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Soft theorems

Universal properties of low energy particle emissions, Weinberg’s soft
photon/graviton theorem [Weinberg, 1965]

A powerful constraint to help to derive

electric charge conservation

universality of gravitational coupling [Weinberg, 1965; Weinberg’s QFT Vol1]

no particles with helicities larger than 2 whose couplings cannot survive
in the low energy limit

an evidence for Bondi-van der Burg-Matzner-Sachs (BMS) group,
symmetries of asymptotic spacetime [Cachazo & Strominger,14’]

Hui LUO (Uni. Hamburg) Recursion relations from soft theorems February 24, 2016 3 / 16



Soft theorems

Graviton Amplitudes obeying a soft identity [Cachazo & Strominger,14’]

Mn+1 = (S (0) + S (1) + S (2))Mn +O(q2)

Amplitudes in effective field theories (EFT) related to the symmetry
breaking usually have nice properties in the soft limits pi → 0

Amplitudes of Goldstone bosons of a spontaneous global symmetry
breaking vanish in the single soft limits (“Adler zero”):
An ∼ pσ, p → 0 e.g., NLSM, σ = 1 [Weinberg, QFT Vol. 2]

Alder zero valid for Goldstinos from spontaneous SUSY breaking
e.g., Akulov-Volkov (A-V) theory [Chen, Huang & Wen, 14’]

Soft theorems for broken conformal invariance

An

∣∣
p1→τp1

→
(
τ−1S

(−1)
M,1 + S

(0)
M,1 + τS

(1)
M,1 + S

(0)
1 + τS

(1)
1

)
An−1,1(p2, . . . , p̄n)+O(τ 2)

[Boels & Wormsbecher, 15’; Di Vecchia et al., 15’]
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Why scattering amplitudes?

Gauge invariant on-shell scattering amplitudes as input for computing
the (differential) cross-section

Number of Feynman diagrams increases exponentially as number of
particles in scattering increases

n = 4 5 6 7 8 9 10

4 25 220 2485 34300 559,405 10,525,900

However, the on-shell scattering amplitudes can be written compactly
and simply, e.g. MHV pure-gluon amplitudes, [Parke & Taylor, 80’]

An[1+, . . . , i−, . . . , j−, . . . , n+] =
〈ij〉4

〈12〉〈23〉 · · · 〈n1〉
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Feynman Diagrams (starting from Lagrangian) depend on

gauge choice

field redefinitions

Work only with on-shell invariant inputs, avoiding complications in
Feynman diagrams

On-shell method:

On-shell recursion relations (BCFW) [Britto, Cachazo, Feng & Witten, 05’]

“Sewing” MHV amplitudes (CSW) [Cachazo, Svrcek & Witten, 04’]

. . .

Review the main idea of BCFW recursion relations
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On-shell Recursion Relations at classical level

Idea: Build up n-point amplitudes from lower-point amplitudes
[See reviews: Feng & Luo, 11’; Elvang & Huang, 13’ ]

Scattering amplitudes: determined by poles through complex
deformation of external momenta

pi (z) = pi + zq, pj(z) = pj − zq; q2 = q · pi = q · pj = 0

1

(P ′ + pi (z))2
=

1

(P ′ + pi )2 + z(2q · (P ′ + pi ))

Construct a contour integral and apply Cauchy’s theorem

I =

∮
dz

z
A(z), I = A(z = 0) +

∑
zα

Res

(
A(z)

z

)
zα
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Boundary Contributions to On-shell Recursion Relations

The on-shell recursion relations is constructible or not depending on
the boundary contribution at z =∞, i.e., if A(z)→ 0 while z →∞

A(0) = −
∑
zα

∑
h=±

AL(pi (zα), ph(zα))
1

P2
α

AR(−ph(zα), pj(zα)).

[Arkani-Hamed et al.,10’ ]

In EFTs, high-order contact operators result in non-zero boundary
terms at z =∞; Additional information are required besides pole
structures: Soft Theorems!
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Amplitudes of pure-Goldstones with vanishing soft limits

All-line “soft-BCFW” shifts: p̂i = (1− aiz)pi ,
∑n

i=1 aipi = 0

It has non-trivial solutions of ai when n > d + 1 [Cheung et al.,15’]

When z approaches 1/ai , p̂i → 0

Construct contour integral of the complex parameter z

I =

∮
dz

z

An(z)

F
(σ)
n (z)

, F (σ)
n (z) =

n∏
i=1

(1− aiz)σ

F
(σ)
n (z) improves the large-z behavior: no boundary contribution at

z =∞ if σ large enough;

F
(σ)
n (z) might introduce additional singularities (poles or branch cut)

Such construction can be useful only if we know the residues of the

additional poles introduced by F
(σ)
n (z) for a positive integer σ
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A special and simple case: additional poles have vanishing residues,
A(z = 1/ai ) = 0 (vanishing soft limits);

Soft limits An(τpi ) ∼ τσ, τ → 0 or An(z) ∼ (1− aiz)σ, z → 1/ai
large-z behavior An(z) ∼ zm, z →∞
m − nσ < 0 to ensure vanishing residue at z =∞

From Cauchy’s theorem, recursion relations are

An = An(0) =
∑
I

1

P2
I

AL(z−I )AR(z−I )

(1− z−I /z
+
I )F

(σ)
n (z−I )

+ (z−I ↔ z+I )

summing over all simple poles from factorization diagrams of An(z)

1/P2
I : the internal propagator with PI =

∑
i∈I pi

z±I : solutions to the condition 0 =
(
PI − z

∑
i∈I aipi

)2
Construct amplitudes in EFTs, e.g., NLSM, scalar-DBI and the
Galileon theory; as A-V theory from SUSY breaking
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Amplitudes with non-vanishing soft limits

Amplitudes have non-vanishing and universal soft behavior

An(τpn)
∣∣
τ→0

=

q2∑
k=q1

τ k
(
S(k)
n An−1

)
+O(τ q2+1)

Perform the same “soft-BCFW” shifts and contour integral as before

p̂i = pi (1− aiz), An(0) =

∮
|z|=0

dz

z

An(z)

F
(σ)
n (z)

, σ = q2 + 1

all the residues from F
(σ)
n (z) can be extracted from soft theorem

Recursion relations are constructed as [Luo & Wen, 15’]

An(0) =
∑
I

′ 1

P2
I

AL(z−I )AR(z−I )

(1− z−I /z
+
I )F

(q2+1)
n (z−I )

+ (z−I ↔ z+I )−
n∑

i=1

q2∑
k=q1

R
(k)
i

If An(z) ∼ zm at z →∞, m < n(q2 + 1) to ensure the recursion relations
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Amplitudes with non-vanishing soft limits

Recall the recursion relations

An(0) =
∑
I

′ 1

P2
I

AL(z−I )AR(z−I )

(1− z−I /z
+
I )F

(q2+1)
n (z−I )

+ (z−I ↔ z+I )−
n∑

i=1

q2∑
k=q1

R
(k)
i

∑
I

′
excludes factorizations containing 3-pt amplitudes,

which are included in the soft theorem contributions R
(k)
i

The additional term

R
(k)
i =

1

2πi

∮
z= 1

ai

dz

(
S(k)
i An−1,i

)
(z)

z(1− aiz)q2+1−kF
(q2+1)
n−1,i (z)

, F
(q2+1)
n−1,i (z) =

F
(q2+1)
n (z)

(z − ai )(q2+1)

Example: amplitudes from dilaton effective action used to prove

a-theorem can be constructed with σ = q2 + 1 = 2 and explicitly S
(0)
i

and S
(1)
i known in the soft theorem

[Komargodski & Schwimmer, 11’; Huang & Wen, 15’; Di Vecchia et al., 15’ ]
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Amplitudes with non-Goldstone bosons

A more general case: Goldstone particles + other particles;
Soft theorems still valid by taking a single Goldstone particle soft

Soft-BCFW shifts only on (soft) Goldstone particles: p̂i = (1− aiz)pi ;
Usual BCFW shifts on other particles: p̂j = pj + zq, p̂k = pk − zq

Example: two-scalar model

L =
1

2
∂µξ∂

µξ +
1

2
∂µφ∂

µφ− 1

2
λ

4
d−2 φ2(ξ + v)

4
d−2

with soft theorem

An

∣∣
p1→τp1

→
(
τ−1S(−1)

M,1 + S(0)
M,1 + τS(1)

M,1 + S(0)
1 + τS(1)

1

)
An−1,1(p2, . . . , p̄n)+O(τ 2)

[Boels & Wormsbecher, 15’; Di Vecchia et al., 15’]

Perform shifts p1̂ = (1− z)p1 , p2̂ = p2 + zq2 , p3̂ = p3 + zq3 with
q22 = q23 = 0 , q2 · p2 = q3 · p3 = 0 , q2 + q3 = k1

Contour integral An(0) =
∮
|z|=0

dz [An(z)/(z(1− z))], F (1)
1 (z) = (1− z);

Amplitudes from recursion relations have been checked up to 5-pt
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Thank you!
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