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An example: cusp anomaly at strong coupling

An example: cusp anomalous dimension

Twist-two operators
[Korchemsky, 1989; Korchemsky, Marchesini, 1993]

Wilson lines
[Polyakov, 1980; Korchemsky, Radyushkin, 1987]

Scattering amplitudes
[Magnea, Sterman, 1990; Bern, Dixon, Smirnov, 2005]

∆− S ∼ 2 + f (λ) log S 〈W 〉 ∼
(
L
ε

)f (λ) log(p·∆)
log A

A(0) = 2 f (λ)

ε2 +O( 1
ε
)

In N = 4 SYM [Beisert, Eden, Staudacher, 2006]

One can use the Asymptotic Bethe Ansatz to write down an all-loop integral equation
(BES equation) for the cusp anomalous dimension f (λ).

In N = 6 Super Chern-Simons in 3d (ABJM [Aharony, Bergman, Jafferis, Maldacena, 2008]) [Gromov, Vieira, 2008]

fABJM(λ) =
1

2
fN=4(λYM)

∣∣∣∣√λYM
4π

→h(λ)
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An example: cusp anomaly at strong coupling

Perturbative procedure

How to compute the cusp anomalous dimension at strong coupling?

Step 1: The action [Metsaev, Tseytlin, 1998]

S = T

∫
dτdσγαβ∂αX

a∂βX
bGab(X ) + fermions

Step 2: The classical solution [Uvarov, 2009; LB, M. Bianchi, A. Bres, V. Forini, E. Vescovi, 2014]

Poincaré coordinates on AdS4 × CP3

ds2 =
dxµdxµ+dw2

w2 + ds2
CP3 µ = 0, 1, 2

Minimal surface

x+ = τ x− = − 1
2σ

x+x− = − 1
2
w 2

AdS light-cone gauge [Metsaev, Thorn, Tseytlin,2000]

x+ = x0 + x2 = τ

〈Wcusp〉 = Zstring = e−
1
2
f (λ)V
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An example: cusp anomaly at strong coupling

Cusp anomaly at two loops [LB, M. Bianchi, A. Bres, V. Forini, E. Vescovi, 2014]

Step 3: Fluctuations around the classical solution - Asymptotic spectrum

Bosons: 1 mode m2 = 1; 1 mode m2 = 1/2; 6 modes m2 = 0.

Fermions: 6 modes m2 = 1
4
; 2 modes m2 = 0.

〈Wcusp〉 = Zstring = e−
1
2
f (λ)V

Expand the action up to quartic or-
der in fluctuations and compute all
connected 2-loop vacuum Feynman
diagrams.

The two-loop result gives strong support to a recent conjecture for h(λ) [Gromov, Sizov, 2014].

−→ c1

m1

m2

m3

+ c2 m1 m2
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An example: cusp anomaly at strong coupling

Quantum dispersion relation [LB, M. Bianchi, 2015]

Asymptotic spectrum

Bosons: 1 mode m2
ϕ = 1; 1 mode m2

x = 1/2; 6 modes m2
z = 0.

Fermions: 6 modes m2
ηa = m2

θa = 1
4
; 2 modes m2

η4 = m2
θ4 = 0.

Non-relativistic theory⇒ Corrections to the dispersion relation

−→

We found agreement with the integrability predictions up to some subtleties.
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Worldsheet scattering and unitarity techniques

S-matrix [LB, M.S. Bianchi 2015]

S |ΦA(p)ΦB(p′)〉 = |ΦC (p)ΦD(p′)〉 SCD
AB (p, p′)

Tree-level

x(p1)

φ(p2)

x(p1)

φ(p2)

x(p1)

φ(p2)

x(p′1)

φ(p′2)

x(p1)

φ(p2)

x(p′1)

x(p′1)x(p′1)

φ(p′2) φ(p′2)

φ(p′2)
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Worldsheet scattering and unitarity techniques

One-loop S-matrix by unitarity [LB, Hoare, Forini, 2013; Engelund, McKeown, Roiban, 2013.]

Standard unitarity in 4d [Bern, Dixon, Dunbar, Kosower, 1994]

p1

p2

p3

p4

A(0) A(0)A|cut = +

p1

p2

p3

p4

A(1) A(0) +

p1

p2

p3

p4

A(0) A(0) + · · ·

Glue together the two amplitudes and uplift the integral with

iπδ+(p2 − m2)→ 1
p2−m2−iε
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Generalized unitarity in 4d [Bern, Dixon, Kosower, 1998; Britto, Cachazo, Feng, 2004]

AL =
∑
i

ci I(L)
i Known basis of L-loop scalar integrals

For L=1 ⇒
T

T

T

T

= cbox
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AL =
∑
i

ci I(L)
i Known basis of L-loop scalar integrals

For L=1 ⇒ T T = cbub
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Conclusion

Conclusion

Conclusion

Perturbative calculations are essential to give a solid foundation and inspiration to
any integrability-based construction, and thus to guarantee its predictivity.

It is often possible to improve current perturbative techniques.

We developed a technique to perform perturbative computations in 1+1 dimensions
at one loop and applied it also to off-shell quantities.

Higher loop computations often reveal subtleties regarding regularization, with impact
on the quantum integrability of the theory.
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