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Introduction

Our focus: semi-analytical calculations
for conventional muonic leptons : µ and νµ

Conventional component
Main contribution, up to 1 PeV:

π+ → µ+ + νµ 100%
K+ → µ+ + νµ 63.5%

Prompt component
Contribution from hadrons with
cτ0 < 1 cm

D+ → K
0
+ µ+ + νµ 9.2%

D0 → K
−
+ µ+ + νµ 3.3%

...
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Introduction
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Introduction

Atm. νµ fluxes above ∼ 100 TeV are

background to the astrophysical signal at IceCube
sensitive to CR primary spectrum features

IceCube collab. Phys.Rev.Lett. 115 (2015) no.8, 081102
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Introduction

Objectives:

Understand well the fluxes in terms of the primary cosmic rays

Understand the following sources of uncertainties:

Hadronic data/models
Primary cosmic rays data/models
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Part I
Atmospheric fluxes
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Primary cosmic ray spectrum

PDG 2015, Cosmic Rays (28).
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Primary cosmic ray spectrum

ϕ(ij) (E ) = aijE−γij−1exp
(
− E

Zi eRj

)
i → nuclei, j → pop.

Power law Expon.cutoff

GST model: Gaisser, Stanev & Tilav, Front.Phys.(Beijing) 8 (2013) 748-758 9



Primary cosmic ray spectrum

nuclei → nucleons (p, n)

Assume independ. nucleons
in a classical picture

ϕ
(ij)
N = A2

i ϕ
(ij) (AiE )

3 main models:

H3a: 3 pop, 5 nuclei
GST-3: 3 pop, 7 nuclei
GST-4: 4 pop, 7 nuclei
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Primary cosmic ray spectrum

GST-4 nucleon spectrum, fully decomposed:
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Cascade equations

General cascade equation:

dΦa

dX
(E ,X ) = −

[
1

λa (E )
+

1
da (E )

]
Φa (E ,X )

+
∑

b

∫ ∞

E
dEb

Fba (E ,Eb)

E
Φb (Eb,X )

λb (Eb)

+
∑

k

Γka

∫ Emax

Emin

dEk
dnka (E ,Ek)

dE
Φk (Ek ,X )

dk (Ek)

Slant depth
[
g cm−2]:

X (~r0,~r) ≡
∫ r0

r
dr ′ ρ

(
h′
)
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Cascade equations

Decay length, assuming isothermal atmosphere:

1
da (E )

≈ εa
EX cos θ∗

, with εa ≡
mach0

τ
(0)
a

Particle Quark content mc2 (MeV) cτ (0) (cm) ε (GeV)

π ud 139.6 780.5 115
K us 493.7 371.2 851
D cd 1.870× 103 3.118× 10−2 3.84× 107
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Generalization

Sibyll2.3 & CRMC for computing the production distr.’s

Z (ij)
Ns (E ) ≈

∫ 1

0

dx
x

λN (E )

λN
(E

x

)
[
ϕ
(ij)
N

(E
x

)

ϕ
(ij)
N (E )

]
dnNs

dx

(
E
x
, x
)

ZNs (E ) =

∑
ij ϕ

(ij)
N (E ) Z (ij)

Ns (E )

ϕN (E )
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Thunman, Ingelman & Gondolo, Astropart.Phys. 5 (1996) 309-332 14



Conventional muonic leptons

From 2-body decay kinematics (π and K decays):

dnsl

dEs
≈ 1

1− rs
1
Es
, rs ≡

m2
l

m2
s

Thus,

Φ
(ij)
sl (E , cos θ∗) =

∫ 0

+∞
dX
∫ Emax

Emin

dEs
1

1− rs
1
Es

Γslεs
EsX cos θ∗

Φ
(ij)
s (Es ,X )

Φ
HE(ij)
sl (E , cos θ∗) ≈

[
Λs

Λs − ΛN

]
log
(

Λs

ΛN

)
Γsεs
cos θ∗

ϕ
(ij)
N (E )

[
Z (ij)

Ns (E )

1− Z (ij)
NN (E )

]
ZHE(ij)

sl (E )

E

“primary” scattering decay
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Conventional muonic leptons

Representations of solutions in terms of
upper incomplete Γ’s : series & continued fraction
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Part II
Uncertainties
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Hadronic uncertainties

The conventional muonic lepton fluxes are functions of

Z =
(
Z (11)

NN ,Z (11)
Nπ ,Z

(11)
NK ,Z

(12)
NN ,Z (12)

Nπ ,Z
(12)
NK , . . .

)
.

We assume constant Zππ = 0.271 and ZKK = 0.223.

Assume that each hadronic model is a statistical sample

Sample Mean: Z (ij)
Nk =

1
M

M∑

α=1

Z (ijα)
Nk , Z =

1
M

M∑

α=1

Z (α)

Sample covariance elements:

[
s(i1i2j1j2)pk

]2
≡ 1

M − 1

M∑

α=1

[
Z (i1j1α)

Np − Z (i1j1)
Np

] [
Z (i2j2α)

Nk − Z (i2j2)
Nk

]
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Hadronic uncertainties

ZNπ

ZNK
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Hadronic uncertainties

s2
pk ≡

1
M − 1
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Hadronic uncertainties

Error propagation fully decomposed:

σ2 =
∑

i1,i2

∑

j1,j2

∑

p,k

[
s(i1i2j1j2)pk

]2
q(i1j1)
p q(i2j2)

k , q(ij)
k ≡ ∂Φ

(ij)
l

∂Z (ij)
k

(
Z
)
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Hadronic uncertainties

Relative errors
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Hadronic & Primary uncertainties

We do not have a clear way to vary the parameters
(amplitudes, spectral indices, composition, rigidity cutoffs )

We choose to use H3a, GST-3, and GST-4 to set limits:

Φ1σ↓ = min
[
Φ1σ↓

H3a, Φ1σ↓
GST3, Φ1σ↓

GST4

]
, max for 1σ ↑

〈Φ〉 =
1
3
[
ΦH3a

(
Z
)

+ ΦGST3
(
Z
)

+ ΦGST4
(
Z
)]
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Hadronic & Primary uncertainties
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Conclusion

Generalized conventional muonic lepton fluxes
Use generalized conv fluxes to derive error propagation
Hadronic & Primary uncertainties
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