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software download: www-com.physik.hu-berlin.de/ALPHAsoft
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The problem

O I U VR gl R T Q
equilibration \’ \’ \’ v
az ai & ch
° aﬁl,i = 1,..., N successive MC estimates of observables with exact means A,

e recording started (¢ = 1) after equilibration
e we want to estimate A, and functions F' = f(A;, As,...)

N
1 . _

obvious estimators: G, = — g a', F = f(ay,as, ...

- N 221 o) f( Y, Y, )

. . 2 _ _
covariance matrix: o, 5 = ((ao — Aa)(ag — Ap))

statistical errors:
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e (---) < infinite ensemble of Markov chains (same algorithm, independent random #)

e simplification for a while: only one v — index dropped (restored later)

2:%21% <(ai—A)(aj—A)>=—z I'(j—1) =

1

"[— =300 fixed, j running |

with C =322 T(t), T(t) ~exp(—|t|/T), N >T o

0.21

O0 200 400 600 800 1000

=1..N

((a' — A)(a"t" — A)) =T'(t) = I'(—t) = autocorrelation function at equilibrium
['(t # 0) depends on the algorithm, I"'(0) is the (static) variance
C is like a susceptibility, define 27y, 4 = C/T°(0)

only if the whole update obeys detailed balance (and not just balance or stability) one
can show that I' is a sum of decaying exponentials with positive coefficients

ALPHA 2



lap06 in Zeuthen

Our (any) estimator for F' is biased unless F' is linear:

f"(A)
2

(F— F) = (f(a) — f(A)) ~ (@~ 47) m o f"(A)C

statistical error:

ot = ((F = F?) = ((f@) — F(A)*) = (F(A)* {(a— A)) m (f)*C

systematic bias oc C'/N usually negligible compared to statistical error op \/C/N

= we need to estimate C which will then have itself a statistical error
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Binning strategy
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e divide N = Np X B measurements into bins of B consecutive measurements each

- k_ 1 i
e form bm—averages b" = 5D ichingk @

. N
e mean b = Z B b* = a identical

® one negelects autocorrelations between b* and uses the standard estimator for the error:

1 é -
2 . 2 . bin

this implies an estimate Cl,;, for C with blas and statistical error

_ T _ 5 N2 2_23
<C}ﬁn —‘(j> ~ ——Eg(j <((jbh1‘— Cj) > 7 }Gg-Cj ~N

® B has to be chosen to compromise between these

C’

e binning — jackknife binning better for estimating F’, bias and error of C’jack the same
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I'-strategy

estimate autocorrelation function I'(¢) and C' explicitly [Sokal], estimator:

1 N—t

M) = —— > (a'—a)(a'™ —a), (F()—T(1) = _%

=1

giving
w
C(W)=T(0)+2) T()

with bias and statistical error

(C - C) ~ —exp(—W/7)C <(é — C)2> ~ Q(QV]VVJF D C?

e here 4-point ((a’ — a)(a’ —@)(a” — a)(a' — @)) approximated by disconnected part
((a" —a)(a’ — d)}((ak — a)(al — a)) + two more
e 2V is similar to B and has to be chosen to compromise.....but now exp small

systematic error
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2

Relative errors of estimates for o, 0% (error of the error!)

Quantity Binning r

sys + stat = 7/B++/2B/N exp(—W/T) + /2(2W + 1)/N
sum minimal for B = rt(2N/7)'/? W ~ In(N/7)7/2

value 3/2(2N/7)" Y3 «« N~Y/3 V2In(N/7)7/N oc N71/2
ratio sys/stat = 1/2 1/In(N/T)
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Generalization: many variables

F = f(ay,as,...), o»={((F—F)*) = %
w
Cr=Tp(0)+2) Tr(t)

_ 1 = of of _ i -
Pr(t) = 5 2. 2. OA, 8A@(ao‘ — aa)(ag" — ap)

=1 ap

a possible strategy is to

compute: a,
evaluate f, = 0f/0A, at argument a,,
“project” primary data: a% => . faa,z; to compute C, 'y etc.

then everything like primary variables...

without signifact extra errors f, may be taken as symmetric difference in f
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Generalization: Replica simulations

R independent simulations with the same algorithm, all equilibrated
{a""},i=1,...,N,,r=1,..., R, total length N = Zle N,
may be made by dividing up one long run (neglecting edge effects)

joint analysis will stabilize error estimates

1 Nr 1 R
a,=-—y_ al, .=~y Na,
Ny i=1 N r=1
1 R Nr—t
= i,T = i+t,r =
Lop(t) = o > D (ag — o) (af™" — @)
r=1 =1

e avoid cross terms from different replica which contribute noise but no signal

e they are there, if only means and errors of replica are combined in the usual way
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two ways of estimating F':
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Bonus material: unbias

_ ) _ 1 &
F=f(@), F=35 N f)
r=1

one can show (F — F) ~

ALPHA

1
R—1

(F — F') and eliminate the leading bias by replacing
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Bonus material: ()-test

e expect {f(al )} Gaussian with mean F' and width < (f(a.) — F)2> — ?V_I;

e “fit to a constant” K by minimizing

ay) — K)°
Cr /N,

X2(K) :Z (f(

minimum at K = F

extra information:is x* reasonable?

better: Q =1 — P(x*/2, (R — 1)/2) with P = incomplete I'-function
() = probability to find x? higher or equal to the present one

in practice: @ > 0.1 okay, Q =tiny = our error estimate sucks (inconsistent)

e for example: all N,, < 7 in replica with different initializations (hot, cold..)
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Matlab implementation

download MATLAB routine UWerr.m from www-com.physik.hu-berlin.de/ALPHAsoft

some features:

e estimate f( Ay, Ay, As, .. .) for user-defined routine for f or for primary A, themselves

e handle replica-simulations of arbitrary lengths, combined error analysis, check of
statistical compatibility (goodnes of “fit" to a constant Q computed)

e optimal window W assessed semi-automatically; it needs a rough estimate of
S = T/Tint,F

e plots generated for p(t) = I'(t)/T'(0), Tint, replica distribution (see sample
applications below)
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Application 1: Synthetic data

e artificial noisy autocorrelated data for ‘time-slice correlation function” A; =
G(z),As = G(z+ 1)
e measure exactly known m = f(A;, A2) = 1n(A;/A2) = 0.2

e noise (auto)correlated between a’, a’ (with 7 = 4, 8 components) such that
Tint,m — 7.92

e 38 replica, 1000 measurements each, o, = 0.0142

>> Nr=[1000 1000 1000 1000 1000 1000 1000 1000]; S=1;
>> [value,dvalue,ddvalue,tauint,dtauint,Ql= ...

UWerr (Data,S,Nr, ’mass’ ,Q@effmass,1,2);
>> [value,dvalue,ddvalue,tauint,dtauint,Q]

ans = 0.2128 0.0134 0.0008 7.2909 0.8021 0.2827

exact: 0.2 0.0142 7.92
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replica distribution (mean=0,var=1) for mass >> Q = 0.28 <<
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Zp with Dynamical fermions

From the ALPHA running mass project with two lite flavors, a typical difficult run:
HMC with 2 pseudofermions, L = 24, 3 = 8.02599, x = 0.133063,0 = 0.5

V3 /1

. - -1 .
Zp(L) = . f1, fp are SF correlations of ¢)y51¢, L = p =~ = running-scale
fr(L)
history f1 history fp
history of replica mean (1 to 2): f.1 ghmc history of replica mean (1 to 2): mean.fPgP ghmc
1 ; 2.4 T T T
0.95
2.3 i
0.9
0.85
2.2 i
0.8
0.75
2.1 N
0.7
O'650 2(30 460 6(30 8(30 l(;OO 1200 20 2(;0 4(;0 660 860 l(;OO 1200
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normalized autocorrelation of ZP ghmc

OBSERVABLE: f1
2 x 1200 measurements

= mean-value = 0.79325
error = 0.01838
‘ ‘ ‘ | | | | tau_int = 88.92
_0'50 50 100 150 200 250 300 350 error(Sokal) = 46.29
t. . with statistical errors of ZP ghmc Q-value - 0.80
100 ‘ ‘ ‘ ‘
T - == e
T 2 x 1200 neasurenent
ol I nn||||||||||||iii|||||iiiiII|||IlIllI\I|\!!!!!||\l|!lH|\||\\|!|1‘“V““““W“““”““ LANAE B e - o 6067
LA e = oo
/ | | | | | | tau_int = 48.84
0o 50 100 150 200 250 300 350 error(Sokal) = 22.62
W Q-value = 0.37
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Jackknife for Zp

T o from jackknife binning
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normalized autocorrelation of f.1 ghm

Correlation f;
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Tt 11 from jackknife binning
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