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Resummation in b-space vs pr-space

@ Spectrum (;% contains large logarithms In %T

@ Resummation performed in impact parameter space b ~ p;l
» Resums logarithms In(b Q) rather than In %T

@ Possible impact on [Elis, Veseli '98; Frixione, Nason, Ridolfi '99; Kulesza, Stirling '99]
» momentum space spectrum
» uncertainties
» matching to fixed order

ot 1 1
@ Analogy: ”OI,O;Thmst ; +
» Scale setting in spectrum vs FQ - +
scale setting in cumulant 09 B 7 ]
» Example: Thrust distribution ost “ ot ]
. . E n N“LSL' +0(@) +Q
° Qoal. Pgrform resummation o7k A NLL 5 Ol + Ry
directly in momentum space :
0.60 1 | 1

1 3

2
Orders
[Hoang, Kolodrubetz, Mateu, Stewart, '14]
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Transverse momentum distribution in SCET
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Factorization in SCET

p
QT \
pr=m3
~ -
AQ + -
/ <~
5 ! - - © b
NQr_ -~ P =pr
. : : Pt
NQ  AQ Q

@ Factorized cross section: o = H(B; ® B2 ® S)(pr)

@ Rapidity divergences require additional regulator

» We use the n-regulator [Chiu, Jain, Neill, Rothstein '11] (— talk by J. Oredsson)
@ Other regulators:

» Non-light like axial gauge [Coliins, Soper '81]

» Wilson lines off light-cone [Coliins "11]

» «-regulator [Becher, Bell '11] (— talk by T. Liibbert)

> J-regulator [Echevarria, Idilbi, Scimemi '11] (— talk by A. Vladimirov)
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RG structure of the cross section

o = H(p)[Bi(p,v) ® Ba(p,v) @ S(p,v)](Pr)

° wRGE:  dH(Q,n)
pH— =

HoA Hard
e vy H(Q, p) o :’”
dB(Pr,w, p,v) . ;
Tc;“’ d :’YBB(pTaw’NaV) EM
ds (o, n 1% Beam
ui(pT’ il = vs S(Pr, 1, V) prom o T T T T X
dp | >V
e v-RGE (RRGE): br i
dB(Pp,w, p, ) | _
v TC’II/, - :_EVV(pTau)(gB(pTaw’p'?V)
dS(pr, 1, v) . -
v =B ) ® S (i 1)
@ Commutativity of u and v RGE:
dvy (Prs 1) .
MTT, = —Alc[as ()] (Pr)
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Toy example: Resummation of large logs

@ Toy function F(q, pt) containing large logs In(ut/q)
@ Toy RGE: dF(q, p)
p—

dp

¢ Solution: F(q,1) = F(q, to)U (ko 1)
» Shifts logs from In(q/ o) to In(q/p)
» Sulfficient only if F'(q, po) known “exactly” (Example: PDFs)

= F(q,p)

@ Otherwise choose po such that the boundary F(q, po) can be calculated

» Simplest case: multiplicative running (e.g. hard function: ¢ = Q)
F(q, o) =1+ asIn(po/q) + o2 In*(po/q) + - - -
> Pick o = ¢q
—“All-order” F(q, 4o = ¢) =14+04+0+4+-.-- =1 V
—F(q,p) =1-U(po = q, ) correctly resums In(u/q) v
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Toy example: Resummation of large logs

@ Toy function F(q, pt) containing large logs In(ut/q)
@ Toy RGE: dF(q, p)
p—

dp

¢ Solution: F(q,1) = F(q, to)U (ko 1)
» Shifts logs from In(q/ o) to In(q/p)
» Sulfficient only if F'(q, po) known “exactly” (Example: PDFs)

= F(q,p)

@ Otherwise choose po such that the boundary F(q, po) can be calculated
» More complicated case: multiplicative running in conjugate space
(e.9. pr — br)
F(x, po) = 1+ o, In(pox) + a?n®(pox) + - - -
> Pick po =g~ 1/
- F(z,p0 = q) =1+ asln(gz) + a?In’(gz) +--- =1 ?
— Need to assume that In(gx) can be neglected!
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Resummation in b-space

o Differential equations easily solved in b-space:

do
ETA ~ H(pp)B(b, pur,v)?S(b, pir, vs)
HH dqy Vs _
X exp { / p ’YH[H']} exp [ln — (b, m)}
1233 12 vp
p-evolution v-evolution

@ Fixed order expansions:

HQ,pu) ~1- Z2F0102 Q

#H

- o Q
B(br,pr,vg) ~1— —Toln — In(p3 b%) + ...
4 vp

b o %52 .
S(br,pr,vs) ~1+ —szroln “Ln(p2b?) + ...
Vs

Fu(bypur) ~ —2Tcln(b?p?) + ...

@ Minimize logs in b-space:
pe ~Q, pur ~1/b,vp~Q,vs ~1/b
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Resummation in pr space

Naive attempt:
@ Solve RGEs in Fourier space

7 /d2geiﬁT.EH(NH)B(ga /'LL,VB)2§(67 KL Vs)

BH dp! Us _
X exp [/ ; ’YH[I",]:| exp [ln —4 (b, u)]
“L 12 1 4:

p-evolution v-evolution
@ with scales in momentum space:
pa ~Q, prL ~pr,ve~Q,vs ~pr
@ Idea: Singular cross section dominated by ky ~ ko ~ ks ~ pr

ag ~ H/d2E1 d2E2 d2E3 B(El)B(E2)S(E3)6(ﬁT — El — Ez — Eg)

» Fixed order logs are ~ In 22, In 2T
KL Vs

@ Similar argument: Fourier transform dominated by b ~ pr."
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Resummation in pr space

7 /dzaeiﬁT'bH(uH)B(g, pr,vB)?S (b, pr, vs)

HH d[l,, Vg _

X exp [/ ’ ’YH[M’]] exp {ln 7u(b7ll'):|
pwr M VB

@ p-scale for 4, (b, 1) depends on ordering of u and v-evolution:

A Hard HA Hard
my my
Beam Beam
pr T prT
| > | >
pr my pr mpy
Path 1 Path 2
@ Evolve along path 1
| 4 Hn ~ pr

» Can use fixed order expansion for «,,
» Typical choice in the literature
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Resummation in pr space

Result:

la.u] @ LL

dpp

do(mu.pr)

0.3 T T

0.2

0.15

0.1

0.05

pr scales, fixéd order v,
pr scales, resummed 7,
b scales

5 10 15 20 25 30 35 40 45 50
pr(GeV]

@ No resummation of ~,.: Well known divergence at T'c[unr] In % =1
[Frixione, Nason, Ridolfi '99; Becher, Neubert, Wilhelm *12; Chiu, Jain, Neill, Rothstein *12]

@ With resummation of ~,.: spectrum finite, but diverges for pr — 0

@ Scale setting in b-space is well behaved

Conclusion:

Naive pr scale choice does not correctly resum momentum space logs. J
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Resummation of ~,
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The RGE for ~,

@ Freedom to evolve in (., v)-space: [Chiu, Jain, Neill, Rothstein '12]

HA Hard HA Hard
mpg mpy
Beam Beam
pr T pr T
! Ly v ! 5V
T > T >
pr mpy pr mpy
Path 1 Path 2

@ Expressed through commutativity [d/du,d/dv] = 0
@ Induced RGE for ~,:

dv, (kr, p -
p’% = —(4m)*Tc[as(p)]6(kT)
I
@ Formal solution:
R - 2, »dy! ,
i, ) = 1o (Fr, o) — (4m)?5(Fr) [ - Tolos (1)
Ho

@ Crucial: Distributional way to set po ~ kr
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~v,-Resummation in pr-space

@ Recall the toy example:
F(k,p) = F(k,po) U(po,p)
< In(p/k) = In(po/k) + In(p/pr0)
In(po/k) + In(p/k) — In(po/k)
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~v,-Resummation in pr-space

@ Recall the toy example:
F(k,p) = F(k,po) U(po, p)
< In(p/k) = In(po/k) + In(p/pr0)
In(po/k) + In(p/k) — In(po/k)

@ Distributional analogue:

1 122 1 Mo m N
|:27rk%:|+ B |:27rk%:|+ + lnma(k’r)

[ 1 :|NO 1 2 1 Ho
-l
2mk% | | 2mk: | | 2mk: | |

> Plus distribution:  [d2kr [f(kr)]} =0
|ET|<M
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~v,-Resummation in pr-space

@ Recall the toy example:
F(k,pu) = F(k,po) U(po,p)
< In(p/k) = In(po/k) + In(p/pr0)
In(po/k) + In(p/k) — In(po/k)

@ Distributional analogue:

1 122 1 Mo m =
|:27rk%:|+ B |:27rk%:|+ + lnma(k’r)

1 Ko 1 H 1 Ko
- [277k§":|+ + |:27rk§.]+_ |:27"k’§‘]+
> Plus distribution:  [d2kr [f(kr)]} =0
|Br|<p
@ Distributional way to implement pg = kr:

In 2 5(kr) =0
o

1 I 1 Ho
po=kr |:271'k§—.:|+ ’ |:271'k§—.:|+ po=kr
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~v,-Resummation in pr-space

o RGE: dv, (kr, -
“’%Tﬂ) = —(4m)*Tc[as(p)]6 (k)
v
@ All-order solution:
7}
- 1 1 dv[as(kr)]
J(kr,p) = | — | 870clas(k —
wifrm = |4 ( wlelacknl+ o e )],

+ 8(kr) v fovs (1)]
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~v,-Resummation in pr-space

RGE: d~, (kr,
° T ) ar o ()8 )
dp
@ All-order solution:

L, d v| s kT
llir ) = | (Sﬁro[as(km . [<>1>

dlnkr

+

+ 3(kr )Y [oes (1]

@ Physical interpretation:
» Propagator of a single soft emission

» Distribution regulates IR divergences
— Boundary condition ensures RGE is fulfiled v

» Virtual corrections to emission resummed in as(kr)
» Fixed order boundary ensured by & (k). [oes (12)]
— All large logs are resummed v
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Comparison to b-space resummation

@ RGE solved in momentum space:

Yo (ko ) = {klz (SWFC[aS(kT)] * ;WHH

T +

+ 0(qr)vwlos(p)]

@ RGE solved in b space:

WO Fro ) = [ @ e (—4 [ d‘f’rc[asw)]+-yu[as<1/b)1>
1/b M
@ Compare fixed order expansions in as(pt):
2 D v 20(kr)
7@ 5 <’3’u2 + §C3/3(2)F0> (2m)?5(kr)

» Different definition of non-cusp ~,, ., in b-space / pr-space
» Differences always appear at subleading order
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Outlook: Non-perturbative effects in ~,,

@ For simplicity: take only I'c-term

k:2

° »y,,(kT, u) enters convolutions (e.g. 1/ =7 & S)
» Require non-perturbative modehng for kr < Aqcp
@ Split using a profile function pip:

o (R 1) = [Z:Fc[as(ﬂo(kT))]

J’_

+ {22 (PC[as(kT)] Fc[as(HO(k’T))])}

"

+

@ For suitable profiles o, we can expand in moments:
I

o (s 1) = [Z:Fc[as(uo(kT))]] + Y QAR (Fr)
T + n
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Outlook: Non-perturbative effects in ~,,

@ Moments become more intuitive in b-space:

/dzk’T eFr b N 0, A (k) = Y D (—b2)"

n=1 n=1

@ Implication on cross section (b-space):

o~ /d2BT T8 [ (Q) B (br)25 (by )€™ 75 7 (0

- / A e BT H(Q)B(br)? 5 (by)e™ 7577 () g I 5 bt

> ~, is intrinsically non-perturbative in b-space [Coliins, Soper, Sterman '85]
— Confirmed in pr-space

» Agrees with non-perturbative Gaussian modeling
[Collins, Soper, Sterman ’85]

» Non-perturbative effects scale with rapidity logarithm
[Collins, Soper, Sterman ’85; Becher, Bell '13]
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Resummation of «,

Summary:
e RGE: dy, (K, 1)
H—— =

1 —(4m)*Tc[a,s (1)]8 (k)
u

@ Momentum space solution:

1dvu[as<kT)1>r

o (R ) = [1 (SﬂFc[as(kT)] g

ki

+ 8(kr) v las (w)]

+

» Requires careful distributional scale setting

@ Formally subleading differences to b-space solution

@ Non-perturbative modeling of ~,, with momenta expansion

» Leading non-perturbative contribution: Gaussian in b-space
> Scales with rapidity log In 7=
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Solution to Rapidity RGE
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Solution to Rapidity RGE

@ Focus on soft function (beam functions similar)

o u-RGE:
dS(ETa ey V)
p—"7

=7s S(ETa/%V)
dp

o v-RGE (RRGE):

VW = 'YU(ETa K ® S(ETa My V)
d2k1
(27)?
» Complicated due to convolution structure
» Main reason for b-space formalism

——y (Fr — k1, 1) S (K1, py V)

@ Focus on solution of RRGE in momentum space
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Formal solution to RRGE

e RRGE: dS(kr, p,v)
L \ET s V)

d = 'YV(ET7 H) ® S(ETa s V)
1 %4

@ Formal solution (integrate RRGE iteratively):

—_ pad > 1 n VB n T
S(kr,psve) = S(kr, pyvs) + ) e <Vs> (1 ®") @ S(kr, 1, v5)
n=1 : =

@ Easy to see in Fourier space:
~ = 14 - — ~ =
S(br,p,vB) = exp [ln <VB> Yo (br, H’)] S(br, p,vs)
S
@ Formal solution correctly shifts logarithms from vs tovg v

@ ... butis vs ~ pr the correct boundary condition ?
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Formal solution to RRGE

@ Formal solution

- - =1 v -
S(kr,p,ve) = S(kr, pyvs) + ) o <VB> (1 ®") @ S(kr, py v5)
n=1 :

v
o

assumes S(ET, w,vs) at vs ~ pr permits perturbative truncation, i.e.
S(kr,p,vs) = 6(kr) + ...

@ Recall cross section:

o~ H / d2Fy d2Fp d2Fs B(Fr) B(F) S (Fa)8(p — Fa — Fa — Fa)

» Expect o to be dominated by k1 ~ ko ~ k3 ~ pr
» This is crucial for above assumption!

@ Need to investigate effects from k; > pr
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Formal solution to RRGE

n=1: In (Z—Ij) /d2E1 /d2E2 WV(Eza H)S(Enl‘«a VS)(S(ET — &k — Ez)

Pictorially: Relevant momenta:
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Formal solution to RRGE

n=1: In (Z—Ij) /d2E1 /d2E2 ’YV(Eza H)S(Enl‘«a VS)(S(ET — &k — Ez)

Pictorially: Relevant momenta:

;geé ? |1;~c‘2|

kT,

Soft momenta k1, k2 ~ kr
Well described by vs ~ kr —____|
(Corresponds to 1D case)
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Formal solution to RRGE

n=1: In (Z—Ij) /d2E1 /d2E2 ’YV(Eza H)S(Enl‘«a VS)(S(ET — &k — Ez)

Pictorially: Relevant momenta: Large momenta k1, ka ~ kr

/e N / . Badly described by vs ~ kr
fé‘ f 2
V

krkl -

Soft momenta k1, k2 ~ kr
Well described by vs ~ kr —____|
(Corresponds to 1D case)
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Correct solution to RRGE

lllustration: Distributional scale setting
@ Soft function at NLO fulfills

dS® (kg, p,v) _

I/T =

©) & g(0) r
SO — op
v, ® 0 |:27Tk%:| .

@ Integrate over v:

- - 1 K
S(l) (kT’ My V) = S(l) (kTa 122) VO) + 2T |: In V:|
2wk3 o +

SM(E ) — 2T { L ”0]“ 42r [ L Vr
= Vo) — —  In — — ln—
o oo °|2nk2 " kr °2mk2 kel

» vg-dependence must cancel
» Logs are distributionally minimized by vy = kr

@ Inserting correct boundary condition:

— — 1 K
S(l)(kTa Na’/) = S(l)(kTa Hs Vo = kT) + 2T [ In V:|
271"(3%1 kT +
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Correct solution to RRGE

@ All-order solution:

oo n Vi—1
d

- Vi - - - -
S(kymv) = > | I1 / 7/‘12’%%(’%—1 — ki, p) | S(kn,p,vo = kn)

n=0 1:1VO_

=ki_1

o Fulfills RRGE: v42 =+, ® § v

@ Distributional scale setting ensures resummation of all logarithms
» Setting v9 = k; under convolution minimizes logs in boundary term
» Explicitly checked at two loops v

@ Comparison to b-space resummation:
» Find similar subleading terms as for ~,,

@ Formal proof that resummation in pr space is possible
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Conclusion
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Conclusion

@ Large logarithms In % require resummation for pr < Q

@ Standard approach: scale setting in impact parameter space
» Resums logarithms In(b Q) instead of In %

@ Solution in momentum space is possible

» Requires distributional scale setting rather than scale setting
us,vs = pr in Fourier space

» Compatible with b-space approach up to subleading effects

@ New insight into non-perturbative effects from ~,, in momentum space

> ~, is intrinsically non-perturbative
» Gaussian model motivated by moment expansion
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Conclusion

@ Large logarithms In % require resummation for pr < Q

@ Standard approach: scale setting in impact parameter space
» Resums logarithms In(b Q) instead of In %

@ Solution in momentum space is possible

» Requires distributional scale setting rather than scale setting
us,vs = pr in Fourier space

» Compatible with b-space approach up to subleading effects

@ New insight into non-perturbative effects from ~,, in momentum space

> ~, is intrinsically non-perturbative
» Gaussian model motivated by moment expansion

Thank you for your attention!
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Non-perturbative effects in -,

Another motivation for the moment expansion:
@ Fourier transform to b-space:

o = = [87Tc[as(k w
;?u(ba N) = /dszelkT'bT |:7TC[a2(T)
k% n
i Jo(brkr) — 1 o
:4/dk’TLFc[as(kT)]+/,,,
kr
¢ w

@ Expand Bessel function:

"
< . o
Gulbi) =4 Y~ (<62/4)" [ dkr K3 Tl (k)] .

n=1 ‘ 0

~Qn

@ We naturally obtain an expansion in (—b2)™
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Differences in ~,-resummation (1)

More details on subleading differences:
@ Formal comparison possible through fixed order expansion
@ At each subleading order in a5 (1), differences can arise
@ Formal all-order difference:

Yo (Prs 1) = / d2bre’PrtT 3, (b, p)

_{ 1 dAvu[as(pT)]r

— 82(Pr) Ay s
amp? dlnpr (Pr) A7 [as(p)]

+
Avlas(p)] = (27f)2/d(bu) J1(bp) ¥ (b, ) — volos ()]
0

@ Cancels differences at known fixed order
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Differences in ~,-resummation (2)

More details on subleading differences:

@ The subleading terms arise from the Fourier transform of logs In(b )
@ Example:

o = 2 2 _2vgp 4 2 M
/dzbre”’T'bT m e “46 =-= [”72‘}
2 p?],
L = 2 2 _2vp 2 2 M
4 n? n2]y
L = b2u262"”5 127 p2 2p2 I 2
A%brePrltT I 22 = — L2 5T — (4m)?¢s6(p
/ : el IR CO RS
o = 2 2 2vg 2 2 TH 2 TH
/dsze”'T'bT et e | 16w [1’% In® P%} + ¥, {P%]
4 p2 o I PR ¥ B2y
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Perturbativity of v-kernel

@ The v-kernel involves convolutions v, ®™

- W
@ Problematic due to Landau pole in: ~, (kz, i) ~ [W]
T +

> Expect (vo ® v0) (Brs 1) = [ d%kr 7o (Br — kr, 1)y (KT, 1) to be
non-perturbative

@ pr, 1 > Aqcp: Landau pole effectively regulated by plus prescription

@ lllustration:
/dZET Yv (ﬁT — ET, ,U/)’YV(ET, ,U/) Landau pole Iﬁ
r d
2[Rl o (A]" [ S, oy
P
+ (v @ )| (Prs 1)
R\(BA (0)UBA (51))

Choose
Agep <A <pr
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Soft function at two loops

@ Expand soft function as
S(ETy Byv) = S(O)(ETa 1,v) + asS(l)(ETa V) + 035(2)(ET5 TR

S(O)(ET’ Byv) = 5(ET) s

2 27H
SO (Fr, myv) = $1 mi]
k:T kT

1 u2
S® (kr, p,v) = 5(kr) {52 — (vs1 +2B0S1) 55 {kz ] }

% Lz “ 1+ ToS: w? In kT
2?2 | kZ T2 k2 v2? "

BoTl'o {N In le kT]
+

+ Tu? | k2
1-\2 " k2 k:g_‘ k%NZ I
+ {kzl e |

27 p?

@ Logs are minimized by v = kr
23.03.2016 6/6
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