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Limit ϕM →∞
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Limit ϕ→ π

ϕ = π − δ Γ =
rV (r)

δ

Kilian, Mannel, Ohl (1993)
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Conformal anomaly
In QCD conformal symmetry is anomalous
⇒ β function

3 loops

∆ ≡ δΓ(αs, π − δ)−
~q 2V (~q;αs(µ))
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=
π

108
β0CR

(αs
π

)3 (
47CA − 28TFnf
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At 4 loops we expect ultrasoft

Γ(αs, π − δ) ∼ CRC
3
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log δ + const

δ

(αs
π

)4



Conformal anomaly
In QCD conformal symmetry is anomalous
⇒ β function
2 loops

δΓ(αs, π − δ)−
~q 2V (~q;αs)

4π
= 0 β0 = 0

3 loops

∆ ≡ δΓ(αs, π − δ)−
~q 2V (~q;αs(µ))

4π

=
π

108
β0CR

(αs
π

)3 (
47CA − 28TFnf

)
At 4 loops we expect ultrasoft

Γ(αs, π − δ) ∼ CRC
3
A

log δ + const

δ

(αs
π

)4



Conformal anomaly
In QCD conformal symmetry is anomalous
⇒ β function
2 loops

δΓ(αs, π − δ)−
~q 2V (~q;αs(µ))

4π
∼ β0CR

(αs
π

)2
log

~q 2

µ2

3 loops

∆ ≡ δΓ(αs, π − δ)−
~q 2V (~q;αs(µ))

4π

=
π

108
β0CR

(αs
π

)3 (
47CA − 28TFnf

)
At 4 loops we expect ultrasoft

Γ(αs, π − δ) ∼ CRC
3
A

log δ + const

δ

(αs
π

)4



Conformal anomaly
In QCD conformal symmetry is anomalous
⇒ β function
2 loops

δΓ(αs, π − δ)−
~q 2V (~q;αs(µ))

4π
= 0 µ2 = ~q 2

3 loops

∆ ≡ δΓ(αs, π − δ)−
~q 2V (~q;αs(µ))

4π

=
π

108
β0CR

(αs
π

)3 (
47CA − 28TFnf

)
At 4 loops we expect ultrasoft

Γ(αs, π − δ) ∼ CRC
3
A

log δ + const

δ

(αs
π

)4



Conformal anomaly
In QCD conformal symmetry is anomalous
⇒ β function
2 loops

δΓ(αs, π − δ)−
~q 2V (~q;αs(µ))

4π
= 0 µ2 = ~q 2

3 loops

∆ ≡ δΓ(αs, π − δ)−
~q 2V (~q;αs(µ))

4π

=
π

108
β0CR

(αs
π

)3 (
47CA − 28TFnf

)

At 4 loops we expect ultrasoft

Γ(αs, π − δ) ∼ CRC
3
A

log δ + const

δ

(αs
π

)4



Conformal anomaly
In QCD conformal symmetry is anomalous
⇒ β function
2 loops

δΓ(αs, π − δ)−
~q 2V (~q;αs(µ))

4π
= 0 µ2 = ~q 2

3 loops

∆ ≡ δΓ(αs, π − δ)−
~q 2V (~q;αs(µ))

4π

=
π

108
β0CR

(αs
π

)3 (
47CA − 28TFnf

)
At 4 loops we expect ultrasoft

Γ(αs, π − δ) ∼ CRC
3
A

log δ + const

δ

(αs
π

)4



Abelian large nf structures
CF (TFnf )

L−1αLs (L ≥ 1)
C2
F (TFnf )

L−2αLs (L ≥ 3)

QED with nf flavors CF = 1, CA = 0, TF = 1, β0 = −4
3
nf

b = β0
α

4π
∼ 1

1

β0
� 1 — expansion parameter

Coordinate space, Wilson line of any shape, up to NLβ0

logW =

First broken at NNLβ0: n
L−3
f αL (L ≥ 4)
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Renormalization

logW (t, t′;ϕ)− logW (t, t′; 0)

= − = logZ + finite

(external-leg corrections cancel)

Momentum space

log V (ω, ω;ϕ)− log V (ω, ω; 0)

= − = logZ + finite



Renormalization

logW (t, t′;ϕ)− logW (t, t′; 0)

= − = logZ + finite

(external-leg corrections cancel)

Momentum space

log V (ω, ω;ϕ)− log V (ω, ω; 0)

= − = logZ + finite



Leading β0 order

Photon self energy

Π0(k
2) = = β0

e20
(4π)d/2

e−γε
D(ε)

ε
(−k2)−ε

D(ε) = eγε
(1− ε)Γ(1 + ε)Γ2(1− ε)
(1− 2ε)(1− 2

3
ε)Γ(1− 2ε)

= 1 +
5

3
ε+ · · ·

Charge renormalization

β0
e20

(4π)d/2
e−γε = bZα(b)µ2ε

d logZα
d log b

= − b

ε+ b
Zα =

1

1 + b/ε
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Vertex function

1 loop with 1/(1− Π0(k
2))

V (ω, ω;ϕ) = =
1

β0

∞∑
L=1

f(ε, Lε;ϕ)

L
ΠL

0 +O
(

1

β2
0

)
Π0 is taken at −k2 = (−2ω)2

Choosing µ2 = D(ε)−1/ε(−2ω)2 → e−5/3(−2ω)2

V (ω, ω;ϕ)− V (ω, ω; 0) =
1

β0

∞∑
L=1

f̄(ε, Lε;ϕ)

L

(
b

ε+ b

)L
+O

(
1

β2
0

)
f̄(ε, u;ϕ) = f(ε, u;ϕ)− f(ε, u; 0)



Vertex function

1 loop with 1/(1− Π0(k
2))

V (ω, ω;ϕ) = =
1

β0

∞∑
L=1

f(ε, Lε;ϕ)

L
ΠL

0 +O
(

1

β2
0

)
Π0 is taken at −k2 = (−2ω)2

Choosing µ2 = D(ε)−1/ε(−2ω)2 → e−5/3(−2ω)2

V (ω, ω;ϕ)− V (ω, ω; 0) =
1

β0

∞∑
L=1

f̄(ε, Lε;ϕ)

L

(
b

ε+ b

)L
+O

(
1

β2
0

)
f̄(ε, u;ϕ) = f(ε, u;ϕ)− f(ε, u; 0)



Leading β0 result
Expand in b, f̄(ε, u;ϑ) =

∑∞
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num, coefficient of
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b4 + · · ·

Beneke, Braun (1995)
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HQET field anomalous dimension
ϕ = 0 Ward identity
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Quark-antiquark potential
Up to NLβ0

Coulomb gauge

V (~q ) = − e
2
0

~q 2

1

1− Π(−~q 2)

Π(q2) gauge invariant
First broken at NNLβ0



Quark-antiquark potential
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Quark-antiquark potential

µ2 = ~q 2

V (~q ) = − (4π)d/2eγε

β0D(ε)(~q 2)1−ε
ε
∞∑
L=1

(
D(ε)

b

ε+ b

)L
+O

(
1

β2
0

)
The sum can be written as

∞∑
L=1

f(ε, Lε)

(
b

ε+ b

)L
=
b

ε

∞∑
n=0

n! f0nb
n +O(ε0)

f(0, u) = e
5
3
u f0n =

1

n!

(
5

3

)n

V (~q ) = −(4π)2

~q 2

b

β0

1

1− 5
3
b
.



Conformal anomaly

∆ = 4π
b

β0
δ0(b) +O

(
1

β2
0

)
δ0(b) =

1

1− 5
3
b
−

(1 + 2
3
b)Γ(2 + 2b)

(1 + b)Γ3(1 + b)Γ(1− b)

=
28

9
+ 2

(
ζ3 +

58

27

)
b− 1

3

(
π4

10
− 10ζ3 −

652

27

)
b2 + · · ·



Next to leading β0 order

Photon self energy

Π(k2) = + 2 +

= Π0(k
2) +

Π1(k
2)

β0
+O

(
1

β2
0

)
at the Lβ0 order

Π1 = 3ε
∞∑
L=2

F (ε, Lε)

L
ΠL

0

Palanques-Mestre, Pascual (1984); Broadhurst (1993)



Charge renormalization

Zα(b) =
1

1 + b/ε

[
1 +

Z1(b)

β0
+O

(
1

β2
0

)]
log(1− Π) = logZα + finite

1/β0 term: coefficient of ε−1 in −(1 + b/ε)Π1

Z11 = −3
∞∑
n=0

Fn0(−b)n+2

(n+ 1)(n+ 2)

β(b) = b+
β1(b)

β0
+O

(
1

β2
0

)
β1(b) = −dZ11(b)

d log b
= 3

∞∑
n=0

Fn0(−b)n+2

n+ 1

= 3b2 +
11

4
b3 − 77

36
b4 − 1

2

(
3ζ3 +

107

48

)
b5 + · · ·
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Next to leading β0 order

V (ω, ω;ϕ)− V (ω, ω; 0) =
1

β0

∞∑
L=1

f̄(ε, Lε;ϕ)

L

(
b

ε+ b

)L
×

[
1 + L

Z1

β0
+

3ε

β0

L−1∑
L′=2

L− L′

L′
F (ε, L′ε)

]
+O

(
1

β3
0

)



Next to leading β0 order

I Photon propagator (1− Π0 − Π1/β0)
−1 up to 1/β0

I Charge renormalization up to 1/β0 (Z1/β0)

Γ(b;ϕ) = 4
b

β0
f̂(−b)(ϕ cotϕ− 1) + 4

b3

β2
0

(ϕ cotϕ− 1)

×
{

3

2

[
F10 + 2F01 − 2f̂1

]
−
[
2F20 + 3(F11 + F02) + 3F01f̂1 − 6f̂2

]
b+ · · ·

}



Next to leading β0 result

Γ(b;ϕ) = 4

[
b

β0
γ0(b)−

b3

β2
0

γ1(b)

]
(ϕ cotϕ− 1) +O

(
1

β3
0

)
γ1(b) = 12ζ3 −

55

4
+

[
−π

4

5
+ 40ζ3 −

299

18

]
b

+

[
24ζ5 −

2

3
π4 +

233

6
ζ3 +

15211

864

]
b2

+

[
−48ζ23 −

2

63
π6 + 80ζ5 −

167

225
π4 +

1168

15
ζ3 −

971

240

]
b3 + · · ·

Can be continued
Fnm at weight 6 contain ζ5,3 but it has cancelled



HQET field anomalous dimension

γh(b) = −6

[
b

β0
γh0(b)−

b3

β2
0

γh1(b)

]
+O

(
1

β3
0

)
γh1(b) = 3

(
4ζ3 −

17

4

)
+

(
−π

4

5
+ 36ζ3 −

103

9

)
b

+

(
24ζ5 −

3

5
π4 +

59

2
ζ3 +

14579

864

)
b2

+

(
−48ζ33 −

2

63
π6 + 72ζ5 −

44

75
π4 +

3229

45
ζ3 −

5191

540

)
b3 + · · ·

ζ5,3 has cancelled again



Quark-antiquark potential

V (~q ) = −(4π)2

β0~q 2
ε
∞∑
L=1

f(ε, Lε)

(
b

ε+ b

)L
×

[
1 + L

Z1

β0
+

3ε

β0

L−1∑
L′=2

L− L′

L′
F (ε, L′ε)

]
+O

(
1

β3
0

)
= −(4π)2

~q 2

[
b

β0
v0(b)−

b3

β2
0

v1(b)

]
+O

(
1

β3
0

)
v0(b) =

1

1− 5
3
b

v1(b) = −3

2
[F10 + 2F01 + 2f01]

+
1

2
[F20 − 6F02 − 6 (F10 + 3F01) f01 − 30f02] b+ · · ·



Quark-antiquark potential

v1(b) = 12ζ3 −
55

4
+

(
78ζ3 −

7001

72

)
b

+

(
60ζ5 +

723

2
ζ3 −

147851

288

)
b2

+

(
770ζ5 +

π4

200
+

276901

180
ζ3 −

70418923

25920

)
b3 + · · ·



Conformal anomaly

∆ = π

[
b

β0
δ0(b)−

b4

β2
0

δ1(b)

]
+O

(
1

β3
0

)
δ1(b) =

π4

5
+ 38ζ3 −

645

8
+

(
36ζ5 +

2

3
π4 +

968

3
ζ3 −

114691

216

)
b

+

(
48ζ23 +

2

63
π6 + 690ζ5 +

269

360
π4 +

52577

36
ζ3 −

14062811

5184

)
b2 + · · ·



Conclusion

I Γ(αs, ϕ) at 3 loops has been calculated via harmonic
polylogarithms up to weight 5 in QCD and some
theories with scalars, including N = 1, 2, 4
supersymmetric QCD

I ϕM →∞: the known result is reproduced

I Ω(a, x) does not contain nf , ns: only 1 gluonic color
structure at each L

I ϕ = π − δ: the relation to V (~q ) which follows from
conformal invariance is violated at 3 loops by a term
∼ β0α

3
s

I CF (TFnf )
L−1 and C2

F (TFnf )
L−2 (L ≥ 3) in Γ, γh and

V are known to all loops
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