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Why F-theory

Yn+1

F-theory Setup

Consider a torus/elliptically fibered Calabi-Yau n+1-fold Y,1 and interpret
o Elliptic Fiber &: 7= Gy + ig,TB1 Type |IB axio dilaton
o Base B,: Physical locus D; branes and their intersections
@ A marked point on & gives zero section: g : B, <= Y1
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Why F-theory

Yn+1

The F-theory Dictionary to Physics

Gauge structure encoded in properties of the elliptic fiber

@ Non-Abelian Algebras: ADEFG singularities at Codimension 1
@ Mordell-Weil Group of rational sections S; - £ =1

o U(1) Symmetries: Free part of the Mordell-Weil group
o Quotient Symmetries: Torsion part of the Mordell-Weil group

o Discrete Z, Symmetries: No sections at all but only n-sections S; - €& = n

W
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Conclusion: The Mirror Fiber Conjecture

The mathematical conclusion of this talk

Given a genus-one fiber £ for which the Mordell-Weil group of the Jacobian
contains torsion, the (Batyrev) mirror dual is a genus-one fiber £’ without a
section and vice versa.

| \

The physical conclusion of this talk

In the Physics of F-theory this is a duality between models with non-simply laced
gauge groups G = 2 and those with discrete gauge factors G x Z,

& x Z,, «——— Mirror-Duality —— G = Zi

n




Recap: Complete Intersection Fibers

A codimension n, one-fold is specified by a Nef partition of a
n+1—dimenSiOna| p0|yt0pe A [Kreutzer,Skarke]

A =N+ +A,, A° =(V1,.,V,),
Ve = (Ag,...,A,), V =Vi+..4+V,,

with a; = (Vp, Ap) > —Om,n
Then the intersection of the n hypersurfaces P; in A specifies the one-fold

Pa, = Z ﬁsmzi<m’ pta o,

meA; i=1

The Mirror CY is cut out by Py, € Pyo  (sawrer, Borisovon
Note :
o There are 16 (3145) nef partitions in 2D(3D) ambient spaces  [kreutzer, Skarke]



Example: The Generic Fiber in Fi3

o
L AFA i\ Ar, z

Z1 é1 (=2} €3 2z

Torus fibers from polytopes
Consider 2D toric variety A with the one-fold hypersurface

2.2 4.3 2.2 2.2 2 2.3 4_ 2 2
PFi; = S1€4€5€3Z1 €] + $2€4€5€32,21 €165 + S3€,€32, €165 + S6€4€2€32271€1€5273 + So€4€523

@ Promote the coefficients s; to functions of the base s;(b)
e SU(2), SU(2), SU(4) fibers at s; = 0,53 = 0,5 =0
e Divisors D,, - &, = 1 intersect the fiber exactly once

— There exists one torsional relation: MW(Pg,) = Z;

| Gro = SU(2)?SU(4) /22 |
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Example: The Mirror Fiber in Fy4

o
AF13 : AF“. vs

vy e Vo
The generic fibration

Consider the mirror curve by changing the role of A « A°, PL1.2[4]:

2.4 2 2,22 2 2.4 2
pr, = d1€°V{ + dhe®VPvo + d3€®VEVE + die?vi V3 + dse?vy + dgevivs

+ d7eXwo vz + dgeV22V3 + d9v32 ,

@ Promote the coefficients d; to functions of the base d;(b)
@ At dy = 0 the fibers split into an SU(2) fiber

@ Toric divisors D, - Ef, = 2 intersect the fiber only multiple times
— A genus-one fibration only with two-sections

| Gr, = SU(2) x Z,|




Fibrations as hypersurface in 2D Varieties

6 Fio SUGY/Zs
(SU() x SU2)?)/Zs SU(3) x SU(2)2 x U(1) . .
5+ p, " Fu P su@bz o Mordell-Weil Torsion
@ 7,73 torsion in the
s upper theories
v SU(3) x SUE) x U(1) Fiy Fra SUE@P x U(1)?
E
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=
<
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Fibrations as hypersurface in 2D Varieties

° T @]

® ‘ mm Mordell-Weil Torsion

@ 7,73 torsion in the

upper theories
=0T (GD) s U < U(1? o /
;'5 SU(3) x SU(2) x U(1)
o
béo 3| Fuo SL‘(z)st‘(z)HFg sue? < u| [Fy su@ x vy [F7 007 ° MW(PA) = MW(PA")
% \ @ TorMW <+ n-Sections
=}
<
O _ @ Rank(Ga + Gpo) =6
2t @ BT Mimor ( i)

Line

F N Multi Sections
' E M EEY 2

@ Genus one curves with
two-and three-sections |

f t t t >
0 1 2 3
Mordell-Weil rank



The mirror Conjecture

Is the observation general?

The fiber embedding space plays a central role in the observation:
@ 2D Ambient spaces are particularly simple

Generalization to 3D Ambient spaces

Does the observation generalize to higher dimensional ambient spaces of the
fiber

‘ The conjecture holds also in all 3145 cases of codimension 2 fibers




Mirror Duality in CICY Fibers

@ Test for the presence of a section by the mirror-dual torsion
— Construction of non-toric rational sections

@ Only 1024/3145 Nef partitions have a inequivalent Weierstrass forms
— Different non-toric realizations of sections and resolution divisors
@ New class of models: Self-Mirror Genus-one curves
— Gauge groups must have quotient and discrete symmetries %

Genus-one curves with Torsion

e No Section — no generator of the Mordell-Weil group
o Can not apply the geometric group law

e Can not test for torsion, still we expect it to be present

10/13



Self-Dual Genus-one Example

@ Consider the 3D ambient space with vertices that span A:

20 Z1 Z2 p4)
1 0 0 -1
0 1 0 -1
0 0 1 -1
Z4 Zs Zp Zg

@ And Self-Mirror nef partition
Dy = (20, 23, 24, Z6), Do = (21, 22, 25, 28),

@ With complete intersection equation

2_2 2 2

P1 = axZyz,Zs + 420212528 + 120232426 + 3320222528 + 02326 ,
2 2.2 2

P2 = a920212, Zg + agZy Zg Zg + 3621232426 + a721207Z528 + asZyZg .
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Self-Dual Genus-one Example

@ Consider the 3D ambient space with vertices that span A:

20 Z1 Z2 zZ3
1 0] 0 -1
0 1 0 -1
0 0 1 -1

Zs Z5 Zg Zg

@ And Self-Mirror nef partition
A1 - <20a Z3, Z4, 26>3 AZ = <Zl, Z2, Zs, 28>,

o Intersections of the ambient divisors with the fiber £:

[D,,, D,,,D,,,D,,,D,,,D,,,D,,D,]-£=1[0,0,2,2,2,20,0]
e This is a genus-one curve only with two-sections — Z; Symmetry
e D,, D, D,, D, are SU(2)* resolution divisors
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Self-Dual Genus-one Example

@ We can map the CICY equations:
22 2 2
P1 = 32252, 26 + a4202125 28 + 3120232426 + 3320222523 + 302326 5
2 2.2 2
P2 = 3920212426 + agZy 2528 + 4621232426 + 3721202528 + A525 23 .

@ into the Weierstrass form (Jacobian) with (f, g, A) (B rimm, keiter1s)

1 2 1 2
f=A,— —A = — A (2A,2 —9A
— 14 3 2, 8 27 2( 2 4)7

A =A2(4A; — A?),

(1)

@ with the birational replacement
A 4 2.2 2 2.2 4 2 4 2
o —4ajazasas + dzdg aiasagay + a1 ay dodody d] dsdg
+1630322538 — 830348539 + 430333739 s (2)
2 2 2 2
Ay —16apas(as”as — azagar + a3 ag) - (a236° — 313630 + Apag”) .

e Eqn. (1) is the general Weierstrass Form admitting Z, torsion jasinuaiiMorisonos)

4
G22,0) = S%Z(f) X Lo




Summary and Outlook

Conjecture 1. Given a genus-one fiber £ for which the Mordell-Weil group of the
Jacobian contains torsion, the mirror dual is a genus-one fiber £' without a
section and vice versa.

Physics: Duality between discrete-and quotient symmetries in the low energy
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Summary and Outlook

Conjecture 1. Given a genus-one fiber £ for which the Mordell-Weil group of the
Jacobian contains torsion, the mirror dual is a genus-one fiber £’ without a
section and vice versa.

‘ Physics: Duality between discrete-and quotient symmetries in the low energy‘

Proof /Check of the Conjecture

o Explicitly checked for all 3145 codimension-two genus 1 curves

o Equivalent realizations of the same elliptic curve
o Genus-one fibers with torsion in the Jacobian (4 Self-Mirrors)

4

@ Proof the conjecture in general?

@ What is the physical explanation?

@ Use classification of torsion for classification of discrete symmetries?

13/13
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