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TMD factorization

® [ake Drell-Yan as a benchmark process:

?=Q*> ¢}

gr large: perturbative origin
gr small: non-perturbative origin

® Same story applies to all processes with “at most two hadrons™:

H,+H, >h+X
H, +H, = [QQ]+ X
e +H e +Hy,+ X
e"+H —ve +Q+Q+X
et+e - H,+H,+X
et +e” = [QQ|+H, +X
etc...



TMD factorization: EFT point of view

® We want to factorize a process which has different scales: Q> aqr 2Agep

hA(P’ SA) +hB(Pa SB) — [l+7](qT) + X

4 ) 4 ) 4 )
do H(Q?/u?) H(Q?*/u?)
\§ J \§ J
4 ) 4 )
F[pol] : Q?/u?
QCD = Foa (€a,br;Q, 1) = . / ’
4 )
SCET,, (@ asm)
SCET;;

Same IR physics

Factorization

= Multi-step Matching
Procedure

Theorem



TMD factorization: soft and collinear

® Applying the SCET machinery, the cross-section is given in terms of collinear and soft:

do = 00(”‘) H(Qz’”‘) dy (27‘.)2 /dzyl e_qu'yl Jn(wA’ yJ_’I'l‘) Jﬁ(wB’ yJ_’I'l‘) S(yJ_’ /1')

n(0+ay ’yJ_) - 2 Z(Nl (P ‘71)|Xn(0+,3/ ’yJ_) ,ﬂ X'n,(o) |N1 (P al))lzb subtracted

P

J'Fb(y-l_’ O_’ gJ_) ~ 9 Z(NZ(P’ aZ)lXﬁ(O) a X'Fz(y_l_a O_? gJ_) |N2(Pa aZ))lzb subtracted
2 £ 2

S(0%,0-,%,) = (0| Tr T[Sa TSZ](0+,0-,4.)T[Sx ' ST](0) |0}

But these matrix elements individually are ill-defined.
They contain mixed UV/Rapidity divergences...



Integrated Parton Distribution Function (1/2)

® The integrated PDF:
@)= g [ G = SRS e, 05070, [WHE,] 0)1PS)

W, (z) = Pexp [ig /_oo dsn-A, (x+ sﬁ)‘



Integrated Parton Distribution Function (1/2)

® The integrated PDF:
@)= g [ G = SRS e, 05070, [WHE,] 0)1PS)

W, (z) = Pexp [ig /_oo dsn-A, (x+ sﬁ)‘

® | will use the following regulator: [MGE, Idilbi, Scimemi '11]
i(p + 1 _ A~
(p +(lf)2 _f)z. A- 7 b 40— 0~ = o ® This regulator consists just in keeping
: inite the “epsilons™ of the propagators.
i@ — ) > 1 o A+ fi p f the propag
(p—Fk)? +iA* —k* +i6+’ P~ ® We send them to zero unless they

, , o regulate some divergence.
Dimensional regularization for UV

Of course the physics is (should be!) independent of the regulator!!




Integrated Parton Distribution Function (2/2)

B | |

£ =6(1—g)+ “;fF {Pq/q (% _ lnﬁ;) _ }15(1 _2)— (1—2)[1+In(1 —a:)]}

1+ 22

Pq/q N (1-— :z:)+

+ 25(1 — )

® The UV pole is cancelled by renormalization

® The IR pole (logarithm) is washed out by confinement



Naive TMD

® One could think of defining the TMDPDF by “extending” the PDF:

[Collins, Soper ’81, ’82]

Fgaive(0+, y_a yJ.) = %Z(Pa 0'| [Ean] (O+ay_’ gJ.) % [W’I-‘l;gn] (O) |P’ 0')

Need transverse gauge links to maintain gauge invariance
[Belitsky, Ji, Yuan 0208038]
[Idilbi, Scimemi 1009.2776]
[MGE, Idilbi, Scimemi 1104.0686]



Naive TMD

® One could think of defining the TMDPDF by “extending” the PDF:

[Collins, Soper ’81, ’82]

Fgaive(0+, y_a yJ.) = %Z(Pa 0'| [Ean] (O+ay_’ gJ.) % [W?]:gn] (O) |P’ 0')

Need transverse gauge links to maintain gauge invariance

[Belitsky, Ji, Yuan 0208038]
[Idilbi, Scimemi 1009.2776]
[MGE, Idilbi, Scimemi 1104.0686]

® [f we calculate this matrix element we get:

~ . +
fmaive — §(1 — g) + 22OF {5(1 — z) [zln‘S T

2 Euv p+ 28UV
+§L + 2L 1n6+]+(1—w)—L P L~=1n 'u'2b'-2P
2 T T p+ TS q/q T 4e—27E
_p, 2 _lsa—n—a-op+ma —a:)]}
a/q u2 4

It is ill-defined!! Mixed UV/Rapidity divergences...
Cannot be renormalized, nor OPEd onto collinear PDF
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Definition of TMDs (1/2)

® Proper definition is a bit tricky...

k, ~Q(1,)22,)) y = %ln Z_J_r Differsnt rcc;picLities
k. ~Q(2,1,)) (mixed under boosts)
ks ~ QA A A) k2 ~k2 ~k2 ~ QX2  Same invariant mass!

(a = (p*)2e v

1

n

~

. n
Cancel spurious
rapidity divergences 5
— (7=)2e+2Y.
(= (p7)%e™™¥
[MGE, Idilbi, Scimemi | 111.4996, 1211.1947, 1402.0869]

[MGE, Kasemets, Mulders, Pisano 1502.05354]
[Collins’ book 'l 1]




Definition of TMDs (2/2)

[MGE, Idilbi, Scimemi 1211.1947]
[MGE, Scimemi, Vladimirov, 1604.07869]

® Problem: inclusion of the wrong region of
rapidity space in the collinear

S(br; p;6%,67) = 8, (bys p;v6™) S_(b; p; 6~ /v)
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Definition of TMDs (2/2)

[MGE, Idilbi, Scimemi 1211.1947]
[MGE, Scimemi, Vladimirov, 1604.07869]

® Problem: inclusion of the wrong region of
rapidity space in the collinear

S(br; p;6%,67) = 8, (bys p;v6™) S_(b; p; 6~ /v)

® The used regulator is not important:

T (T 4,073 Car 1) = T (3 4, brps 15, 6+) 872 (beps s v6+) [EIS formalism]

= - | SWnr¥e)

Tn ((BA, bT; CA) /,l,) = lim Jn (:BA, bT; M y,n) \l ~ s [Collins formalism]
gg:))iz S(yc’ y'ﬁ) S(yn’ y’h)
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Splitting of the soft function at NLO

S6rim) = yz =3 2 01(848,)" B 1X,) (X1 (515,)"0) 10

p<

S (b p;0t,07) =1+

o L, + In + L2 + 2L4ln

2
Evv Cfuv M

a,C 4 [_ 2 2 . §to- 56~

I



Splitting of the soft function at NLO

- 0,Ca[ 2 | 2 &6 5t6 w2
S(br;p;6+,07) =1+ —="4 [——+ In + L2. 4+ 2L4In +—]
(br; p ) o 2 euy B2 T T2 6 .
Ly = ln4I:_2$E
S (b 150%,67) = 8_ (br; v, 1567) S, (b 1/v, 1;6%)
a,C 4 1 1 . v(é)? 1 1 v(07)2 w2
= S S — 1 12 1 o
-=14 2m [ by Euv " p? T 2LT+ 5UVLT ! p? T 12

I



Splitting of the soft function at NNLO

® We have shown the splitting at NNLO: [MGE, Scimemi, Vladimirov 1511.05590]

S(L,,Lyss) =8 (L,,Lss,,) SH(L,,L,s5)

g(bT) — ¢2:Cr(SM+a,SPl+...)

Diagram = p*¢ (A(,¢5_2e + A0 ¢B° + Asze) + O(9)

d22 (3 2. 72 4 272 14 d21) 1 1 w2
d(2:9) r1 w2 1 2L w2 1

656 2428 T 4 o 4. 4 . (1

/2



TMD factorization: final formula

® The cross-section is finally given in terms of two TMDs:

do = ao(u)H(Q2,u)dy (271_)2 /dzyle_’qulF (€a,915 1) Fr(z 5,91, 1) + Olar/Q)

® There is no soft factor in the factorization theorem

® These are the hadronic quantities that we extract from experiment

13



Evolution of TMDs (1/3)

® MDs depend on two scales: renormalization and rapidity scales

® We know the evolution of all (un)polarized TMDs (universal evolution kernel):

~Ipol Fr[pol D
T2 @,b1, 8,03 Ca, g 1g) = T2 (@51, S a3 Co o1 B (i Ca o hin G, o
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Evolution of TMDs (1/3)

® MDs depend on two scales: renormalization and rapidity scales

® We know the evolution of all (un)polarized TMDs (universal evolution kernel):

Ol Ol ~
T2 @,b1, 8,03 Ca, g 1g) = T2 (@51, S a3 Co o1 B (i Ca o hin G, o

® The dependence on the renormalization scale is:

d 0 ¢
dln TJ[Z}A] (:L',, bJ_’ SAa CA, /*l‘) ( s(l*l‘) In A)
H W Known at 3-loops

( (20,1054 ) = ~Tuep(@, (W)InS4 —vhe(ay ()

14



Evolution of TMDs (2/3)

® The dependence on the rapidity scale is:

din( 4

Indirect: [Becher, Neubert 1007.4005 ]
Direct: [MGE, Scimemi, Vladimirov 1511.05590]

aD, Cusp does not completely
N V]
dlnu = Peusp(s(1)) determine D;

d o
InTWP°)(2,b,,54:¢a, 1) = —D;(br;s)  Known at NLO. Recently at NNLO.

[Li, Zhu 1604.01404]

15



Evolution of TMDs (2/3)

® The dependence on the rapidity scale is:

d
din( 4

InTWP°)(2,b,,54:¢a, 1) = —D;(br;s)  Known at NLO. Recently at NNLO.

Indirect: [Becher, Neubert 1007.4005 ] [Li, Zhu 1604.01404]
Direct: [MGE, Scimemi, Vladimirov 1511.05590]

Cusp does not completely
determine D,

dD . :
J _1J
iy = Thusp(e, (1)

® Combining the evolution in both scales:

~ . Fs di _ CA, CA, _Dj(bT;N’i)

Ju, H T . CA,i 3

The evolution itself contains some
non-perturbative input
(in the D; term at large br)

15



Evolution of TMDs (3/3)

® Currently known perturbative ingredients allow NNLL evolution:

Order I‘gusp fy‘,’;,c Dj
" n LL a, ad | a2
D=Cp nz_:l (Z_;) £ L, d®) NLL a? a, | a,
NNLL as a? | a2
NNNLL | of | o3 | a3
2?

824¢, 904¢; 20(, 62626 oro [ 32(; 1856
—C’AT,.Nf(— s~ o7 T 3 +W)—ZT Nf(————)
—304 1711
—CFTer( 9C3—16C4+2—7)

~

[Li, Zhu 1604.01404]

297029 )
729
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Refactorization of TMDs (1/2)

® [MDs contain perturbative information when transverse momentum is large:

Tioa@brCu)= Y CFL,i(@br; ¢, p) ®t;,4(x; 1) + ObrAgep)

j=q,q—79
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Refactorization of TMDs (1/2)

® [MDs contain perturbative information when transverse momentum is large:

Tioa@brCu)= Y CFL,i(@br; ¢, p) ®t;,4(x; 1) + ObrAgep)

j=q,q—)9

® For each TMD we have a different OPE. For example:

- Y AT 5p _
f/A(a:,bT;(,u)= Z / gcg/j(wabT;C,N)fj/A(x/f”;N)

j=q,q—ag

~ Ydz ~ _
R A P @b = Y / gCZ/j(wabT;C,u)fj/A(w/w;u)

Jj=q,q9,9vx
~g/ A tdz 9 (= =
g1t (@br;¢p) = Z 7 Co/i (@b 6 1) 954 (2/T; 1)
J=q9,49,9 " T
1 dfl dfz ~

rlg/A sitvers(ms- = = =
f1'_z€/ (1)($,bT;C,N)= Z = = Yg/j (Z1, T2, 073G ) T /4 (21 /T, T2 /To5 1)

L T: T
j=q,q,9 V= 1 72
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Refactorization of TMDs (2/2)

® All matchings at NNLO for unpolarized quark/gluon TMD distribution and fragmentation
functions in: [MGE, Scimemi, Viadimirov, 1604.07869]

® In particular, we got for the first time all the coefficients for TMDFFs at NNLO:

1
- dt =~
Di—>A (z’ bT; C’ I*l‘) = Z $3—2¢ Ci—)j (Z/t, bT; C’ IJ‘) dj—>A (t; /*")

j=q,q—:9 z

Cisi(%br; Cp) Vi, g

® And checked consistency of previous calculations regarding TMDPDFs

® Waiting for et+e- data...

18



TMDs: Non-perturbative ingredients

® This is how a resummed TMD looks like:

T’i(—)A(m?bT;C?“)= Z Cg;j(xabT;”‘gaﬂb)®tj<—>A($;”'b)

j=q,q—79
] kb dj ) ¢ 1 ¢ —D;(br;py)
[“ % (i) | (5

X Tiﬁﬁ(w, br; )

® General philosophy: only parametrize what cannot be calculated

® The non-perturbative part of D; is universal
® The non-perturbative part of D; seems not well-constrained by current data
[MGE, D’Alesio, Melis, Scimemi 1407.3311]
® Higher-order calculations allow better determination of non-perturbative ingredients
® At low br the TMDs are neither supposed to be correct (qr>Q region)

19



Gluon helicity TMDPDF (1/2)

[MGE, Kasemets, Mulders, Pisano 1502.05354]

® The resummed/evolved expression is:

gfL(wAa bT;QzaQ) = €exp {/
Q;

p>

j=q’q_’g

Q 4i 2 2\ —D,(br;Q;)
T _ Q )
— Qg yIn— N2
e ( (), 0 g )} (Q?

1 41—
dw ~ _ _ .
/ T Cg/j(“” bT;Q?’Qi) gj/A(f'?A/fB; Q;) gf},NP(a:A,bT;Q)

T A

20



Gluon helicity TMDPDF (1/2)

[MGE, Kasemets, Mulders, Pisano 1502.05354]

® The resummed/evolved expression is:

P~ Q di 2 g(ET;Qi)
911 (z4,b7: Q% Q) =exp{/Qi #’76' ( s(u),ln_)} (82)

X Y — Cg/g(w,ET;Q?,Qi) 9;/a(@a/%Q;) 51 (T a,b13Q)

J=4,4,9YT 4

® The resummation scale is: Q; = 2e~7= /by,

® The non-perturbative model and the prescription to avoid the Landau pole:
Br(br) = b, (1—e~®r/207) % | b =3 Gev?

335V (x 4, b7; Q) = exp [-b2 (Ag +2oIn(Q%/Q3))] , Qo =1GeV
20



Gluon helicity TMDPDF (2/2)

The larger the scale,
the wider and lower the distribution

Quark/gluon helicity PDFs from

[de Florian, Sassot, Stratmann, Vogelsang '14]
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Recovering a complete TMD spectrum

® [n practice we need to properly match TMD and collinear regions

® Example: p+p = ny(gr) + X

[MGE, Kasemets, Lansberg, Pisano,

Signori 16XX. XXXX] [Collins, Gamberg, Prokudin, Rogers,

Sato, Wang 1605.00671]

7 A

2 4 6 8 10 12

1e+06 L L L e O e e ey 1e+06 L L L e e e e
: )\f = >\h = 0.52G6V2 Resummed —— )‘f = /\h = 0.52G€V2 Resummed ——
Ag = 0.5 GeV Fixed -------- Ag = 0.5 GeV Fixed --==x----
100000 b b.=15QeV-1 Asymptotic «m.... ; 100000 B b.=15QGeV! Asymptotic «om... ]
\ ° —FO-ASYy s \ c _EErIIL B
% /5 = 1.96 TeV K FOTOA%}{ — /s =1.96 TeV Yterm -
_ 10000 FY ) production 1 — 10000 FA -y production j
> & > B
© . © .
© 1000 F M, ] 9 1000} ., |
e e [ :
=l _ S, .
S 100 : S 100 :
~~ ~~
&) ! (@) I
aS =
10 } 10
1} L
- Preliminary
0.1 01 Lb4—moeuv o o 3 1 1 1

0 2 4 6 8 10 12
qr [GeV]

= See B.Wang’s talk



Conclusions & Outlook

® After ~ 3 decades we finally know how to properly define TMDs
® TMD evolution is universal, and currently known at NNLL

® Matching coefficients for all unpolarized TMDs currently known at NNLO; for some
polarized TMDs at NLO

® TMD pheno is a mess: non-perturbative ingredients, different regions mixed under Fourier
transform, need to match TMD and collinear regions,...

% We need new experimental data: unpolarized e+e-, more unpolarized Drell-Yan, etc
% Push the pheno: perform global fits exploiting all available perturbative information

% Better constrain collinear twist-3 functions: basis for spin asymmetries

* ...
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