2(x) =

∫
dDk1

(2π)D
dDk2

(2π)D
dDk3

(2π)D
1

D2
1D2D3D4D5D6D7

,

with D6 = 1− x∆ · k3 and D7 = 1− x(∆ · k3 −∆ · k1). So,

d

dx
M1(x) =

1

1− x

(
2 + ε− 1

x

)
M1(x) +

2x

1− x
M2(x) + K1(x)

d

dx
M2(x) = − 1

1− x

(
1− 2ε

x
+

3

2
ε− 2

)
M2(x)

+
ε

4
(2 + 3ε)

1

1− x

(
1

x2
− 1

x

)
M1(x) + K2(x)

where K1(x) and K2(x) are linear combinations of (already solved)
subsector master integrals.
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K1(x) and K2(x) can be turned into the N representation using the RISC
Mathematica packages. Then using the fact that

M1(x) =
∞∑

N=0

xNF1(N)(m2)−a+ 3
2 D(∆ · p)N ,

M2(x) =
∞∑

N=0

xNF2(N)(m2)−a+ 3
2 D(∆ · p)N ,

we get the following system of coupled difference equations:

(N + 2)F1(N + 1)− (N + 2 + ε)F1(N)− 2F2(N − 1) = K1(N) ,

(N + 2− 2ε)F2(N + 1)−
(
N + 2− 3

2
ε

)
F1(N)

− ε
4

(2 + 3ε) (F1(N + 2)− F1(N + 1)) = K2(N) ,

The system can be solved using the RISC Mathematica packages.
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The results are given in terms of standard harmonic sums:

F1(N) =
1

ε3

− 8

3
S−2(N) −

4

3
S2(N) +

4N

3(N + 1)2
+

8(−1)N (N + 2)

3(N + 1)2

 +
1

ε2

[
(−1)N

(
4(N − 1)S1(N)

3(N + 1)2

−
4
(

5N2 + 12N + 9
)

3(N + 1)3

 + S−2(N)

(
4(3N + 1)

3(N + 1)
−

8

3
S1(N)

)
+

2(3N + 1)S2(N)

3(N + 1)
−

4

3
S1(N)S2(N) +

2

3
S3(N)

+
16

3
S−2,1(N) +

4

3
S2,1(N) −

2
(

5N2 + 10N + 4
)

3(N + 1)3

 +
1

ε


(
−9N2 − 10N − 7

)
S2(N)

3(N + 1)2

+(−1)N

 (N − 1)S2
1 (N)

3(N + 1)2
−

2N(5N + 9)S1(N)

3(N + 1)3
+

(7N + 5)S2(N)

3(N + 1)2
+

2
(

19N3 + 61N2 + 68N + 30
)

3(N + 1)4


+ζ2

−S−2(N) −
1

2
S2(N) +

N

2(N + 1)2
+

(−1)N (N + 2)

(N + 1)2

 − 2

3
S2(N)S2

1 (N) +

(
2(3N + 1)S2(N)

3(N + 1)
−

10

3
S3(N)

+
4

3
S−2,1(N) +

4

3
S2,1(N)

)
S1(N) −

1

3
S2

2 (N) + S−3(N)

(
2N

N + 1
− 2S1(N)

)
+ S−2(N)

(
−

4

3
S2

1 (N)

+
4(3N + 1)S1(N)

3(N + 1)
+

4

3
S2(N) −

2(9N + 7)

3(N + 1)

)
+

(9N − 1)S3(N)

3(N + 1)
+

2

3
S4(N) − 2S−3,1(N) −

4(3N + 2)S−2,1(N)

3(N + 1)

−
4

3
S−2,2(N) −

2(3N + 1)S2,1(N)

3(N + 1)
+

10

3
S3,1(N) +

4

3
S−2,1,1(N) −

4

3
S2,1,1(N) +

19N3 + 63N2 + 69N + 24

3(N + 1)4


−

2

9
S2(N)S3

1 (N) − 2S2,2,1(N) −
16

3
S3,1,1(N) −

14

3
S−2,1,1,1(N) +

4

3
S2,1,1,1(N) +

8

3
S−2,2,1(N)

+
14

3
S2,1,−2(N) +

2(3N + 1)S2,1,1(N)

3(N + 1)
+

25

3
S4,1(N) + · · ·
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More complicated integrals produce generalized sums, such as the
cyclotomic harmonic sums:

S{a1,b1,c1},...{al ,bl ,cl}(s1, . . . , sl ,N) =

N∑

k1=1

sk1
(a1k1 + b1)c1

S{a2,b2,c2},...{al ,bl ,cl}(s2, . . . , sl ,N)

and sums involving inverse binomials, for example,

(
2N

N

) N∑

k=0

k42k

(
2k
k

) S1(k)

or

N∑

i=1

(
2i

i

)
(−2)i

i∑

j=1

1

j
(

2j
j

)S1,2

(
1
2 ,−1; j

)
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Results

By now we have computed 6 out of 7 OMEs at O(α3
s ), namely,

A(3),PS
qq , A(3)

qg [Ablinger, Blümlein, Klein, Schneider, Wissbrock, arXiv:1008.3347]

A(3),NS,TR
qq [Ablinger, Behring, Blümlein, ADF, von Manteuffel, Schneider, et. al., arXiv:1406.4654]

A(3)
gq [Ablinger, Blümlein, ADF, von Manteuffel, Schneider, et. al., arXiv:1402.0359]

A
(3),PS
Qq [Ablinger, Behring, Blümlein, ADF, von Manteuffel, Schneider, arXiv:1409.1135]

A(3)
gg to be published soon

and the corresponding Wilson coefficients: LPS
q,2, LSg ,2, LNS

q,2 and HPS
q,2

We have also partial results for A
(3)
Qg (terms ∝ NFT

2
F and Ladder diagrams).

NS contributions to
g1(x ,Q2) [Behring, Blümlein, ADF, von Manteuffel, Schneider, et. al., arXiv:1508.01449] and
xF3(x ,Q2) [Behring, Blümlein, ADF, et. al., arXiv:1406.4654].

The logarithmic contributions to all OMEs and WCs were published recently
[Behring, Blümlein, et. al., arXiv:1504.08217]
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3-Loop OME: APS
Qq

a
(3),PS
Qq

(N) = C2
F TF

{
64
(
N2 + N + 2

)2
(N − 1)N2(N + 1)2(N + 2)

S2,2
(

2,
1

2

)
−

64
(
N2 + N + 2

)2
(N − 1)N2(N + 1)2(N + 2)

S3,1
(

2,
1

2

)

+2N
[
−

32P3S2,1
(

1, 1
2
, N
)

(N − 1)2N3(N + 1)2(N + 2)
−

32P3S1,1,1
( 1

2
, 1, 1, N

)
(N − 1)2N3(N + 1)2(N + 2)

+
32P4S1,1

(
1, 1

2
, N
)

(N − 1)3N4(N + 1)2(N + 2)
+ · · ·

]

+2−N
[
−

64
(
N2 + N + 2

)2S1,2,1
(

2, 1
2
, 1, N

)
(N − 1)N2(N + 1)2(N + 2)

+
64
(
N2 + N + 2

)2S1,2,1
(

2, 1, 1
2
, N
)

(N − 1)N2(N + 1)2(N + 2)
+ · · ·

]
+ · · ·

}

+CF T2
F NF

{
−

16
(
N2 + N + 2

)2S1(N)3

27(N − 1)N2(N + 1)2(N + 2)
+

16P9S1(N)2

27(N − 1)N3(N + 1)3(N + 2)2

+

[
−

208
(
N2 + N + 2

)2
9(N − 1)N2(N + 1)2(N + 2)

S2 −
32P23

81(N − 1)N4(N + 1)4(N + 2)3

]
S1

+
32P31

243(N − 1)N5(N + 1)5(N + 2)4
+

224
(
N2 + N + 2

)2
9(N − 1)N2(N + 1)2(N + 2)

ζ3 + · · ·
}

+CF CATF

{
2
(
N2 + N + 2

)2S1(N)4

9(N − 1)N2(N + 1)2(N + 2)
+

4
(
N2 + N + 2

)
P6S1(N)3

27(N − 1)2N3(N + 1)3(N + 2)2

+2−N
[

16P2S3(2, N)

(N − 1)N3(N + 1)2
−

16P2S1,2(2, 1, N)

(N − 1)N3(N + 1)2
+

16P2S2,1(2, 1, N)

(N − 1)N3(N + 1)2
−

16P2S1,1,1(2, 1, 1, N)

(N − 1)N3(N + 1)2

]

−
32
(
N2 + N + 2

)2S1,1,2
(

2, 1
2
, 1, N

)
(N − 1)N2(N + 1)2(N + 2)

+
32
(
N2 + N + 2

)2S1,1,2
(

2, 1, 1
2
, N
)

(N − 1)N2(N + 1)2(N + 2)

+
32
(
N2 + N + 2

)2S1,2,1
(

2, 1
2
, 1, N

)
(N − 1)N2(N + 1)2(N + 2)

−
32
(
N2 + N + 2

)2S1,2,1
(

2, 1, 1
2
, N
)

(N − 1)N2(N + 1)2(N + 2)

−
32
(
N2 + N + 2

)2S1,1,1,1
(

2, 1
2
, 1, 1, N

)
(N − 1)N2(N + 1)2(N + 2)

−
32
(
N2 + N + 2

)2S1,1,1,1
(

2, 1, 1
2
, 1, N

)
(N − 1)N2(N + 1)2(N + 2)

+ · · ·
}

+ · · ·

25/29



HPS
q,2
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a
(3

),
P
S

Q
q

(x
)

x

exact
O(x−1 lnx)

O(x−1) +O(x−1 lnx)
O(x−1) +O(x−1 lnx) +

∑
iO(lni x)

O(1− x) +
∑4

i=1O((1− x) ln(1− x)i)

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

10−5 10−4 10−3 10−2 10−1 1

F
Q
Q

2

∣ ∣ ∣ H
P
S

q
,2

x

Q2 = 20GeV2, O(a2s)
Q2 = 100GeV2, O(a2s)

Q2 = 1000GeV2, O(a2s)
Q2 = 20GeV2, O(a3s)
Q2 = 100GeV2, O(a3s)

Q2 = 1000GeV2, O(a3s)

a
(3),PS
Qq Contribution to F2(x ,Q2)

The leading small x approximation departs from the physical result
everywhere except for x = 1.
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NS corrections to g1(2)(x ,Q
2) and xFW++W−

3
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e
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v
y

1
/g

li
g
h
t

1

∣ ∣ ∣ N
S

x

Q2 = 4GeV2, O(a3s)
Q2 = 20GeV2, O(a3s)
Q2 = 100GeV2, O(a3s)

Q2 = 1000GeV2, O(a3s)

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

10−5 10−4 10−3 10−2 10−1 1

(F
W

+

3
+
F

W
−

3
)h

e
a
v
y
/(
F

W
+

3
+
F

W
−

3
)l
ig
h
t

x

Q2 = 20GeV2, O(a3s)
Q2 = 100GeV2, O(a3s)
Q2 = 1000GeV2, O(a3s)

g1(x ,Q2) xFW++W−

3 (x ,Q2)

The corrections to g2(x ,Q2) are obtained using the Wandzura-Wilczek
relation.
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3-Loop OME: Agg ,Q

a
(3)
gg,Q

=
1 + (−1)N

2

{
C2
F TF

[
16
(
N2 + N + 2

)
N2(N + 1)2

N∑
i=1

(
2i
i

) i∑
j=1

4j S1(j−1)(
2j
j

)
j2
− 7ζ3


4i
(
i + 1

)2 −
4P69S

2
1

3(N − 1)N4(N + 1)4(N + 2)

+γ̃(0)
gq

(
128

(
S−4 − S−3S1 + S−3,1 + 2S−2,2

)
3N(N + 1)(N + 2)

+
4
(

5N2 + 5N − 22
)
S2

1 S2

3N(N + 1)(N + 2)
+ · · ·

)
+ · · ·

]

+CACF TF

[
16P42

3(N − 1)N2(N + 1)2(N + 2)

N∑
i=1

(
2i
i

) i∑
j=1

4j S1(j−1)(
2j
j

)
j2
− 7ζ3


4i
(
i + 1

)2 +
32P2S−2,2

(N − 1)N2(N + 1)2(N + 2)

−
64P14S−2,1,1

3(N − 1)N2(N + 1)2(N + 2)
−

16P23S−4

3(N − 1)N2(N + 1)2(N + 2)
+

4P63S4

3(N − 2)(N − 1)N2(N + 1)2(N + 2)
+ · · ·

]

+C2
ATF

[
−

4P46

3(N − 1)N2(N + 1)2(N + 2)

N∑
i=1

(
2i
i

) i∑
j=1

4j S1(j−1)(
2j
j

)
j2
− 7ζ3


4i
(
i + 1

)2 +
256P5S−2,2

9(N − 1)N2(N + 1)2(N + 2)

+
32P30S−2,1,1 + 16P35S−3,1 + 16P44S−4

9(N − 1)N2(N + 1)2(N + 2)
+

16P52S
2
−2

27(N − 1)N2(N + 1)2(N + 2)
+

8P36S
2
2

9(N − 1)N2(N + 1)2
+ · · ·

]

+CF T2
F

[
−

16P48

(
2N
N

)
4−N

∑N
i=1

4i S1(i−1)(
2i
i

)
i2
− 7ζ3


3(N − 1)N(N + 1)2(N + 2)(2N − 3)(2N − 1)

−
32P86S1

81(N − 1)N4(N + 1)4(N + 2)(2N − 3)(2N − 1)

+
16P45S

2
1

27(N − 1)N3(N + 1)3(N + 2)
−

16P45S2

9(N − 1)N3(N + 1)3(N + 2)
+ · · ·

]
+ · · ·

}
(1)

Also, with this calculation we were able to rederive the three loop anomalous dimension γ
(3)
gg for the terms ∝ TF , and obtained

agreement with the literature.
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Summary

I 2009: 10-14 Mellin Moments for all massive 3-loop OMEs, WC.

2010: Wilson Coefficients L
(3),PS
q (N), L

(3),S
g (N).

I 2013:
I Reduze 2 has been adapted to the case where we have operator

insertions, and used for reductions to master integrals.
I Complicated master integrals have been computed using a variety of

methods. In particular, the differential equations method has allowed
us to tackle integrals up until now untreatable with other methods.

I Emergence of generalized sums and new functions including a large
number of root-letters in iterated integrals.

I A
(3),S
gq,Q , A

(3),NS,TR
qq,Q and A

(3),PS
Qq have been completed.

I The corresponding 3-loop anomalous dimensions were computed,
those for transversity for the first time ab initio.

I 2014: The terms ∝ T 2
F in A

(3)
gg was computed.

I 2015:
I All master integrals for A

(3)
gg are now available.

I NS contributions to g1(x ,Q2) and xF3(x ,Q2) have been computed.

I Different new Computer-algebra and mathematical technologies
have been and continue to be developed.
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