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Overview

3 kinds of simulations, from small to large scales:

• Grid-based Schrödinger-Poisson simulations: mergers of 
solitonic halo cores  (arXiv:1606.05151)

• Particle-mesh Madelung-Poisson simulations: 
cosmological simulations with and without „quantum 
pressure“ (arXiv:160x.xxxxx)

• Stochastic merger trees and semi-analytic models for 
subhalo evolution: subhalo and core mass function  
(arXiv:160x.xxxxx)
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• Conceptual overlap of „scalar field DM“, „BEC DM“ (Gross-Pitaevskii equ.), 
„ultralight axion DM“, and „fuzzy DM“ (Hu et al. 2000), albeit with different 
particle physics and/or cosmological motivations

• Production by misalignment (non-thermal) → cold condensate

• Small mass → large occupation numbers → classical field equations

•  H ≪ m , k → Newtonian dynamics

• Change background expansion and growth of structure → constraints from:
– CMB, LSS (Hlozek et al. 2015)
– reionization, high-z UV luminosity function (Bozek et al. 2015, Schive et al. 2016)
– halo density profiles and substructure (Marsh & Silk 2013, Schive et al. 2014, 

Marsh & Pop 2015, Calabrese & Spergel 2016)

Ultralight Axion Dark Matter

the black hole into a gravity wave pulsar with possibly
detectable signal at future gravity wave experiments. For
lighter black holes (heavier axion masses) this effect leads
to a spindown of the black hole, resulting in gaps in the
mass spectrum of rapidly rotating black holes. With the
quality of data constantly improving, measurements of
the spin of stellar mass (! 2–10M") black holes will be
able to probe also the QCD axion parameter space with
fa > 1016 GeV, well inside the region where the QCD
axion relic abundance is anthropically constrained. These
effects are discussed in Secs. II D and II E, and in the
appendix.

For axions in the range !10#9 to !108 eV, and assum-

ing the axions have couplings to ~E $ ~B, decays to photons
can potentially lead to signatures. A companion paper will
discuss such decays, as well as the physics induced by
warping the axion decay constant to scales lower than
MGUT, and the many dark sectors implied by Wilsonian
scanning and/or highly warped throats.

B. Rotation of the CMB polarization

Axions much lighter than the QCD axion, when they

have an ~E $ ~B coupling to electromagnetism (EM), change
the polarization of the CMB photons if they start oscillat-
ing anytime between recombination and today. These ax-
ions cannot couple to QCD, as 4d gauge coupling
unification implies, otherwise they would get large contri-
butions to their masses. A coupling to QCD, however, can
be easily avoided in the framework of orbifold GUTs [37–
40]. An example of such a theory is a scenario with one
extra dimension where SUð5Þ is preserved in the bulk and
the breaking down to SUð3Þc ' SUð2ÞL 'Uð1ÞY occurs on
the boundary of the extra dimension. The SM gauge cou-
plings are given by

1

g2c
¼ V

g25
þ 1

h2c
; with c ¼ 1; 2; 3 (17)

where V is the extra-dimensional volume, g5 is the 5d
SUð5Þ coupling and hc are the gauge couplings of the
SUð3Þ ' SUð2Þ 'Uð1Þ brane kinetic terms that are al-
lowed by the brane–localized breaking of SUð5Þ. When
the volume of the extra dimensions is parametrically large
(equivalently when the effective 4d coupling of the SUð5Þ
is much smaller than the brane-localized gauge couplings),
there is apparent SUð5Þ unification for the SM gauge
couplings,

1

g2c
* V

g25
; with c ¼ 1; 2; 3; (18)

with corrections that are parametrically of the same size as
traditional GUT-scale threshold corrections. In these sce-
narios, since gauge coupling unification is not true every-
where in the extra dimensions, axions that have brane-
localized couplings, naturally couple to SUð2ÞL or Uð1ÞY
without coupling to QCD.
Only a few ‘‘local’’ axions are able to couple to electro-

magnetism with full strength in this way. Most axions
resulting from antisymmetric forms are localized on cycles
far away from the position of the SM in the full compacti-
fication. On the other hand, axions from cycles intersecting
with ours have a kinetic mixing with our axion and could
be more weakly coupled to SUð2ÞL or Uð1ÞY . Specifically,
defining

!ij ¼
Z
M
!i ^+ !j; (19)

where !i is the basis of the closed two-forms dual to the
cycles Ci as in (4), the kinetic terms of the four-
dimensional axion fields are of the form

FIG. 1 (color online). Map of the axiverse: The signatures of axions as a function of their mass, assuming fa * MGUT and Hinf !
108 eV. We also show the regions for which the axion initial angles are anthropically constrained not to over-close the Universe, and
axions diluted away by inflation. For the same value of fa we give the QCD axion mass. The beginning of the anthropic mass region
(2' 10#20 eV) as well as that of the region probed by density perturbations (4' 10#28 eV) are blurred as they depend on the details
of the axion cosmological evolution (see Sec. II C). 3' 10#18 eV is the ultimate reach of density perturbation measurements with
21 cm line observations. The lower reach from black hole super-radiance is also blurred as it depends on the details of the axion
instability evolution (see Sec. II E). The region marked as ‘‘Decays,’’ outlines very roughly the mass range within which we expect
bounds or signatures from axions decaying to photons, if they couple to ~E $ ~B. We will discuss axion decays in detail in a companion
paper.

ASIMINA ARVANITAKI et al. PHYSICAL REVIEW D 81, 123530 (2010)

123530-6

Arvanitaki et al. 2010

} nonlinear



St
ru

ct
ur

e 
fo

rm
at

io
n 

w
ith

 u
ltr

a-
lig

ht
 a

xi
on

s
ULAs and small-scale structure

• „Quantum pressure“ prevents gravitational collapse of structures ~ 
below de Broglie wavelength (e.g., Hu et al. 2000):

• This introduces a „Jeans length“                       :

• This mass range may solve some of the small-scale problems 
(missing satellites, cusp-core, too-big-to-fail) (Marsh & Silk 2013) but 
is already under pressure from high-z UV sources (Bozek et al. 2014).

of a particle in the potential well. To see this, note that
the velocity scales as v ∼ (Gρ)1/2r so that the de Broglie
wavelength λ ∼ (mv)−1 ∼ m−1(Gρ)−1/2r−1. Setting
rJ = λ = r, returns the Jeans scale. Stability below the
Jeans scale is thus guaranteed by the uncertainty prin-
ciple: an increase in momentum opposes any attempt to
confine the particle further.

The physical scale depends weakly on the density, but
in a dark matter halo ρ will be much larger than the
background density ρb. Consider the density profile of a
halo of mass M [≡ (4πr3

v/3)200ρb, in terms of the virial
radius rv] found in CDM simulations [11]

ρ(r, M) ∼
200

3

fρb

(cr/rv)(1 + cr/rv)2
, (5)

where f(c) = c3/[ln(1 + c) − c/(1 + c)] and the concen-
tration parameter c depends weakly on mass. This profile
implies an r−1 cusp for r < rv/c which will be altered
by the presence of the Jeans scale. Solving for the Jeans
scale in the halo rJh as a function of its mass using the
enclosed mean density yields

rJh ∼ 3.4(c10/f10)
1/3m−2/3

22 M−1/9
10 (Ωmh2)−2/9kpc , (6)

where we have scaled the mass dependent factors to the
regime of interest c10 = c/10, f10 = f(c)/f(10), and
M10 = M/1010M⊙. For estimation purposes, we have
assumed rJh ≪ rv/c which is technically violated for
M10

<
∼ 1 and m = 10−22 eV, but with only a mild ef-

fect. In the smallest halos, the Jeans scale is above the
turnover radius rv/c, and there is no region where the
density scales as r−1. The maximum circular velocity
will then be lower than that implied by eqn. (5). More
massive halos will have their cuspy r−1 behavior extend
from r = rv/c down to rJh.

These simple scalings show that the wave nature of
dark matter can prevent the formation of the kpc scale
cusps and substructure in dark matter halos if m ∼
10−22eV. However, alone they do not determine what
does form instead. To answer this question, cosmologi-
cal simulations will be required and this lies beyond the
scope of the present work. Instead we provide here the
tools necessary to perform such a study, a discussion of
possible astrophysical implications and illustrative one
dimensional simulations comparing FCDM and CDM.

Linear Perturbations.— The evolution of fluctuations in
the linear regime provides the initial conditions for cos-
mological simulations and also directly affects the abun-
dance of dark matter halos. Because the initial conditions
are set while the fluctuations are outside the horizon, we
must generalize the Newtonian treatment above to in-
clude relativistic effects.

Following the “generalized dark matter” (GDM) ap-
proach of [12], we remap the equations of motion for the
the scalar field in equation (1) onto the continuity and

Euler equations of a relativistic imperfect fluid. First,
note that in the Newtonian approximation, the current
density j ∝ ψ∗∇ψ − ψ∇ψ∗ plays the role of momentum
density so that “probability conservation” becomes the
continuity equation. The dynamical aspect of equation
(2) then becomes the Euler equation for a fluid with an
effective sound speed c2

eff = k2/4a2m2, where k is the
comoving wavenumber.

This Newtonian relation breaks down below the Comp-
ton scale which for any mode will occur when a < k/2m.
In this regime, the scalar field is slowly-rolling in its po-
tential rather than oscillating and it behaves like a fluid
with an effective sound speed c2

eff = 1 [12]. For our pur-
poses, it suffices to simply join these asymptotic solutions
and treat the FCDM as GDM with

c2
eff =

{

1 , a ≤ k/2m ,
k2/4a2m2 , a > k/2m ,

(7)

with no anisotropic stresses in linear theory. We have
verified that the details of this matching have a negligi-
ble effect on the results. Since the underlying treatment
is relativistic, this prescription yields a consistent, covari-
ant treatment of the dark matter inside and outside the
horizon. The linear theory equations including radiation
and baryons are then solved in the usual way but with
initial curvature perturbations in the radiation and no
perturbations in the FCDM [13].

The qualitative features of the solutions are easily un-
derstood. The comoving Jeans wavenumber scales with

the expansion as kJ ∝ aρ1/4
b (a) or ∝ a1/4 during matter

domination and constant during radiation domination.
Because the comoving Jeans scale is nearly constant, per-
turbation growth above this scale generates a sharp break
in the spectrum. More precisely, the critical scale is kJ

at matter-radiation equality kJeq = 9 m1/2
22 Mpc−1 . Nu-

merically, we find that the linear density power spectrum
of FCDM is suppressed relative to the CDM case by

PFCDM(k) = T 2
F(k)PCDM(k) , TF(k) ≈

cosx3

1 + x8
, (8)

where x = 1.61 m1/18
22 k/kJeq. The power drops by a fac-

tor of 2 at

k1/2 ≈
1

2
kJeqm

−1/18
22 = 4.5m4/9

22 Mpc−1 . (9)

The break in k is much sharper than those expected from
inflation [2] or quartic self-interaction of a scalar field. In
the latter, the Jeans scale is fixed in physical coordinates
so that the suppression is spread over 3-4 orders of mag-
nitude in scale [4].

Low Mass Halos.— In the CDM model, the abundance
of low mass halos is too high when compared with the
luminosity function of dwarf galaxies in the Local Group
[14,15]. Based on analytic scalings, Kamionkowski & Lid-
dle [2] argued that a sharp cutoff in the initial power
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Cold dark matter (CDM) models predict small-scale structure in excess of observations of the cores
and abundance of dwarf galaxies. These problems might be solved, and the virtues of CDM models
retained, even without postulating ad hoc dark matter particle or field interactions, if the dark
matter is composed of ultra-light scalar particles (m ∼ 10−22eV), initially in a (cold) Bose-Einstein
condensate, similar to axion dark matter models. The wave properties of the dark matter stabilize
gravitational collapse providing halo cores and sharply suppressing small-scale linear power.

Introduction.— Recently, the small-scale shortcomings of
the otherwise widely successful cold dark matter (CDM)
models for structure formation have received much at-
tention (see [1–4] and references therein). CDM models
predict cuspy dark matter halo profiles and an abundance
of low mass halos not seen in the rotation curves and lo-
cal population of dwarf galaxies respectively. Though the
significance of the discrepancies is still disputed and so-
lutions involving astrophysical processes in the baryonic
gas may still be possible (e.g. [5]), recent attention has
mostly focused on solutions involving the dark matter
sector.

In the simplest modification, warm dark matter (m ∼
keV) replaces CDM and suppresses small-scale struc-
ture by free-streaming out of potential wells [3], but this
modification may adversely affect structure at somewhat
larger scales. Small-scale power could be suppressed
more cleanly in the initial fluctuations, perhaps originat-
ing from a kink in the inflaton potential [2], but its regen-
eration through non-linear gravitational collapse would
likely still produce halo cusps [6].

More radical suggestions include strong self-
interactions either between dark matter particles [1] or
in the potential of axion-like scalar field dark matter [4].
While interesting, these solutions require self-interactions
wildly in excess of those expected for weakly interacting
massive particles or axions respectively.

In this Letter, we propose a solution involving free par-
ticles only. The catch is that the particles must be ex-
traordinarily light (m ∼ 10−22eV) so that their wave
nature is manifest on astrophysical scales. Under this
proposal, dark matter halos are stable on small scales for
the same reason that the hydrogen atom is stable: the
uncertainty principle in wave mechanics. We call this
dark matter candidate fuzzy cold dark matter (FCDM).

Equations of Motion.— It is well known that if the dark
matter is composed of ultra-light scalar particles m ≪
1eV, the occupation numbers in galactic halos are so high
that the dark matter behaves as a classical field obeying
the wave equation

✷φ = m2φ , (1)

where we have set h̄ = c = 1. On scales much larger than

the Compton wavelength m−1 but much smaller than
the particle horizon, one can employ a Newtonian ap-
proximation to the gravitational interaction embedded in
the covariant derivatives of the field equation and a non-
relativistic approximation to the dispersion relation. It is
then convenient to define the wavefunction ψ ≡ Aeiα, out
of the amplitude and phase of the field φ = A cos(mt−α),
which obeys

i(∂t +
3

2

ȧ

a
)ψ = (−

1

2m
∇2 + mΨ)ψ , (2)

where Ψ is the Newtonian gravitational potential. For
the unperturbed background, the right hand side van-
ishes and the energy density in the field, ρ = m2|ψ|2/2,
redshifts like matter ρ ∝ a−3.

On time scales short compared with the expansion
time, the evolution equations become

i∂tψ = (−
1

2m
∇2 + mΨ)ψ , ∇2Ψ = 4πGδρ . (3)

Assuming the dark matter also dominates the energy
density, we have δρ = m2δ|ψ|2/2. This is simply the non-
linear Schrödinger equation for a self-gravitating particle
in a potential well. In the particle description, ψ is pro-
portional to the wavefunction of each particle in the con-
densate.

Jeans / de Broglie Scale.— The usual Jeans analysis tells
us that when gravity dominates there exists a growing
mode eγt where γ2 = 4πGρ; however a free field oscillates
as e−iEt or γ2 = −(k2/2m)2. In fact, γ2 = 4πGρ −
(k2/2m)2 and therefore there is a Jeans scale

rJ = 2π/kJ = π3/4(Gρ)−1/4m−1/2 ,

= 55m−1/2
22 (ρ/ρb)

−1/4(Ωmh2)−1/4kpc , (4)

below which perturbations are stable and above which
they behave as ordinary CDM. Here m22 = m/10−22eV
and ρb = 2.8 × 1011Ωmh2M⊙ Mpc−3 is the background
density. The Jeans scale is the geometric mean between
the dynamical scale and the Compton scale (c.f. [7–9]) as
originally shown in a more convoluted manner by [10].

The existence of the Jeans scale has a natural interpre-
tation: it is the de Broglie wavelength of the ground state
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Cold dark matter (CDM) models predict small-scale structure in excess of observations of the cores
and abundance of dwarf galaxies. These problems might be solved, and the virtues of CDM models
retained, even without postulating ad hoc dark matter particle or field interactions, if the dark
matter is composed of ultra-light scalar particles (m ∼ 10−22eV), initially in a (cold) Bose-Einstein
condensate, similar to axion dark matter models. The wave properties of the dark matter stabilize
gravitational collapse providing halo cores and sharply suppressing small-scale linear power.

Introduction.— Recently, the small-scale shortcomings of
the otherwise widely successful cold dark matter (CDM)
models for structure formation have received much at-
tention (see [1–4] and references therein). CDM models
predict cuspy dark matter halo profiles and an abundance
of low mass halos not seen in the rotation curves and lo-
cal population of dwarf galaxies respectively. Though the
significance of the discrepancies is still disputed and so-
lutions involving astrophysical processes in the baryonic
gas may still be possible (e.g. [5]), recent attention has
mostly focused on solutions involving the dark matter
sector.

In the simplest modification, warm dark matter (m ∼
keV) replaces CDM and suppresses small-scale struc-
ture by free-streaming out of potential wells [3], but this
modification may adversely affect structure at somewhat
larger scales. Small-scale power could be suppressed
more cleanly in the initial fluctuations, perhaps originat-
ing from a kink in the inflaton potential [2], but its regen-
eration through non-linear gravitational collapse would
likely still produce halo cusps [6].

More radical suggestions include strong self-
interactions either between dark matter particles [1] or
in the potential of axion-like scalar field dark matter [4].
While interesting, these solutions require self-interactions
wildly in excess of those expected for weakly interacting
massive particles or axions respectively.

In this Letter, we propose a solution involving free par-
ticles only. The catch is that the particles must be ex-
traordinarily light (m ∼ 10−22eV) so that their wave
nature is manifest on astrophysical scales. Under this
proposal, dark matter halos are stable on small scales for
the same reason that the hydrogen atom is stable: the
uncertainty principle in wave mechanics. We call this
dark matter candidate fuzzy cold dark matter (FCDM).

Equations of Motion.— It is well known that if the dark
matter is composed of ultra-light scalar particles m ≪
1eV, the occupation numbers in galactic halos are so high
that the dark matter behaves as a classical field obeying
the wave equation

✷φ = m2φ , (1)

where we have set h̄ = c = 1. On scales much larger than

the Compton wavelength m−1 but much smaller than
the particle horizon, one can employ a Newtonian ap-
proximation to the gravitational interaction embedded in
the covariant derivatives of the field equation and a non-
relativistic approximation to the dispersion relation. It is
then convenient to define the wavefunction ψ ≡ Aeiα, out
of the amplitude and phase of the field φ = A cos(mt−α),
which obeys

i(∂t +
3

2

ȧ

a
)ψ = (−

1

2m
∇2 + mΨ)ψ , (2)

where Ψ is the Newtonian gravitational potential. For
the unperturbed background, the right hand side van-
ishes and the energy density in the field, ρ = m2|ψ|2/2,
redshifts like matter ρ ∝ a−3.

On time scales short compared with the expansion
time, the evolution equations become

i∂tψ = (−
1

2m
∇2 + mΨ)ψ , ∇2Ψ = 4πGδρ . (3)

Assuming the dark matter also dominates the energy
density, we have δρ = m2δ|ψ|2/2. This is simply the non-
linear Schrödinger equation for a self-gravitating particle
in a potential well. In the particle description, ψ is pro-
portional to the wavefunction of each particle in the con-
densate.

Jeans / de Broglie Scale.— The usual Jeans analysis tells
us that when gravity dominates there exists a growing
mode eγt where γ2 = 4πGρ; however a free field oscillates
as e−iEt or γ2 = −(k2/2m)2. In fact, γ2 = 4πGρ −
(k2/2m)2 and therefore there is a Jeans scale

rJ = 2π/kJ = π3/4(Gρ)−1/4m−1/2 ,

= 55m−1/2
22 (ρ/ρb)

−1/4(Ωmh2)−1/4kpc , (4)

below which perturbations are stable and above which
they behave as ordinary CDM. Here m22 = m/10−22eV
and ρb = 2.8 × 1011Ωmh2M⊙ Mpc−3 is the background
density. The Jeans scale is the geometric mean between
the dynamical scale and the Compton scale (c.f. [7–9]) as
originally shown in a more convoluted manner by [10].

The existence of the Jeans scale has a natural interpre-
tation: it is the de Broglie wavelength of the ground state
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Cosmological simulations with 

ULA dark matter
• In the Newtonian limit, ULAs obey the Schrödinger-Poisson (SP) equations:

(SP equations also proposed for numerical solution of coarse-grained Vlasov equation for CDM 
by Widrow & Kaiser 1993)

• First (2 Mpc)3 simulation resolving solitonic halo cores by Schive et al. 2014:
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Siddhartha & Uréna-López 2003) or even one-dimensional (Hu
et al. 2000) to study this problem. These simplifications may
not capture what actually results in a three-dimensional system
with realistic initial conditions. In particular, the existence of a
flattened core has been derived or inferred from these previous
works of one-dimensional system or with spherical symmetry.
In this paper, we report high-resolution fully three-dimensional
simulations for this problem. Surprisingly, our simulations re-
veal that the singular cores of bound objects remain to exist even
when the core size is much smaller than the Jean’s length.

In Section 2, we provide an explanation for the possible
existence of the Bose–Einstein state for the extremely low
mass bosons under investigation here. We then discuss two
different representations of ELBDM and the evolution of linear
perturbations for the two representations. In Section 3, the
numerical scheme and initial condition are described. We
present the simulation results in Section 4. In Section 5, we
look into the physics of collapsed cores with detailed analyses
from different perspectives. Finally, the conclusion is given in
Section 6. In the Appendix, we present results of one- and two-
dimensional simulations and demonstrate that singular cores do
not occur in one- and two-dimensional cases.

2. THEORY

2.1. Bose–Einstein Condensate

A Bose–Einstein condensate (BEC) is a state of bosons cooled
to a temperature below the critical temperature. BEC happens
after a phase transition where a large fraction of particles
condense into the ground state, at which point quantum effects,
such as interference, become apparent on a macroscopic scale.
The critical temperature for a gas consisting of noninteracting
relativistic particles is given by (Burakovsky & Horwitz 1996)

Tc ∼
(nch

3m

)1/2
, (1)

where the Boltzmann’s constant and speed of light have been
set to unity. Given the extremely low particle mass assumed
here, Tc is derived from the relativistic Bose–Einstein particle–
antiparticle distribution with the chemical potential set to
particle mass m. Here, the “charge” density nch ≡ n+ − n−,
where n+ and n− are the number densities of particles and
antiparticles in excited states. On the other hand, we have
nch ∼ (m/T )n+, and it follows that Tc ∼

(
n+
3T

)1/2. Note that
n+ scales as a−3 and T as a−1, and it follows Tc scales as
a−1. It means that when T is below Tc at some time after a
phase transition, the temperature will remain subcritical in any
later epoch. As an estimate, if we assume 1% of ELBDM to
be in the excited states after its decoupling, the current critical
temperature becomes

Tc = 3 × 10−14
( m

eV

)−1/2
(

T

eV

)−1/2

eV. (2)

Substituting m ∼ 10−22 eV and T ∼ 10−4 eV, the same as
the present photon temperature, we find that the current critical
temperature Tc = 0.3 eV ≫ T . Hence ELBDM, if exists and
accounts for the dark matter, may very well be in the BEC
state ever since a phase transition in the early universe. Despite
ELBDM particles in the excited state are with a relativistic
temperature, almost all particles are in the ground state and
described by a single nonrelativistic wave function.

2.2. Basic Analysis

The Lagrangian of nonrelativistic scalar field in the comoving
frame is

L = a3

2

[
ih̄

(
ψ∗ ∂ψ

∂t
− ψ

∂ψ∗

∂t

)
+

h̄2

a2m
(∇ψ)2 − 2mV ψ2

]
,

(3)
and the equation of motion for this Lagrangian gives a modified
form of Schrödinger’s equation (Siddhartha & Uréna-López
2003):

ih̄
∂ψ

∂t
= − h̄2

2a2m
∇2ψ + mV ψ, (4)

where ψ ≡ φ(n0/a
3)−1/2 with φ being the ordinary wave

function, n0 the present background number density, and V is
the self-gravitational potential obeying the Poisson equation,

∇2V = 4πGa2δρ = 4πG

a
ρ0(|ψ |2 − 1). (5)

The only modification to the conventional Schrödinger–Poisson
equation is the appearance a−1 associated with the comoving
spatial gradient ∇, and the probability density |ψ |2 to be
normalized to the background proper density ρ/m. In the above,

ρ0 ≡ 3H 2
0

8πG
Ωm = mn0 (6)

is the background mass density of the universe.
To explore the nature of the ELBDM, we first adopt the

hydrodynamical description to investigate its linear evolution.
This approach is not only more intuitive than the wave function
description, its advantage will also become apparent later. Let
the wave function be

ψ =
√

n

n0
ei S

h̄ , (7)

where n = n̄a3, the comoving number density and n̄ is
the proper number density. The quadrature of Schrödinger’s
equation can be split into real and imaginary parts, which
become the equations of acceleration and density separately,

∂

∂t
v +

1
a2

v · ∇v +
∇V

m
− h̄2

2m2a2
∇

(∇2√n√
n

)
= 0 (8)

∂n

∂t
+

1
a2

∇ · (nv) = 0, (9)

where v ≡ ∇S/m is the fluid velocity. There is a new term
depending on the third-order spatial derivative of the wave
amplitude

√
n in the otherwise cold-fluid force equation. This

term results from the “quantum stress” that acts against gravity,
and it can be cast into a stress tensor in the energy and
momentum conservation equation (Chiueh 1998, 2000). The
quantum stress becomes effective only when the spatial gradient
of the structure is sufficiently large.

The fluid equations, Equations (5), (8), and (9), are linearized
and combined to yield

∂

∂t
a2 ∂

∂t
δn − 3H0

2Ωm

2a
δn +

h̄2

4m2a2
∇2∇2δn = 0. (10)

Upon spatially Fourier transforming δn, it follows

d

dt
a2 dnk

dt
−

(
3H0

2Ωm

2a

)
nk +

h̄2k4

4m2a2
nk = 0, (11)
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where v ≡ ∇S/m is the fluid velocity. There is a new term
depending on the third-order spatial derivative of the wave
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n in the otherwise cold-fluid force equation. This

term results from the “quantum stress” that acts against gravity,
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Nyx 

Almgren et al. 2013

• cosmology code developed at LBNL (Berkeley)
• C++ / fortran, MPI + OpenMP parallelized
• block-structured adaptive mesh refinement (AMR)
• unsplit PPM hydro scheme + particles + particle-mesh gravity
• star particles with feedback + multi-phase ISM model

additional physics:
• ULA dark matter (two alternative methods):

1. Schrödinger solver (implicit or explicit)
2. particle-mesh solver for Madelung equations:

2. Theorie

Als Randbemerkung sei darauf hingewiesen, dass man auch für komplexe Felder
im newtonschen Limit das Schrödinger-Poisson-System mit der Ersetzung

� = �e≠ imc2t
~

erhält sofern angenommen wird, dass nur Moden e≠ikµxµ mit k0 > 0 besetzt sind.

2.3. Madelung-Transformation

Die Madelung-Transformation ist eine äquivalente Formulierung der Schrödinger-
Gleichung. Hierzu nimmt man den Ansatz

� =
Û

fl(x, t)
m

exp(iS(x, t)/~) (2.14)

mit reellen Funktionen fl und S. Dies eingesetzt in die Schrödinger-Gleichung und
Division durch exp(iS/~) ergibt

i~ fl̇

2Ô
fl

≠ Ô
flṠ(x) = ≠ ~2

2m
Ò(ÒÔ

fl + i

~
Ô

flÒS) + mV
Ô

fl

= ≠ ~2

2m
(Ò2Ôfl + i

~
Òfl

fl
ÒS + i

~
Ô

flÒ2S ≠ 1
~2

Ô
fl(ÒS)2)

+ mV
Ô

fl (2.15)

Der Imaginärteilteil dieser Gleichung lässt sich mit der Substitution v = m≠1ÒS

schreiben als

fl̇ + Ò(flv) = 0 (2.16)

und der Realteil als

1
m

Ṡ + 1
2m2 (ÒS)2 = ≠(Q + V ) (2.17)

wobei Q = ≠ ~2

2m2
ÒÔ

flÔ
fl

. Der Gradient des Realteils ist dann

v̇ + (v · Ò)v = ≠Ò(Q + V ) (2.18)
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flṠ(x) = ≠ ~2

2m
Ò(ÒÔ

fl + i

~
Ô

flÒS) + mV
Ô

fl

= ≠ ~2

2m
(Ò2Ôfl + i

~
Òfl

fl
ÒS + i

~
Ô

flÒ2S ≠ 1
~2

Ô
fl(ÒS)2)

+ mV
Ô

fl (2.15)

Der Imaginärteilteil dieser Gleichung lässt sich mit der Substitution v = m≠1ÒS

schreiben als

fl̇ + Ò(flv) = 0 (2.16)

und der Realteil als

1
m
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Schrödinger-Poisson simulations 

of merging solitonic cores
(Schwabe,JN,Engels; arXiv:1606.05151)

• Motivation: cosmological simulations (Schive et al. 2014) find formation of 
solitonic halo cores, i.e. Newtonian oscillaton solutions a.k.a. boson 
stars.

• Potential observable consequences:
– dwarf galaxy cores (Marsh & Pop 2015, Calabrese & Spergel 2016)
– offset between dark and visible matter in Abell 3827 from DM cores in phase 

opposition (Paredes & Michinel 2015)
– halo substructure (e.g. from lensing power spectrum)
– first stars / SMBH seeds
– reionization

• Simulate core mergers to measure:
–mass loss from gravitational cooling
– dependence on mass ratio, angular momentum, total energy, relative phase
– density profile of final core + halo



St
ru

ct
ur

e 
fo

rm
at

io
n 

w
ith

 u
ltr

a-
lig

ht
 a

xi
on

s
Unbound core collisions

4

FIG. 1. Head-on collision of two cores with mass ratio µ = 2 and high relative velocity. Upper panels: density profiles at
di↵erent times for relative phases � = 0 (left) and � = ⇡ (right) along the symmetry axis. Numerical results are shown for the
initial and final state as well as for the time of maximal interference. For comparison, we plot the interference pattern predicted
from Equation 16 at the same time. Deviations can be attributed mostly to a small o↵set in the time of maximal interference.
Lower panels: mass and energy contributions. Total energy and mass are conserved, while kinetic energy associated to the
cores’ relative motion (Kv) is transferred into the interference pattern yielding large values of K⇢ during the interaction. The
equality of the lower panels shows the independence of the evolution with respect to the inital phase shift �.

to their relative velocity. The time t

int

of maximal inter-
ference is defined by x̂(t

int

) = 0. At that time,

| (t
int

, x)|2 =A

1

(|x|)2 +A

2

(|x|)2 (16)

+ 2A
1

(|x|)A
2

(|x|) cos(kx+ �)) .

We thus expect that the period of the interference pattern
is given by the de Broglie wave length

� =
2⇡

k

=
2⇡~
mv||

(17)

corresponding to the relative velocity. Here, � ' 12 kpc.
It is therefore well resolved by 12 cells.

The interference pattern predicted by Equation 16
matches the numerical results as seen in Figure 1. Dur-
ing the interaction, gravity slightly contracts the density

profiles. Neglecting this small e↵ect, we see that they re-
main in a superposition state of two solitonic cores even
during their interaction. As expected, the potential en-
ergy mildly increases during the collision, while mass and
total energy are conserved. During the collision, the ki-
netic energy from the cores’ relative motion is stored in
the interference pattern, strongly boosting the gradient
energy contribution K

⇢

. At later times, the energy is
transferred back to the cores’ motion. There is no signif-
icant decrease in velocity or deformation of the density
profiles due to the collision. The cores thus indeed behave
like solitons in this regime.

The evolution of a bound binary system with nega-
tive total energy is very di↵erent. In this case, the cores
rapidly merge and relax to a new solitonic core by grav-
itational cooling [33]. One interesting exception is the
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Bound binary mergers:

phase dependence 6

FIG. 4. Volume rendered images of two representative binary mergers in phase (top) and with opposite phase (bottom) showing
the central region of the computational domain at t = 0.7, t = 0.94, t = 2.0 and t = 7.0 in Mpc/km s.

later times, the evolution is qualitatively identical to the
case with � = 0 as can be seen by comparing the core
and halo mass evolution in Figure 3.

Volume rendered images of both runs are shown in
Figure 4. Especially in the upper panels, a noticeable
eccentricity of the newly formed core can be recognized.
These rotating ellipsoids are investigated in [16, 34–37].
Further analysis will be the subject of future work.

We tested the sensitivity of the repulsive interaction to
small deviations from exact phase opposition by consid-
ering a phase di↵erence � = 7/8⇡. In this case, only a
single bounce occurs before the cores merge. Similarly,
for a mass ratio µ = 2 and � = ⇡ the cores merge with-
out any observable repulsion. These results suggest that
in any realistic scenario absent finely tuned phase oppo-
sition and mass equality, repulsive behavior of colliding
solitonic cores can be ignored for all practical purposes.

We conducted a series of binary mergers spanning
the parameter space (µ,�, L

z

). For all runs, we set
v|| = 0 km/s, µ  2, and L

z

 7.2 ⇥ 104 M� Mpc km/s
so that the cores overlap when reaching the semi-minor
axis. Our main result is that the core mass evolution is
nearly independent of these parameters within the con-
sidered ranges. In all cases, the mass of the emerging core
is approximately 70% of the sum of the progenitors’ core
masses. The core and total mass evolution of eight repre-
sentative runs are shown in Figure 3. The ratio between
final core and total masses is approximately one fifth im-
plying that 80% of the remaining bound mass resides in
the solitonic core while the remainder has formed a dif-
fuse halo around it. Note that due to the restriction to
small angular momenta and mass ratios, the total energy

varies only very little for all runs. The energy dependent
final core masses M

c

(E) of the above runs are shown in
Figure 6 (run 1).
Assuming a constant fraction of final to initial core

masses of ⇠ 70% even for µ 6= 1 implies that the final
core is less massive than the more massive progenitor if
µ & 7/3. We therefore expect the change of M

c

of the
more massive core to saturate at roughly this mass ra-
tio. This is qualitatively confirmed by our simulations.
For µ & 2, the less massive core is completely disrupted
and forms a di↵use halo. Figure 5 shows the core mass
evolution for di↵erent mass ratios (left). Here, the initial
core mass corresponds to the more massive core. On the
right, the final radial density profiles can be seen. They
consist of a solitonic core well fitted by Equation 3 and a
shallow outer tail. Interestingly, the tails in all cases ap-
proximately follow a power law decline with a logarithmic
slope of roughly �3 as expected for the outer parts of a
Navarro-Frenk-White (NFW) halo profile. This behavior
is consistent with the results of [18] but finding NFW-like
halos already in the case of binary mergers suggests that
it may be more robust than previously expected.
The fitted core masses are mildly energy dependent as

can be seen in Figure 6 (run 2). They very broadly follow
a power law with

M

c

M

= 656

✓
|E|
M

3

◆
1/4

M

1/2

� km�1/2s1/2. (18)

In Figure 6, the final core mass M
c

is normalized to the
initial total mass M in order to obtain an invariant rela-
tion with respect to the scaling properties given in Equa-
tion 11. For a single solitonic core, M

c

/M ' 0.237 and

5

FIG. 2. Mass, energy and angular momentum evolution of two representative binary collisions with initial values µ = 1, v|| = 0
km/s, and Lz = 2.4 ⇥ 104 M� Mpc km/s (rescaled by 102). Cores with equal phase (� = 0) immediately merge (left). In
perfect phase opposition (� = ⇡), the two cores first mutually repel each other multiple times before merging (right). The
bounces are indicated by black arrows. The emerging cores are excited as seen by the oscillations of gradient and gravitational
energy, K⇢ and W . The loss of total mass, energy, and angular momentum results from matter absorption inside the sponge.

case of binary collisions with perfect phase opposition
� = ⇡ and equal masses µ = 1 during which the destruc-
tive interference gives rise to a repulsive e↵ect, causing
the cores to bounce o↵ each other [17].

For our study of bound binary collisions, we placed two
halos along the central axis in a 1024 kpc cubic box with
d = 256 kpc. As before, the cores are scaled such that the
central density of the heavier core obeys ⇢(0) = ⇢

cr

. We
need the larger box compared to the previous runs since
the two halos emit mass while merging. We require this
mass to be able to propagate su�ciently far away from
the merger before being absorbed inside the sponge.

In Figure 2, we show the mass, energy and angular mo-
mentum evolution of two representative runs with µ = 1,
v|| = 0 km/s and L

z

= 2.4⇥104 M� Mpc km/s. We again
emphasize that the system can be arbitrarily rescaled us-
ing Equation 6 without changing the results. On the
left, the two cores are in phase. They merge after ap-
proximately one free fall time, t

↵

' 0.94 Mpc/km s, and
form a new excited solitonic core within roughly one os-
cillation period. The core’s frequency f ' 8 km/Mpc/s,
implies that it consists of only 70% of the initial mass
[13] whereas approximately 30% of the initial total mass
was radiated o↵ by gravitational cooling. This estimate
is confirmed by the evolution of the total core mass
M

c

= M

c,1

+ M

c,2

and the total mass M shown in
Figure 3. Initially, M

c

' 1

4

M as expected, decreasing
roughly by 30% during the merger. After a while, the
ejected mass reaches the sponge and is absorbed. This
does not alter the results, since in all conducted runs, the
ejected mass is roughly an order of magnitude above the
escape velocity v

esc

=
p

2GM/r and will not fall back
onto the core.

In the case of solitonic cores with equal mass (µ = 1)

FIG. 3. Evolution of the core (solid lines) and total (dashed
lines) mass for binary mergers. The triplets identify the point
(µ,�, Lz) in parameter space. Angular momentum is given
in units of [Lz] = 104 M� Mpc km/s.

but opposite phase (� = ⇡), the destructive interference
gives rise to a repulsive interaction, causing the cores to
bounce o↵ each other several times before merging (cf.
right panel of Figure 2). This behaviour was also ob-
served in [17]. The arrows indicate the bounces which
result in a noticeable compression of the individual cores.
Radiation produced by each encouter results in a damp-
ing of the bounces and a decreasing amplitude of the
compression. Eventually, the symmetry is broken by the
accumulation of small numerical errors producing a slight
phase shift, causing the cores to merge in the end. At
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Bound binary mergers:

summary

• final core mass practically independent of:
– angular momentum
– phase (bounces only for exact phase opposition)

• weak dependence on:
– total energy
– mass ratio (no growth of more massive core for μ > 2)
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Mergers of multiple cores

(random phases and mass ratios)

8

FIG. 7. Density distribution of a multimerger simulation with 13 halos at di↵erent times.

FIG. 8. Final radial density profiles for all conducted multi-
merger runs. Solid lines represent fitted core profiles as de-
fined in Equation 3. The black line corresponds to r�3 as
expected for the outer parts of an NFW profile.

fitted with a solitonic core profile, Equation 3, while the
tails fall o↵ like r

�3 consistent with the outer profile of
an NFW halo. The final core masses are summarized in
Figure 6 (run 4). We cannot confirm theM

c

⇠ (E/M)1/2

scaling shown in [18] which may in part be a consequence
of the fact that, in contrast with their analysis, all results
in Figure 8 are normalized to the initial total mass M .
This eliminates any scaling with energy originating only
from the scale invariance of the SP system, making the
results more sensitive to the intrinsic energy dependence
of multimergers. We verified that this discrepancy is un-
related to the initial phase shifts of individual halos.

VI. CONCLUSIONS

We presented an investigation of merging solitonic
halo cores in full three-dimensional simulations of the
Schrödinger-Poisson (SP) equations without assuming
any symmetries. These cores have been predicted to
form in the center of ultra-light axion dark matter ha-
los. Their structure is identical to Newtonian oscillaton
solutions also known as boson stars.
Our results demonstrate a number of robust features

of binary core mergers. Qualitatively, bound systems
rapidly merge within roughly one oscillation period of the
emerging core after approaching to a distance at which
the characteristic core radii overlap. During this dynam-
ical phase, gravitational cooling is most e�cient and es-
sentially determines the loss of mass and angular momen-
tum of the merged core, while continuing to dampen its
excitations during the ensuing several oscillation periods.
One exception is the case of perfect phase opposition and
equal masses in which case the cores initially repel each
other, leading to a bouncing behavior until small accu-
mulated phase di↵erences again cause a rapid merger on
a dynamical time scale. Owing to the fine tuning re-
quired for this situation, we do not consider it relevant
in the context of cosmology.
The mass of the emerging core does not directly depend

on the binary angular momentum, initial distance, and
phase shift between the solitonic cores. It does depend
weakly on their mass ratio and total energy. The mass
of the more massive core can only be enhanced by binary
mergers with mass ratio µ < 7/3. Otherwise, the smaller
core is completely disrupted and forms an NFW-like halo
around the more massive one.
Neither for the binary mergers nor for the sample of

multiple core mergers we were able to reproduce the scal-
ing of core mass with total energy and mass, M

c

⇠
(E/M)1/2, reported in [18]. After normalizing our re-
sults to equal total mass using the scale invariance of
the SP equations in order to eliminate spurious scaling
behavior, we find no convincing evidence for a univer-
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Density profiles for binary 

and multiple mergers

• core follows solitonic boson star profile
• halo has logarithmic slope of -3 like outer part of 

NFW profile
• agrees with cosmological simulation (Schive et al. 2014)

binary mergers multiple mergers
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Dependence on total energy

• Mc ~ (|E|/M)
1/2

 found by Schive et al. 2014 not confirmed
• possible reason for spurious detection: residual scale invariance 

of SP equations (eliminated above by normalization to M)
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Particle-Mesh Simulations of the 

Madelung-Poisson Equations
(Veltmaat & JN)

• Madelung transformation of Schrödinger-Poisson equations:

• SPH-like implementation of Q with energy conserving formalism
• tested with binary / multiple core mergers
• core collisions / mergers:

– reproduces core-halo profile
– interference patterns unresolved
– superior velocity representation

2.5 Madelung-Transformation

die Schrödinger-Gleichung

i~�̇ = ≠ ~2

2m
Ò2� + V m� (2.21)

Diese bildet zusammen mit der Poisson-Gleichung 2.17

Ò2V = 4fiGm|�|2 (2.22)

das Schrödinger-Poisson-System.

2.5 Madelung-Transformation

Das Schrödinger-Poisson-System reicht zur Beschreibung der späten, nichtlinearen Struk-
turentstehung im Universum aus. Ein Ansatz für kosmologische Simulationen von SFDM
ist daher, wie in [16] geschehen, das Schrödinger-Poisson-System durch Diskretisierung,
das heißt Ersetzen der Ableitungen durch finite Di�erenzen etc., numerisch zu lösen. Der
in dieser Arbeit verwendete numerische Code orientiert sich hingegen an der Madelung-
Transformation. Die Madelung-Transformation ist eine äquivalente Formulierung der Schrö-
dinger-Gleichung. Man nimmt hierzu den Ansatz [10]

� =

Û
fl(x, t)

m
exp(iS(x, t)/~) (2.23)

mit reellen Funktionen fl und S. Dies eingesetzt in die Schrödinger-Gleichung und Division
durch exp(iS/~) ergibt

i~ fl̇

2Ô
fl

≠ Ô
flṠ(x) = ≠ ~2

2m
(Ò2Ô

fl + i

~
ÒflÔ

fl
ÒS + i

~
Ô

flÒ2S ≠ 1
~2

Ô
fl(ÒS)2)

+ mV
Ô

fl (2.24)

Der Imaginärteil dieser Gleichung lässt sich mit der Substitution v = m≠1ÒS schreiben
als

fl̇ + Ò(flv) = 0 (2.25)

und der Realteil als

1
m

Ṡ + 1
2m2 (ÒS)2 = ≠(Q + V ) (2.26)
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2 Theorie

wobei

Q = ≠ ~2

2m2
Ò2Ô

flÔ
fl

(2.27)

Der Gradient des Realteils ist dann

v̇ + (v · Ò)v = ≠Ò(Q + V ) (2.28)

wobei Òv

2 = 2(v · Ò)v gilt, da Ò ◊ v = 0. Die Gleichungen 2.25 und 2.28 haben die Form
der Kontinuitätsgleichung und der Euler-Gleichung aus der Fluiddynamik. Der Term Q

wird in der Literatur oft als Quantendruck bezeichnet, da er in der quantenmechanischen
Interpretation von � als Ein-Teilchen-Wahrscheinlichkeitsdichte als Manifestation des Un-
schärfeprinzips verstanden werden kann.

Gleichungen 2.25 und 2.28 stellen zusammen mit der Poisson-Gleichung ein geschlossenes
System von Di�erentialgleichungen dar. Dennoch ist es für die numerische Diskretisierung
und die Analyse von Simulationsergebnissen nützlich, die Ausdrücke für die Energie des
Systems unter der Madelung-Transformation zu betrachten. Die potentielle Gravitations-
energie transformiert sich trivial

W = 1
2

⁄
V m|�|2dx

3 = 1
2

⁄
V fld3

x (2.29)

Die kinetische Energie teilt sich hingegen in zwei Terme auf

K =
⁄ ~2

2m
|Ò�|2d3

x =
⁄

fl

2v

2d3
x +

⁄ ~2

2m2 (ÒÔ
fl)2d3

x =: Kv + Kfl (2.30)

Der erste Term ist der bekannte Ausdruck für die kinetische Energie eines Fluids. Der
zweite Term kann als die entsprechende potentielle Energie für den Quantendruck ver-
standen werden.

2.6 Strukturentstehung mit SFDM

In der Madelung-Form lässt sich der Unterschied zwischen SFDM und CDM in der li-
nearen Störungstheorie intuitiv verstehen, da sich CDM bis zum ersten shell-crossing als
druckloses Fluid, das heißt Q = 0 beschreiben lässt[1] 2. Der Quantendruck führt in der

2
Im Gegensatz zur Fluidbeschreibung von CDM, die nur unter der Annahme einer vernachlässigbaren

Geschwindigkeitsdispersion, also im linearen Regime, gültig ist, sind die Madelung-Gleichungen 2.25

und 2.28 eine mathematisch äquivalente Umformung der Schrödinger-Gleichung und deshalb unter den
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4 Ergebnisse
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Abb. 4.16: Radiale Dichteprofile der entstandenen Gleichgewichtskonfigurationen und Fits
sowie die auf die maximale Dichte skalierte Kernel-Funktion.

44



St
ru

ct
ur

e 
fo

rm
at

io
n 

w
ith

 u
ltr

a-
lig

ht
 a

xi
on

s
CDM initial conditions: 

effect of quantum pressure

4.4 Kosmologische Simulationen

fen. An jedem Zellmittelpunkt wird dabei zunächst ein Teilchen platziert, das anschließend
um einen mit der Zel’dovich Approximation berechneten Vektor verschoben wird. Wie sich
durch Tests herausgestellt hat, sorgen Kernel-Funktion mit einer ungeraden Anzahl Zellen
als Durchmesser für weniger Rauschen im Dichtefeld auf kleinen Skalen, was besonders
wichtig für Initialisierungen mit der SFDM-Transferfunktion ist, da dort kleine Skalen
stark unterdrückt sind. Deshalb wird als smoothing-length h = 3,5�x gewählt.
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Abb. 4.18: Schnitte durch das Simulationsvolumen bei Simulationen mit und ohne Quan-
tendruck und mit anfänglichem CDM-Powerspektrum.

Als erstes wird eine Simulation mit einem CDM-Powerspektrum bei z = 100 initialisiert
und durchgeführt. Die Boxgröße ist L = 2 Mpc und die Anzahl Gitterzellen NG = 5123. Die
Jeans-Länge (2.31) bei mittlerer Dichte ist dadurch zu jeder Zeit gut aufgelöst. Die Ergeb-
nisse entsprechen nicht realistischer Strukturentstehung mit SFDM, da auch vor z = 100
der E�ekt des Quantendrucks auf die Strukturentstehung, nämlich die Unterdrückung des
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Abb. 4.19: Die Abbildung 4.18 entsprechenden Powerspektren, sowie Jeans-Skalen zu Be-
ginn und bei z = 18.5.

Wachstums von Störungen auf Skalen unterhalb der Jeans-Länge, bereits groß ist. Der
Vorteil liegt jedoch darin, dass im Bereich der Jeans-Skala verglichen zu größeren Ska-
len zu Beginn der Simulation noch ausreichend Struktur vorhanden ist, um den E�ekt
des Quantendrucks auf die lineare Strukturentstehung in der Simulation zu beobachten.
Weil das theoretisch erwartbare Verhalten etwa bekannt ist, kann durch diese Simulation
der Code für Rechnungen in mitbewegten Koordinaten validiert werden. Zum Vergleich
wird die gleiche Initialisierung in einem Code verwendet, bei dem als einziger Unterschied
der zusätzliche Kraftterm durch den Quantendruck (3.12) abgeschaltet wird. Dieser Code
entspricht demnach abgesehen von der unüblichen Kernel-Funktion einer normalen N-
Body-Simulation von Cold Dark Matter. Abbildung 4.18 zeigt die beiden Simulationen zu
Beginn und bei z = 18.5, wo die Dichtefluktuationen noch nicht so stark angewachsen
sind, dass sie von nichtlinearen E�ekten dominiert werden. Wie deutlich zu sehen, fehlt
in der Simulationen mit SFDM die kleinskalige Struktur der CDM-Simulation, während
die großskalige Struktur gleich aussieht. Wie in den entsprechenden Powerspektren in Ab-
bildung 4.19 zu sehen, fällt die Grenze zwischen beiden Verhalten wie erwartet mit der
Jeans-Länge zusammen. Skalen größer als die Jeans-Länge sind in beiden Simulationen
gleich stark angewachsen. Unterhalb der Jeans-Länge ist die SFDM-Simulation im Gegen-
satz zur CDM-Simulation auf dem Niveau des initialen Powerspektrum zurückgeblieben.
Die Jeans-Länge wird im Laufe der Simulation leicht kleiner. Dies, sowie nichtlinieare Ef-
fekte erklären den glatten Übergang zwischen beiden Regimes.
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Axion DM initial conditions: 

effect of „quantum pressure“4 Ergebnisse
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Abb. 4.22: Relative Abweichung der SFDM-Simulation gegenüber der CDM-Simulation,
also (flSF DM ≠flCDM )/flCDM , sowie absoluter Dichtewert in gleichen Schnitten
durch die L = 2,5 Mpc Box. Der Schnitt wurde so gewählt, dass er durch einen
massereichen Halo geht.

Abb. 4.23: Root-mean-square der relativen Abweichung pro Zelle in der Dichte zwi-
schen CDM- und SFDM-Simulationen für zwei verschiedene Auflösungen bzw.
Boxgrößen.
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4.4 Kosmologische Simulationen
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Abb. 4.21: Vergleich von Halomassenfunktion und Powerspektrum zum Ende der Simula-
tionen für SFDM und CDM und verschiedene Boxgrößen. unten: Relative Ab-
weichung des SFDM-Powerspektrums gegenüber dem CDM-Powerspektrum,
also (PSF DM (k) ≠ PCDM (k))/PCDM (k)

im Bereich der Filamente und ihr Muster erinnert an Interferenzphänomene aus Abschnitt
4.2, wobei die Wellen entlang der Filamente ausgerichtet sind. Die Abweichungen sind al-
so wahrscheinlich dadurch zu erklären, dass Materie aus unterschiedlichen Richtungen auf
die Filamente strömt und dort interferiert. Abbildung 4.23 zeigt, dass die mittlere lokale
Abweichung im Laufe der Zeit ansteigt und dies zum Ende der Simulation weiterhin tut,
sodass große Unterschiede bei z = 0 zu erwarten sind. In den Simulationen mit kleinerer
Zellgröße ist die mittlere Abweichung größer, als Ausdruck davon, dass die Unterschiede
zwischen SFDM und CDM vor allem auf kleinen Skalen existieren.
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O(10%) difference
in power spectrum
compared to CDM
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Stochastic merger trees for ULA halos 
(Du,JN,Behrens)

• quantum Jeans length → modifications w.r.t. 
CDM (Marsh & Silk 2013):
– transfer function with small-scale cutoff
– critical density for collapse higher near 

Jeans mass
– scale dependent growth function

• use modified stochastic merger tree (Lacey & 
Cole 1993) including small-scale cutoff and 
solitonic core 

• implemented into semi-analytic code for 
galaxy evolution Galacticus (Benson 2010)

• computational challenge: need to solve 
excursion set barrier distribution function 
numerically

• compute constraints from subhalo statistics

CDM
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• Halo substructure models from 
parameter study of 
– different ULA/CDM fractions
– tidal stripping stopped at solitonic 

core
• Core mass function using growth dynamics 

from merger simulations (very preliminary)

Simple(CDM)
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Stochastic merger trees for ULA halos: 
substructure
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Summary

• Ultra-light axions can be some or all of dark matter

• Interesting nonlinear phenomenology for LSS if de Broglie wavelength is of order 
several kpc (i.e. m ∼ 10-22 eV)

• Constraints from nonlinear clustering, degeneracies with neutrinos, etc. (e.g. 
from Lyman alpha forest) require simulations

• May or may not affect „CDM small scale crisis“ (missing satellites, cusp-core, 
too-big-to-fail); rich phenomenology from solitonic cores

• Grid-based simulations of Schrödinger-Poisson equations used for systematic 
investigation of core mergers

• Madelung (fluid) picture appears to be more efficient for cosmological simulations 
(no resolution constraints from velocity); O(10%) effect on power spectrum on 
scales of ~ 5-10 kpc

• Semi-analytic models with stochastic halo merger trees (constructed using the 
simulations above) for constraints from subhalo statistics, reionization, ….


