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RELIC DENSITY
STANDARD APPROACH

A Uppn > H DM in equilibrium

time

time evolution of f, (p) in kinetic theory:

E(at — Hp- Vﬁ) fx — C[fx] =

Liouville operator in \ d A{é
FRVY background the collision term

assumptions for using Boltzmann eq: classical limit, molecular chaos,...



RELIC DENSITY
BOLTZMANN EQ.

dn
X — I eq ( . eq GQ)
Re-written for the comoving number density: oo f——l  y-™&
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,§ 10--; '\\ --------
. st \
Recipe: sl n —7
e : ek veq |\
compute LO annihilation cross-section, g XS4
take a thermal bath average, =m/T  time —> |

P|ug in to BE and voila Fig.: Jungman, Kamionkowski & Griest, PR'96



RELIC DENSITY AT NLO

Recall at LO:;

d3 d3
CrLo = —hi/ (27r) (27r) Oxx—ijUrel [ x(LE [i) (L £ [5)=fifi (1 £ f) (1 E fx)]

crucial point: Py TPy = Di T+ Pj = f;qj;q ~ fi

in Maxwell approx.

at NLO both virtual one-loop and 3-body processes contribute:

2 d3 d3 1— loop
C11 loop — h /(27‘(‘) (27T)3 O-XX—HJ rel [foX(lj:f’b)(lj:f]) flf](lj:fX)(lj:ff()]

, [ d*p, d3p
Crealz_hX/(zﬂ) (27T> Oxx—ijyUrel [fxfx(lifi)(lifj)(1‘|‘ >_fifj (1ifx)(1if>‘<)]



RELIC DENSITY AT NLO

Recall at LO:;

Cro == [ GRS RS ot e )R £)=Lf (1 )& f)

crucial point: Py TPy = Di T+ Pj = f;qf;q ~ fi

in Maxwell approx.

at NLO both virtual one-loop and 3-body processes contribute:

2 d3 d3 1— loop
Ch oo = —h / o [ o [ )£ f) = fifi (1% ) (1% fi)]

, [ BF, &,
Creal:_hx/ (27‘(‘) (27‘(‘) O xx—ij7yUrel [fxfi(lj:fi)(lifj)(1+ >_fifj (1:|fo)(1:|:f>_<)]

Py TPx =Di +Pj = —
~Y w_l
Maxwell approx. not valid anymore...

...even bigger problem: T-dependent IR divergence! 5



RELIC DENSITY
WHAT REALLY HAPPENS AT NLQO?

CNLO N/dﬂxxij Flx {’M;S—H;HQ + MES5 O+ /dH7|Mxx—>ij'v‘2 +
|M§>I€9>ir§#o|2 + /dHW [ (‘MXX—V&']'”YF + |Mx>_<7—>ij|2)
—fi (IMyg—ijy® + IMygiojnl?) = fi (IMyx—igy® + IMygjoiy]®)] }
—fif; {!M%jgxx\Z + M Ax T+ /de\Mv:j%me +
MOS0 + /de L (IMj gy |® + Mgz )

1] —>XX

— I (IMijoxsrl® + IMijxoy?) = fx (IMijoxzr? + IMijgoxy[?)] }



RELIC DENSITY
WHAT REALLY HAPPENS AT NLQO?

CNLO N/dﬂxxij IxJx {’M;S—mﬁ + IM%—;&?ZO\Q + /dH7|Mxx—>ijfv‘2 +
NLO T+#£0
M 702 4 /de L (IMyx=ign ] + IMygy—is)?)

XX—>1]

—[i (Mg + I Myximja?) = [i (IMaxoijy]® + Mygimsil?)] }



RELIC DENSITY
WHAT REALLY HAPPENS AT NLO?

only this used in NLO literature so far

CNLO N/dexij IxJx {’M;S—HZJ"Q + |M§§—;3§:O\2 + /dHﬂMxx—ﬂj'vP +
| 3

NLO T+£0
M 702 4 /dﬂv L (IMyxmign |2 + [IMoygy—ig 1)

XX—>1]

—fi (IMyx=igy|? + IMoyxisiy ) = fi (IMyg—igy|? + IMyxisinl )] }



RELIC DENSITY
WHAT REALLY HAPPENS AT NLO?

only this used in NLO literature so far

CNLO N/dexw fxfx {’M;S—MJ‘Q + \Mgﬁff 0‘2 /dHW‘Mxx—Hlj'vP +
|

NLO T#0 7
|/\/lX>—<_>ij;'é % + /dﬂy L (Mg P + IMyxy—ij 1) photon
/ A «— __ absorption
thermal — /i (|Mx>‘<—>ij7‘2 T |Mx>‘<i—>j7|2) B f] |Mxx—>zﬂ|2 T |Mx><9—>zv‘2 ]
| -loop \ \
photon

SM fermions amission SM fermions

emission absorption



(QUESTIONS:

how the (soft and collinear) IR divergence cancellation
happen?

does Boltzmann equation itself receive quantum corrections?

how large are the remaining finite T corrections?

Program: develop a method for relic density calculation
directly from QFT and free from IR problems 1

framework exists: non-equilibrium thermal field theory



CLOSED TIME PATH

FORMALISM
A
Y- ORI iA(z,y) = (Tep(x)d' (),
AR E " iSas(z,y) = (Tova(@)vs(y)),

contour Green'’s functions obey Dyson-Schwinger egs:
Az,y) = Aoz, y) —/ d4z/ d*2' Ao(x, 2)1(z, 2 ) A2, y),

Sas(w.) = 825(e.0) = [ 'z [ 'S0 (@05 )50 0,
which can be rewritten in the form of Kadanoff-Baym egs:

(—0* — m?b)A§(:13, y) — /d4z (Hh(m, z)A§(z, y) — H§(:1:, z)Ah(z,y)> = Cy,

(i) — mX)S§(:U, Y) — /d4z (Zh(az, z)S§(z,y) - E§(x, z)Sh(z,y)) = Cy,
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CLOSED TIME PATH

FORMALISM
A
Y- ORI iA(z,y) = (Tep(x)d' (),
AR E " iSas(z,y) = (Tova(@)vs(y)),

contour Green’s functions obey Dyson-Schwinger egs:
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CLOSED TIME PATH

FORMALISM
A
Y- ORI iA(z,y) = (Tep(x)d' (),
AR E " iSas(z,y) = (Tova(@)vs(y)),

contour Green’s functions obey Dyson-Schwinger egs:
Az,y) = Aoz, y) —/ d4z/ d*2' Ao(x, 2)1(z, 2 ) A2, y),

Sas(w.) = 825(e.0) = [ 'z [ 'S0 (@05 )50 0,
which can be rewritten in the form of Kadanoff-Baym egs:

(=0" - m?b)A§(xv y) - /d4z (Hh(ai‘, z)‘A§(Z, y) — I (z, Z)ﬁAh(Z,y)) «

(i) — mX)S§(:U,y) — /d4z (Zh(x, z)]tSé(z,y) — Z§(:E, 2 hSh(z,y)) :




CLOSED TIME PATH
FORMALISM: COLLISION TERM

the fermion collision terms is defined as: propagators

1 e —~
Cy = 5 /d4z (E>(x,z)§<(z,y) — E<(:C,z)k5'>(z,y)) ,
\

self-energiés

where the propagators:
thermal part

iS5°(p) = p;fpn;?z)in 72” (p T m) § (p’ - m?) f (1”)

1S (p) = —p;fprn;ﬂl)in + 27 (p + m) 0 (p2 - mz) (1—7 (PO))

iS”(p) =27 (p+m) 6 (p* —m?) (1 - f ("))

iS=(p) = =27 (p+m)é (p* —m?) f (p")

} “cut” propagators

the presence of distribution functions inside propagators —> known collision term structure



RESULTS

IR DIVERGENCE CANCELLATION: S-WAVE

The divergent part J_;

—> every CTP self-energy is IR finite

Type A |  Real Virtual ‘External | Type B Real Virtual External
L a(1—262) a(1—262) ,"O‘; o o
Tl e - me? e~/ | T we? pe)
a(1-2€ a(1-2€ — N N
i% ( Te2 ) o ( me2 ) \_/_ - me? me?

~f- 0 — > 0

- 0 0 — 0 0

—J| ! 0 0 — — o 0

—[=] o 0 - 0 0

== o 0 = 0 :

|- ! S :
’\_ <>C

AN 0 — 0
ST | 2e(1-2¢%)° 2&(1—262)2L _@ 20 (1-2¢€?) 20 (1-2¢€?)

_\5 me2\/1—4e2  re2 vV 1—4€2 me2\/1—4€?  e2 vV 1—4€2

cancels in
—> every row
separately

10



) 2
factorized = oy ° Stree
6 €2

RESULTS
FINITE T CORRECTION: S-WAVE

The finite part J;

Type A Real Virtual External
- | 5 e -
|- - -
_QL _4(1—;§Q)D

_\@L _2(1—55)52 B {/%eggL 2(1—262)2(17—52) n {/%egéL

- . -

|- - -

_QM I I

_i\_ _4(1—D2§2)D

|- .

_EF\_ 2(1—262)p12)(2€l,§§)—|—(1—€2)2 n 4%;52)1; 1662(2—362)2—(3—52)2 B 43;%(;?[,

[ay

separate contributions complicated, but when summed up...

8m\tar? 1

Utree

AasT’ =

_4' " 1
45 (1+§2)4_Z;@(1+§2)2 €2

e=0

—

2

strongly suppressed as at kinetic equilibrium 7 ~ U

Log terms
cancels in
every row
separately

\

no collinear

divergence!
¢ me >
My
T
T=—<K1
My
€ = My LT
2m,
11



THE POWER OF THERMAL OPE

The cross section can be written as the Im part of the forward scattering amplitude:
Vel = { /d493— > XX,T\ { ann( ) Ol (@ )} oG T)

GY\ Y\,,

—> Operator Product Expansion

clear separation of soft (thermal effects)
and hard (annihilation/decay) modes

T'<m —i/d4:1: e P T{J“ } ZCAB

| Wilson coeffs.
Possible operators up to dim 4:  VWilson coeffs.

1, FeP o mefTf fTiD"f

[ 1 1 1

Matrix elements: LO O(aT*)  O(am3T?)  O(aT*)

No dim 2 operator! No IR divergence to begin with! P



ADVANTAGES OF OPE

The scaling with T is manifest

Separation of T=0 and T-dependent contributions

Significant simplification of the computations

Clear physics interpretation: at O(a7”) effects of thermal kinetic energy

Example: muon decay in thermal bath* *Analogy: semi-
leptonic Hp

—i / dlz = T{J(0) J'H(x)} = i + OW% +O(m?). decay In QED

In the Literature:

OPE in finite temperature -

Related EFT approach - 13



ADVANTAGES OF OPE

The scaling with T is manifest

Separation of T=0 and T-dependent contributions

Significant simplification of the computations

Clear physics interpretation: at O(a7?) effects of thermal kinetic energy

Example: muon decay in thermal bath* *Analogy: semi-
leptonic He
' v v . 16" — d i CD
—i [ dte e TLI0) (@)} = O + OW romy, L FNe
i fww +’ﬂizﬁ (iD )2 ol — S da P+ O(m7?)
- ; ﬁQmi %L am2 P My )
LO  O(ar?) ...and the final correction:

Lr = To (1 —|Ky) + O(T%/m?).
In the Literature:

OPE in finite temperature -

Related EFT approach - 13



CONCLUSIONS

automatic in thermal QFT formalism, cancellation at the level
of every CTP self-energy

no, not at NLO

3.
strongly suppressed, of order O(a7*)

4. the thermal OPE method provides a useful tool and also
physics interpretation of the thermal correction

To take home:
| complete framework for computations |
 of relic density at NLO w/ thermal effects |}

14



BACKUP SLIDES



CLOSED TIME PATH
PATH TO BOLTZMANN EQUATION

Kadanoff-Baym — Boltzmann

E(é’t—Hﬁ-Vﬁ)f:C[f].
7

collision term derived from thermal QFT

Assumptions: Justification:
weak inhomogeneity inhomogeneity plasma excitation
momenta
gradient expansion 0 < k

freeze-out happens

uasi-particle approx. el
qrasip PP close to equilibrium

weak interactions

16



RESULTS

coming back to our example...

every contribution can be written in a form:

/0 dw S(w, ey, € )

/

photon energy

expand in
@)

S;Z&n

1=—1

note:

[ na div) n<0

J_1+ T =0 sott div

IR divergence in separate terms: .
Vers | P Jo <> T = 0 sott eikonal

finite T corrections: Ji < (9(72)

17



COLLISION TERM
EXAMPLE

Bino-like DM: X Majorana fermion, SM singlet

annihilation process at tree level: vertices (2 types):
X—I > f > - —-- = Z)\PL
O A o $
X | <t f ' <
Mtree M‘?])r(ece
_ > = —i\P;
scale hierarchy: 14 2 My (> T > my dotted
no thermal effectively
contributions massless
: 1 m Mg
rescaled variables: 7= — <« 1 fe=—<K717 ¢(E=—21

My 2y, My

18



COLLISION TERM
COMPUTATION

no # changing processes

1221

d*t d*ky d*ko

S (@057 @) = X [ - (@m) 5 (gt — k1 — ko)

(2m)* (2m)" (27)

summed over dotted and
undotted indices

iA (k1 — q) iA*2 (ky — t) PriS®t (ko) PriS™ (t) PLiS** (k1) PriS** (q)

N\ 7 \\

J/

~~

=S =F

19



COLLISION TERM
MATCHING

after inserting the propagators:

Yam (@) 5T (9) =

/ (%C)i@Eh (2;?%% @m)* 8 g+t — ki — ko) MU [ () £ (0 (1= 17 () (1= 57 (k)]

—> one indeed recovers the known collision term and

—
Myl = * : : * X (part of) tree level | M|
M (M)’

repeating the same for B type diagrams the bottom line:

: tree level annihilation
DIRGPA e o
contribution to the collision term

20



COLLISION TERM
MATCHING AT NLO

12,3 = 20 self-energy diagrams

example:

4t C A AC t4
SR A BN
M Mo Me . Ma M Mo ML (M
e
E(>3A (Q) Ch (Q) — ! (277) 0 (QO — EXl) / At 0 (tO - EXQ)

2F, . (27)’ 2E,,
37, 37 3=

/ G S . IO Sy, #ELY § PR S S W

(2m)° 2Ey, (2m)° 2Ey, (2m)° 2E,
Mo (M) [ (@) £ @ (1= 772 (60) (1= £ (89)) (1 + )

—> at NLO thermal effects do not change the collision therm structure Y



