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Today’s message is...

- The existence of intergalactic magnetic fields (MFs) are indicated 
recently. 

- If they have originated from a mechanism before or around EWPT, 
they might be related to baryon asymmetry of the Universe (BAU). 

- The parameter space that can explain the present BAU is on the 
edge of the constraints, in other words, the sweet spot is indicated. 

- BSM (BGR?) might not be needed for baryogenesis but for 
magnetogenesis! 
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1. Magnetic fields in the Universe

2. Baryon asymmetry of the Universe

3. Baryogenesis from helical MFs
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Magnetic fields in the Universe
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Evidence (?) of large scale magnetic fields 
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Evidence (?) of large scale magnetic fields 
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Fig. 1: A comparison of models of cascade emission from TeV blazars (thick solid black curves)
with Fermi upper limits (grey curves) and HESS data (grey data points). Thin dashed curves
show the primary (unabsorbed) source spectra. Dotted curves show the spectra of electromag-
netic cascade initiated by pair production on EBL. Vertical lines with arrows show the energies
below which the cascade emission should be suppressed.
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Most convincing explanation: Extragalactic MFs  
Evidence (?) of large scale magnetic fields 
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Constraints on the magnetic fields 

Fig. 2: Light, medium and dark grey: known observational bounds on the strength and correla-
tion length of EGMF, summarized in the Ref. (25). The bound from Big Bang Nucleosynthesis
marked “BBN” is from the Ref. (2). The black hatched region shows the lower bound on the
EGMF derived in this paper. Orange hatched regions show the allowed ranges of B,λB for
magnetic fields generated at the epoch of Inflation (horizontal hatching) the electroweak phase
transition (dense vertical hatching), QCD phase transition (medium vertical hatching), epoch of
recombination (rear vertical hatching) (25). White ellipses show the range of measured mag-
netic field strengths and correlation lengths in galaxies and galaxy clusters.
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Fig. 2: Light, medium and dark grey: known observational bounds on the strength and correla-
tion length of EGMF, summarized in the Ref. (25). The bound from Big Bang Nucleosynthesis
marked “BBN” is from the Ref. (2). The black hatched region shows the lower bound on the
EGMF derived in this paper. Orange hatched regions show the allowed ranges of B,λB for
magnetic fields generated at the epoch of Inflation (horizontal hatching) the electroweak phase
transition (dense vertical hatching), QCD phase transition (medium vertical hatching), epoch of
recombination (rear vertical hatching) (25). White ellipses show the range of measured mag-
netic field strengths and correlation lengths in galaxies and galaxy clusters.
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If we believe the existence of such MFs, 
they are likely originated from very early Universe.  

What kind of feature do they have in the Early Universe?
Especially before the electroweak phase transition (EWPT)?  
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If we believe the existence of such MFs, 
they are likely originated from very early Universe.  

What kind of feature do they have in the Early Universe?
Especially before the electroweak phase transition (EWPT)?  

They interact with turbulent plasma nontrivially and 
evolve following complicated magnetohydro dynamics 
(MHD) equations.  

need MHD simulations
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MHD simulation tells...
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FIG. 2: Evolution of magnetic energy spectra in the turbulent regime for a magnetic field with no initial helicity. Here, the
spectral index of the initial energy spectra is n ≈ 4. Note that Ek as opposed to Ẽk is shown (cf. Eq. (8)

with different initial spectral indices n we have noted that though the amplitude of large-scale magnetic field grows
with time, the spectral index of the magnetic field configuration on large scales seems to be approximately preserved.

There seems to be a misconception in the literature (see, e.g. [19, 20]) that maximally helical fields do not dissipate
energy via excitation of fluid flows and the subsequent dissipation of these flows due to fluid viscosities. It is argued,
that maximally helical fields with a fairly peaked spectrum are essentially force-free (i.e. vA × (∇ × vA) ≈ 0) and
may thus not excite fluid flows. Note that if this indeed would be the case, Eq. (2) would imply trivial magnetic field
evolution B = const for initially zero velocity fluctuations and resistivity. Though the magnetic stresses in the Euler
equation are indeed smaller for a maximally helical field as compared to a non-helical field of similar strength, an
increase of magnetic coherence length and the continuous excitation of sub-equipartition fluid flows are observed in
our simulations. In the limit of large Prandtl number, dissipation of these flows by fluid viscosity will then provide
the main dissipation of magnetic field energy.

The decay rate of total magnetic energy in freely decaying MHD turbulence of maximally helical fields may be well
approximated by the decay rate of energy on the integral scale

dE

dt
≈

E

τL
≈

E3/2

L
Γ ∼

E5/2

H
Γ , (12)

where τL ≈ L/vA,L, and Eq. (11) for a maximally helical field has been employed in the second step. Since H and
Γ (see Appendix C and Fig. 4) are constant it is straight forward to derive the power-law exponents for the decay of
energy and growth of coherence length with time

E ≈ E0

(

t

τ0

)−2/3

L ≈ L0

(

t

τ0

)2/3

maximal helicity , Re ≫ 1 , (13)

for t >∼ τ0 ≈ L0/
√

E0 ≈ L0/vA
L,0, yielding a predicted decay which is independent of the spectral index of the large-scale

magnetic field. The correctness of Eq. (13) has been recently questioned by Biskamp & Müller [38]. These authors
advocate a decay of kinetic energy with time as Γ ∝ E/H, yielding a modified Eq. (13) dE/dt ∼ E3/H3/2, and energy
decay E ∝ t−1/2. We note here that a decay of Γ was not found in our simulations. Moreover, a relationship Γ ∝ E/H
is dimensionally incorrect, and must be modified by an as yet unknown quantity of dimension length. Due to the
absence of a physically well-motivated choice for this quantity (other than ldiss or Lbox), we suspect their results to be
an artifact of limited resolution. In particular, Biskamp & Müller [38] observe a decay in Γ only at late times, when

(’04 Banerjee+)
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and energy of MFs is easily deprived.  

� (vAt)�1, vA =
Bp�

�ch + pch



Courtesy H.Oide

MFs produced by a causal process will stay at: 

Fig. 2: Light, medium and dark grey: known observational bounds on the strength and correla-
tion length of EGMF, summarized in the Ref. (25). The bound from Big Bang Nucleosynthesis
marked “BBN” is from the Ref. (2). The black hatched region shows the lower bound on the
EGMF derived in this paper. Orange hatched regions show the allowed ranges of B,λB for
magnetic fields generated at the epoch of Inflation (horizontal hatching) the electroweak phase
transition (dense vertical hatching), QCD phase transition (medium vertical hatching), epoch of
recombination (rear vertical hatching) (25). White ellipses show the range of measured mag-
netic field strengths and correlation lengths in galaxies and galaxy clusters.
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that maximally helical fields with a fairly peaked spectrum are essentially force-free (i.e. vA × (∇ × vA) ≈ 0) and
may thus not excite fluid flows. Note that if this indeed would be the case, Eq. (2) would imply trivial magnetic field
evolution B = const for initially zero velocity fluctuations and resistivity. Though the magnetic stresses in the Euler
equation are indeed smaller for a maximally helical field as compared to a non-helical field of similar strength, an
increase of magnetic coherence length and the continuous excitation of sub-equipartition fluid flows are observed in
our simulations. In the limit of large Prandtl number, dissipation of these flows by fluid viscosity will then provide
the main dissipation of magnetic field energy.

The decay rate of total magnetic energy in freely decaying MHD turbulence of maximally helical fields may be well
approximated by the decay rate of energy on the integral scale
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an artifact of limited resolution. In particular, Biskamp & Müller [38] observe a decay in Γ only at late times, when

(’04 Banerjee+)

small scale structure is erased by charged plasma
and energy of MFs is easily deprived.  

This is the case with non-helical MFs. 
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Helicity of MFs
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                can be treated as an approximate
conserved quantity. 

Helicity (density) is a good conserved quantity 
for large electric conductivity. 

For thermal plasma with charged particles:  

� � 100T (’97 Baym+)

(Assumed          )

Large electric conductivity prevents MFs’ 
helicity from decaying.

ḣ = �a2 2
�
�B ·��B� � �a3 4�

�

B2
p

�B
h > 0

h � ±a3�BB2
p
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FIG. 6: Evolution of magnetic energy spectra in the turbulent regime for magnetic fields with initially maximal helicity. The
spectral index of the energy spectra is n ≈ 4.

neutral and charged particles is rapid enough. To investigate if this is the case one has to consider the (here assumed
incompressible) equations of MHD with a significant neutral component

ϱi

(

∂vi

∂t
+ vi ·∇vi

)

=
(∇× B) × B

4π
− ϱi αin (vi − vn) (20)

ϱn

(

∂vn

∂t
+ vn ·∇vn

)

= −ϱn αni (vn − vi) (21)

where ϱn, ϱi, vn, vi are matter density and velocity of neutrals and ions, respectively, and we will assume ϱi ≪ ϱn

throughout. The momentum transfer rate due to neutral-ion collisions satisfy

αni =
ϱi

ϱn
αin ≈ Xe αin (22)

The equations of MHD are closed by including the induction equation

∂B

∂t
= ∇× (vi × B) (23)

for ions. The condition of tight coupling between ions and neutrals, i.e. vD ≡ vi − vn ≪ vi may be derived from
Eq. (21) (noting that the first two terms are usually of the same magnitude) to be equivalent to

vi

L
≈

vn

L
≪ Xe αin (24)

One may show (cf. also [39, 40, 41]) self-consistently that in this limit the LHS of Eq. (20) is negligible, leaving the
ion-neutral drift velocity vD in the terminal velocity regime

vD =
(∇× B) × B

4π ϱi αin
(25)

Inserting this equality into Eq. (21), and for vn ≈ v, where v is the center-of-mass velocity, one obtains the usual
Euler equation Eq. (1). The induction equation (23) is modified to include a dissipative term. Replacing vi = vD +vn

one finds

∂B

∂t
= ∇× (v × B) + ∇×

(

(∇× B) × B

4π ϱi αin
× B

)

. (26)

(’04 Banerjee+)

Helical MFs

Helicity conservation leads to an enhancement of 
large-scale correlation of MFs: Inverse Cascade (IC) 

MF decay is slower.

� (vAt)�1, vA =
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Helical MFs

Helicity conservation leads to an enhancement of 
large-scale correlation of MFs: Inverse Cascade (IC) 

MF decay is slower.

Bp � a�7/3, �B � a5/3

� (vAt)�1, vA =
Bp�

�ch + pch

(’12. Kahniashvili+)
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MFs produced by a causal process will stay at: 

Fig. 2: Light, medium and dark grey: known observational bounds on the strength and correla-
tion length of EGMF, summarized in the Ref. (25). The bound from Big Bang Nucleosynthesis
marked “BBN” is from the Ref. (2). The black hatched region shows the lower bound on the
EGMF derived in this paper. Orange hatched regions show the allowed ranges of B,λB for
magnetic fields generated at the epoch of Inflation (horizontal hatching) the electroweak phase
transition (dense vertical hatching), QCD phase transition (medium vertical hatching), epoch of
recombination (rear vertical hatching) (25). White ellipses show the range of measured mag-
netic field strengths and correlation lengths in galaxies and galaxy clusters.

8

’10 Neronov and Vovk
’13 Durrer and Neronov

�0 � 1pc
�

B0

10�14G

�

(’04 Banerjee+)



Courtesy H.Oide

MFs produced by a causal process will stay at: 
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MFs produced by a causal process will stay at: 

Fig. 2: Light, medium and dark grey: known observational bounds on the strength and correla-
tion length of EGMF, summarized in the Ref. (25). The bound from Big Bang Nucleosynthesis
marked “BBN” is from the Ref. (2). The black hatched region shows the lower bound on the
EGMF derived in this paper. Orange hatched regions show the allowed ranges of B,λB for
magnetic fields generated at the epoch of Inflation (horizontal hatching) the electroweak phase
transition (dense vertical hatching), QCD phase transition (medium vertical hatching), epoch of
recombination (rear vertical hatching) (25). White ellipses show the range of measured mag-
netic field strengths and correlation lengths in galaxies and galaxy clusters.

8

’10 Neronov and Vovk
’13 Durrer and Neronov
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Before and after EWPT 
...originally hypermagnetic fields turn to magnetic fields
associated with Z-boson part decay

�W Z

A

W 3

(1)		Hypermagne.c	(HM)	field	generated	
(2)		Field	strength	decreases	as	HM	field	

	experiences	inverse	cascade	
(3)		electroweak	phase	transi.on	occurs	
(4)		Z-field	decays	
(5)		HM	field	is	fully	converted	to	EM	field	
(6)  EM	field	experiences	inverse	cascade	
(7)		Relic	magne.c	field	persists	today	

(1)	

(2)	

(3)	 (4)	
(5)	
(6)	

Y

(7)	

Figure 1: A cartoon of the Z-decay, which is modeled in this section.
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and the electromagnetic conductivity is given by [23]
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AL: [add comment about maybe E gets big during decay and there is a jump in

the source term. where does helicity carried by the Z-field go?]

Spectrum of Magnetic Field During Inverse Cascade

We consider the spectrum of a magnetic field experiencing the turbulent inverse cascade. In this

situation, the spectrum develops with a characteristic scaling law. Let �B(t) be the coherence

length and Bp(t) be the average field strength at time t. The inverse cascade scaling is �B ⇠ t2/3

and Bp ⇠ t�1/3 such that the magnetic helicity density is approximately conserved �BB2

p ⇠ t0.

By knowing the coherence length and field strength today, �
0

and B
0

, we can assume the

inverse cascade scaling to infer the spectrum in the early universe. This calculation is given in

Eqs. (2.4) and (2.5) of Ref. [6]. Carrying over that result, we have
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# at present there are no satisfactory models. 

Related to inflation? 
e.g. ’88 Turner+, ’06 Anber+, ’09 Demozzi+, ’12 Bernaby+, ’14 Ferreira+,’15 Fujita+,...   

Phase transition? e.g. ’89 Vachaspati, ’89 Quashnock+, ’97 Sigl+,...   

But see ’16 Fujita+ 

What is the origin of such MFs (magnetogenesis)?  

’16 Adshead+
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Axionic coupling of pseudoscalar? 
�

8�
C��

a

fa
Fµ�F̃µ�

# at present there are no satisfactory models. 

Related to inflation? 
e.g. ’88 Turner+, ’06 Anber+, ’09 Demozzi+, ’12 Bernaby+, ’14 Ferreira+,’15 Fujita+,...   

Phase transition? e.g. ’89 Vachaspati, ’89 Quashnock+, ’97 Sigl+,...   

But see ’16 Fujita+ 

What is the origin of such MFs (magnetogenesis)?  

Chiral asymmetry induced by bubbles from 1st order PT?

�n5 = #�H+ #�NCS

’16 Adshead+

Or other mechanism???
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Here I do NOT pursue model buildings. 
But give a “sweet spot” of the parameter space,
not specifying their origin. 

CMB
constraint

Blazar
constraint

Too short
corr. length?

(’12. Kahniashvili+)

The hint is baryogenesis.  



Courtesy H.Oide

Baryon asymmetry of the Universe (BAU)
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- We live in a matter-antimatter asymmetric Universe.
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12 G. Steigman: Primordial Nucleosynthesis

Figure 6. The CBR temperature fluctuation anisotropy spectra for three choices of the baryon
density parameter ωB = 0.018, 0.023, 0.028, in order of increasing height of the first peak. Also
shown are the WMAP data points.

Figure 7. The normalized likelihood distributions for the baryon density parameter η10 derived
from SBBN and the primordial abundance of deuterium (solid curve; see §4.1) and from the CBR
using WMAP data alone (dashed curve). The bottom horizontal axis is the baryon-to-photon
ratio parameter η10; the top axis is the baryon density parameter ωB = ΩBh2 .

- We live in a matter-antimatter asymmetric Universe.
- BBN and CMB can evaluate it quantitatively. 

’03 Steigman

23. Big-Bang nucleosynthesis 3

Figure 23.1: The abundances of 4He, D, 3He, and 7Li as predicted by the standard
model of Big-Bang nucleosynthesis — the bands show the 95% CL range [5].
Boxes indicate the observed light element abundances. The narrow vertical band
indicates the CMB measure of the cosmic baryon density, while the wider band
indicates the BBN concordance range (both at 95% CL).

February 8, 2016 19:55

CMB
BBN

Particle Data Group 2015

� � nB

n�
= (6.09± 0.06)� 10�10

(Planck 2015)
� = (6.180± 0.195)� 10�10

BBN+D ; ’15 Cyburt+

�bh
2 = 0.018, 0.023, 0.028
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Inflation dilutes the preexisting asymmetry. 

After inflation before BBN, asymmetry must be generated. 
matter :       
anti matter :
photon :  

 ~10000000000+1
 ~10000000000
 ~10000000000

matter :       
anti matter :
photon :  

 ~1
 ~0
 ~10000000000

annihilation
T � 100MeV{ {

WMAP team
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In order to generate baryon asymmetry... 
Sakharov’s condition is required. 

1. B-violation
2. C & CP-violation
3. Deviation from thermal equilibrium

(’67 Sakharov)
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In order to generate baryon asymmetry... 
Sakharov’s condition is required. 

1. B-violation
2. C & CP-violation
3. Deviation from thermal equilibrium

(’67 Sakharov)

BSM is required!? 
- Leptogenesis                            : RH neutrinos
- Affleck-Dine                              : SUSY with B and CP op. 
- EW baryogenesis                      : 1st order EWPT + CP op. 

(’85 Fukigita&Yanagida)

(’85 Affleck&Dine)

(’85 Kuzmin, Rubakov&Shaposhnikov)
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Light and shadow of Sphalerons:  (’76 ‘t Hooft)
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Light and shadow of Sphalerons:  
E

Msph

B = b0−Nf

L = l0−Nf

B = b0

L = l0

B = b0+Nf

L = l0+Nf

[A,ϕ ][Asph, ϕsph ]

Figure 1.1: A Schematic behavior of the energy dependence on the configuration of
the gauge and Higgs fields [A(x),ϕ(x) ] [6]. The minima correspond to topologically
distinct vacua with different baryon (B) and lepton (L) numbers. The configuration
[Asph(x), ϕsph(x) ] represents the saddle point of the energy functional, the sphaleron
solution.

to the next vacuum (B = b0 ± Nf and L = l0 ± Nf) occurs at the rate [6]

Γ = C(T ) T exp

(

−
Msph(T )

T

)

, (1.5)

where dimensionless factor C(T ) depends on the ratio v(T )/T and the coupling constants.4

Msph(T ) represents the free energy of the sphaleron configuration (at temperature T ),

which is given by [31]

Msph(T ) = 4πB(T )
v(T )

g2(T )
, (1.6)

where B(T ) depends on the gauge coupling g2(T ) and the 4-point coupling constant of

the Higgs potential λ(T ) as B = B(λ/g2
2), varying from 1.5 (λ/g2

2 → 0) to 2.7 (λ/g2
2 →

∞) [31]. The rate in Eq. (1.5) should be compared with the Hubble expansion rate

H = (π2g∗/90)1/2 × T 2/MG. (MG = 2.4× 1018 GeV is the reduced Planck scale and g∗ is

defined in Appendix B.2.) Then, it is found that the sphaleron rate in Eq. (1.5) indeed

exceeds the Hubble expansion rate for T > T∗, where T∗ is given by

T∗ ≃ 4πB(T∗)
v(T∗)

g2(T∗)
×
[
ln
(

MG

T∗

)]−1

. (1.7)

4See comments below.
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(’76 ‘t Hooft)

Chiral anomaly in SM                             breaks B and L 
- Nontrivial vacuum structure of SU(2)
- Sphaleron (B-L preserved; B+L) => EW baryogenesis

�µjµ
f �

�

8�
TrWµ�W̃µ�

Leptogenesis

(’02 Hamaguchi)
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Light and shadow of Sphalerons:  (’76 ‘t Hooft)
Sphaleron (+charge conservation & Yukawa) 
washes out preexisting B+L asymmetry before EWPT. 

(’85 Kuzmin, Rubakov & Shaposhnikov)
B

B-L=0Baryogenesis

Baryogenesis

Sphaleron

Sphaleron

Non-BAU if B-L=0L

B= -      L
51
28
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Light and shadow of Sphalerons:  (’76 ‘t Hooft)
Sphaleron (+charge conservation & Yukawa) 
washes out preexisting B+L asymmetry before EWPT. 

(’85 Kuzmin, Rubakov & Shaposhnikov)

Successful BAU
<-> B-L genesis. 

(’85 Kuzmin, Rubakov & Shaposhnikov)
B

L

B-L=0

Baryogenesis

Leptogenesis B= -      L28
51

Sphaleron

Sphaleron
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Light and shadow of Sphalerons:  (’76 ‘t Hooft)
Sphaleron (+charge conservation & Yukawa) 
washes out preexisting B+L asymmetry before EWPT. 

(’85 Kuzmin, Rubakov & Shaposhnikov)

Successful BAU
<-> B-L genesis. 

It is often considered that... 

“For the present BAU, not B but B-L is needed.” 

B

L

B-L=0

Baryogenesis

Leptogenesis B= -      L28
51

Sphaleron

Sphaleron
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Baryogenesis from helical MFs
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(hyper)MFs and U(1)Y/EM charged chiral fermions 
interact in two ways. 
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(hyper)MFs and U(1)Y/EM charged chiral fermions 
interact in two ways. 

- chiral anomaly
- chiral magnetic effect (CME)

(’76 ‘t Hooft)

(’80 Vilenkin)
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Full chiral anomaly in SM

�µjµ
f = Cf

y
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4�
Yµ� Ỹ µ� + Cf
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TrWµ�W̃µ� + Cf
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SU(2)L SU(3)CU(1)Y
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Full chiral anomaly in SM

�µjµ
f = Cf

y
�y

4�
Yµ� Ỹ µ� + Cf

w
�w

8�
TrWµ�W̃µ� + Cf

s
�s

8�
TrGµ�G̃µ�

SU(2)L SU(3)CU(1)Y

EW sphaleron (B+L) Strong sphaleron ( B , L )
Nothing special happens in the vacuum

See also ’16 Long&Sabancilar

Trivial vacuum structure:
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Full chiral anomaly in SM
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EW sphaleron (B+L) Strong sphaleron ( B , L )Trivial vacuum structure:

Situation will change 
for nonvanishing BG hyperfield

Note that:

- If there are time-dependent helical hypermagnetic fields,
it will affect the fermion number density. 
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Full chiral anomaly in SM
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Yµ� Ỹ µ� + Cf

w
�w

8�
TrWµ�W̃µ� + Cf

s
�s

8�
TrGµ�G̃µ�

SU(2)L SU(3)CU(1)Y

EW sphaleron (B+L) Strong sphaleron ( B , L )Trivial vacuum structure:

Situation will change 
for nonvanishing BG hyperfield

Note that:

- If there are time-dependent helical hypermagnetic fields,
it will affect the fermion number density. 
- This is another source of B+L!!!
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’98 Giovanninni & Shaposhnikov



Courtesy H.Oide

Full chiral anomaly in SM
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EW sphaleron (B+L) Strong sphaleron ( B , L )Trivial vacuum structure:

Situation will change 
for nonvanishing BG hyperfield

Note that:

- If there are time-dependent helical hypermagnetic fields,
it will affect the fermion number density. 
- This is another source of B+L!!!
# Both B+L processes (sphalerons and U(1)Y anomaly) 
   are active until EWPT.  
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’98 Givanninni & Shaposhnikov
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Yµ� Ỹ µ� + Cf

w
�w

8�
TrWµ�W̃µ� + Cf

s
�s

8�
TrGµ�G̃µ�

SU(2)L SU(3)CU(1)Y

EW sphaleron (B+L) Strong sphaleron ( B , L )Trivial vacuum structure:
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for nonvanishing BG hyperfield

Note that:

- If there are time-dependent helical hypermagnetic fields,
it will affect the fermion number density. 
- This is another source of B+L!!!
# Both B+L processes (sphalerons and U(1)Y anomaly) 
   are active until EWPT.  
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Chiral Magnetic Effect (CME)

In the presence of MFs, magnetic moments of fermions aligned along MFs.
This generates electric current oppositely for left and right-handed fermions.

(’80 Vilenkin)
2

FIG. 1: Understanding the �B e↵ect. An external magnetic field tends to align the magnetic moments of the four electron
states – left-right handedness for electron and positron, denoted in the figure as L+, L�, R+, R� – which implies the shown
directionalities of the spin, momenta, and electric current due to each state . If the four states are present in unequal numbers,
net electric current may be induced.

FIG. 2: Understanding the �! e↵ect. Vortical fluid flow tends to align the spins of the four electron states which implies the
shown directionalities of the momenta and electric current due to each state . If the four states are present in unequal numbers,
net electric current may be induced.

Similarly, in Fig. 2, we explain the �! e↵ect, which occurs if the ambient fluid flow has vorticity (!). Spin-orbit
coupling tends to align the spins of the fermions; particle helicity then aligns the left-handed states but anti-aligns
the right-handed states, which leads to the electric currents as shown. Thus, in equilibrium,

J�! / [n(e�L ) + n(e+R)]� [n(e�R) + n(e+L)]. (5)

The presence of non-zero µL means that n(e�L ) 6= n(e+R) and of µR that n(e�R) 6= n(e+L). However, if µL = µR then
n(e�L ) = n(e�R) and n(e+R) = n(e+L), and J�! vanishes. Also if µL = �µR then n(e�L ) = n(e+L) and n(e+R) = n(e�R), and
again J�! = 0. So for J�! to be non-vanishing, we need �µ2 ⌘ µ2

L � µ2
R 6= 0. The exact calculation in Ref. [16] gives

J�! =
e

4⇡2
�µ2

! , (6)

where ! = r⇥ v is the fluid vorticity.
The above expression for J�! holds when the left- and right-handed particles and antiparticles are in thermal

equilibrium at the same temperature. If some of the species are at di↵erent temperatures there is an additional
contribution per species to J�! proportional to eT 2

! where T is the temperature of the particular species [16]. We
will not consider this situation in the present paper, though it may be important for the contribution of left- and
right-handed particles, especially neutrinos, to the hypercharge current in the epoch before electroweak symmetry
breaking.

The �B and �! e↵ects can only lead to a non-zero electric current if there is a disbalance between left- and right-
handed particles, that is, �µ 6= 0. Such a disbalance can arise in the early universe from out-of-equilibrium P -violating

(’12 Tashro+)

jCME =
2
�

�µ5BElectric current proportional to 
the chiral asymmetry is induced:

µ5 =
�

i

q2
i µR,i �

�

j

q2
j µL,j :charge weighted chiral chemical potential

(See also ’14 Long, Sabancilar and Vachaspati)
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will not consider this situation in the present paper, though it may be important for the contribution of left- and
right-handed particles, especially neutrinos, to the hypercharge current in the epoch before electroweak symmetry
breaking.

The �B and �! e↵ects can only lead to a non-zero electric current if there is a disbalance between left- and right-
handed particles, that is, �µ 6= 0. Such a disbalance can arise in the early universe from out-of-equilibrium P -violating

(’12 Tashro+)

jCME =
2
�

�µ5BElectric current proportional to 
the chiral asymmetry is induced:

µ5 =
�

i

q2
i µR,i �

�

j

q2
j µL,j :charge weighted chiral chemical potential

The structure differs, but this effect exists both before and after EWPT. 
(See also ’14 Long, Sabancilar and Vachaspati)
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U(1)Y anomaly

Washout

Analytic solution
requiring the equilibrium of sphalerons and 
Yukawa interactions except for 1st gen. eR

��e1
R

�x
� 0� �B(x) � 22

79
�Y (x)

�CME
Y (x) + �e11(x)

�B , �Y
5 are expressed in terms of �e1

R,L

(’16 KK&Long, See also ’98 Giovannini&Shaposhnikov)



Courtesy H.Oide

Kinetic equations x � T/H

�f = nf/s

SY = � 2�

�sT

B2
p(T )

�B(T )
+

12�2

�2�T 3
B2

p(T )�5

� ��Y (x) + �CME
Y (x)�5

··
·

d�ui
L

dx
= Ncy

2
QL

SY � �W (�ui
L
� · · · )� · · ·

2

so that the relation

⌘Qi = ⌘ui
L

+ ⌘di
L
, ⌘Li = ⌘ei

L
+ ⌘⌫i

L
, ⌘' = ⌘'+ + ⌘'0 (8)

holds. The kinetic equations before Z-boson part of hypermagnetic fields decay are now given by

@⌘ui
L

@x

=�Ncq
2
Q(�y � �

CME
y µ

Y
5 )�Nc

�w

2

X

j

(⌘uj
L

+ ⌘dj
L

+ ⌘ej
L

+ ⌘⌫j
L
)� �s

2

X

j

(⌘uj
L

+ ⌘dj
L
� ⌘uj � ⌘dj )

�
X

j

�uij

2

✓
⌘ui

L

3
+

⌘'0

2
�

⌘uj
R

3

◆
�
X

j

�dij

2

✓
⌘ui

L

3
�

⌘'+

2
�

⌘dj
R

3

◆

�
X

j

�

M
uij

✓
⌘ui

L

3
�

⌘uj
R

3

◆
� �2(⌘ui

L
� ⌘di

L
), (9)

@⌘di
L

@x

=�Ncq
2
Q(�y � �

CME
y µ

Y
5 )�Nc

�w

2

X

j

(⌘uj
L

+ ⌘dj
L

+ ⌘ej
L

+ ⌘⌫j
L
)� �s

2

X

j

(⌘uj
L

+ ⌘dj
L
� ⌘uj � ⌘dj )

�
X

j

�uij

2

✓
⌘di

L

3
+

⌘'+

2
�

⌘uj
R

3

◆
�
X

j

�dij

2

✓
⌘di

L

3
�

⌘'0

2
�

⌘dj
R

3

◆

�
X

j

�

M
dij

✓
⌘di

L

3
�

⌘dj
R

3

◆
� �2(⌘di

L
� ⌘ui

L
), (10)

@⌘⌫i
L

@x

=� q

2
L(�y � �

CME
y µ

Y
5 )� �w

2

X

j

(⌘uj
L

+ ⌘dj
L

+ ⌘ej
L

+ ⌘⌫j
L
)�

X

j

�eij

2

⇣
⌘⌫i

L
�

⌘'+

2
� ⌘ej

R

⌘
� �2(⌘⌫i

L
� ⌘ei

L
), (11)

@⌘ei
L

@x

=� q

2
L(�y � �

CME
y µ

Y
5 )� �w

2

X

j

(⌘uj
L

+ ⌘dj
L

+ ⌘ej
L

+ ⌘⌫j
L
)�

X

j

�eij

2

⇣
⌘ei

L
�

⌘'0

2
� ⌘ej

R

⌘

�
X

j

�

M
eij

⇣
⌘ei

L
� ⌘ej

R

⌘
� �2(⌘ei

L
� ⌘⌫i

L
), (12)

@⌘ui
R

@x

=Ncq
2
u(�y � �

CME
y µ

Y
5 ) + �s

X

j

(⌘uj
L

+ ⌘dj
L
� ⌘uj � ⌘dj )

+
X

j

�uij

2

 
⌘ui

L
+ ⌘di

L

3
+

⌘'0 + ⌘'+

2
�

2⌘uj
R

3

!
+
X

j

�

M
uij

✓
⌘ui

L

3
�

⌘uj
R

3

◆
, (13)

@⌘di
R

@x

=Ncq
2
d(�y � �

CME
y µ

Y
5 ) + �s

X

j

(⌘uj
L

+ ⌘dj
L
� ⌘uj � ⌘dj )

+
X

j

�dij

2

 
⌘ui

L
+ ⌘di

L

3
�

⌘'+ + ⌘'0

2
�

2⌘dj
R

3

!
+
X

j

�

M
dij

✓
⌘di

L

3
�

⌘dj
R

3

◆
, (14)

@⌘ei
R

@x

=q

2
e(�y � �

CME
y µ

Y
5 ) +

X

j

�eij

2

✓
⌘⌫i

L
+ ⌘ei

L
�

⌘'+ + ⌘'0

2
� 2⌘ej

R

◆
+
X

j

�

M
eij

⇣
⌘ei

L
� ⌘ej

R

⌘
, (15)

@⌘'+

@x

=�
X

j

�uij

2

✓
⌘di

L

3
+

⌘'+

2
�

⌘uj
R

3

◆
+
X

j

�dij

2

✓
⌘ui

L

3
�

⌘'+

2
�

⌘dj
R

3

◆
+
X

j

�eij

2

⇣
⌘⌫i

L
�

⌘'+

2
� ⌘ej

R

⌘

� �

M
H

⌘'+

2
� �2(⌘'+ � ⌘'0). (16)

@⌘'0

@x

=�
X

j

�uij

2

✓
⌘ui

L

3
+

⌘'0

2
�

⌘uj
R

3

◆
+
X

j

�dij

2

✓
⌘di

L

3
�

⌘'0

2
�

⌘dj
R

3

◆
+
X

j

�eij

2

⇣
⌘ei

L
�

⌘'0

2
� ⌘ej

R

⌘

� �

M
H

⌘'0

2
� �2(⌘'0 � ⌘'+). (17)

:Source term ⇒ BAU ⤴️�Y (x)

�CME
Y (x), �W (x), �u · · ·

:Washout term ⇒ BAU ⤵️️

B
B-L=0

L

B= -      L
51
28

U(1)Y anomaly

Washout

Analytic solution
requiring the equilibrium of sphalerons and 
Yukawa interactions except for 1st gen. eR

��e1
R

�x
� 0� �B(x) � 22

79
�Y (x)

�CME
Y (x) + �e11(x)

�B , �Y
5 are expressed in terms of �e1

R,L

(’16 KK&Long, See also ’98 Giovannini&Shaposhnikov)
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charged fermions only.
※ Washout is completed by CME term or 
electron Yukawa interaction. 

�e11 � 10�2h2
e11

m2
H(T )
T 2

(’92 Campbell+, ’06 Cirigliano+ )



Courtesy H.Oide

Kinetic equations x � T/H

�f = nf/s

SY = � 2�

�sT

B2
p(T )

�B(T )
+

12�2

�2�T 3
B2

p(T )�5

� ��Y (x) + �CME
Y (x)�5

··
·

d�ui
L

dx
= Ncy

2
QL

SY � �W (�ui
L
� · · · )� · · ·

2

so that the relation

⌘Qi = ⌘ui
L

+ ⌘di
L
, ⌘Li = ⌘ei

L
+ ⌘⌫i

L
, ⌘' = ⌘'+ + ⌘'0 (8)

holds. The kinetic equations before Z-boson part of hypermagnetic fields decay are now given by

@⌘ui
L

@x

=�Ncq
2
Q(�y � �

CME
y µ

Y
5 )�Nc

�w

2

X

j

(⌘uj
L

+ ⌘dj
L

+ ⌘ej
L

+ ⌘⌫j
L
)� �s

2

X

j

(⌘uj
L

+ ⌘dj
L
� ⌘uj � ⌘dj )

�
X

j

�uij

2

✓
⌘ui

L

3
+

⌘'0

2
�

⌘uj
R

3

◆
�
X

j

�dij

2

✓
⌘ui

L

3
�

⌘'+

2
�

⌘dj
R

3

◆

�
X

j

�

M
uij

✓
⌘ui

L

3
�

⌘uj
R

3

◆
� �2(⌘ui

L
� ⌘di

L
), (9)

@⌘di
L

@x

=�Ncq
2
Q(�y � �

CME
y µ

Y
5 )�Nc

�w

2

X

j

(⌘uj
L

+ ⌘dj
L

+ ⌘ej
L

+ ⌘⌫j
L
)� �s

2

X

j

(⌘uj
L

+ ⌘dj
L
� ⌘uj � ⌘dj )

�
X

j

�uij

2

✓
⌘di

L

3
+

⌘'+

2
�

⌘uj
R

3

◆
�
X

j

�dij

2

✓
⌘di

L

3
�

⌘'0

2
�

⌘dj
R

3

◆

�
X

j

�

M
dij

✓
⌘di

L

3
�

⌘dj
R

3

◆
� �2(⌘di

L
� ⌘ui

L
), (10)

@⌘⌫i
L

@x

=� q

2
L(�y � �

CME
y µ

Y
5 )� �w

2

X

j

(⌘uj
L

+ ⌘dj
L

+ ⌘ej
L

+ ⌘⌫j
L
)�

X

j

�eij

2

⇣
⌘⌫i

L
�

⌘'+

2
� ⌘ej

R

⌘
� �2(⌘⌫i

L
� ⌘ei

L
), (11)

@⌘ei
L

@x

=� q

2
L(�y � �

CME
y µ

Y
5 )� �w

2

X

j

(⌘uj
L

+ ⌘dj
L

+ ⌘ej
L

+ ⌘⌫j
L
)�

X

j

�eij

2

⇣
⌘ei

L
�

⌘'0

2
� ⌘ej

R

⌘

�
X

j

�

M
eij

⇣
⌘ei

L
� ⌘ej

R

⌘
� �2(⌘ei

L
� ⌘⌫i

L
), (12)

@⌘ui
R

@x

=Ncq
2
u(�y � �

CME
y µ

Y
5 ) + �s

X

j

(⌘uj
L

+ ⌘dj
L
� ⌘uj � ⌘dj )

+
X

j

�uij

2

 
⌘ui

L
+ ⌘di

L

3
+

⌘'0 + ⌘'+

2
�

2⌘uj
R

3

!
+
X

j

�

M
uij

✓
⌘ui

L

3
�

⌘uj
R

3

◆
, (13)

@⌘di
R

@x

=Ncq
2
d(�y � �

CME
y µ

Y
5 ) + �s

X

j

(⌘uj
L

+ ⌘dj
L
� ⌘uj � ⌘dj )

+
X

j

�dij

2

 
⌘ui

L
+ ⌘di

L

3
�

⌘'+ + ⌘'0

2
�

2⌘dj
R

3

!
+
X

j

�

M
dij

✓
⌘di

L

3
�

⌘dj
R

3

◆
, (14)

@⌘ei
R

@x

=q

2
e(�y � �

CME
y µ

Y
5 ) +

X

j

�eij

2

✓
⌘⌫i

L
+ ⌘ei

L
�

⌘'+ + ⌘'0

2
� 2⌘ej

R

◆
+
X

j

�

M
eij

⇣
⌘ei

L
� ⌘ej

R

⌘
, (15)

@⌘'+

@x

=�
X

j

�uij

2

✓
⌘di

L

3
+

⌘'+

2
�

⌘uj
R

3

◆
+
X

j

�dij

2

✓
⌘ui

L

3
�

⌘'+

2
�

⌘dj
R

3

◆
+
X

j

�eij

2

⇣
⌘⌫i

L
�

⌘'+

2
� ⌘ej

R

⌘

� �

M
H

⌘'+

2
� �2(⌘'+ � ⌘'0). (16)

@⌘'0

@x

=�
X

j

�uij

2

✓
⌘ui

L

3
+

⌘'0

2
�

⌘uj
R

3

◆
+
X

j

�dij

2

✓
⌘di

L

3
�

⌘'0

2
�

⌘dj
R

3

◆
+
X

j

�eij

2

⇣
⌘ei

L
�

⌘'0

2
� ⌘ej

R

⌘

� �

M
H

⌘'0

2
� �2(⌘'0 � ⌘'+). (17)

:Source term ⇒ BAU ⤴️�Y (x)

�CME
Y (x), �W (x), �u · · ·

:Washout term ⇒ BAU ⤵️️

B
B-L=0

L

B= -      L
51
28

U(1)Y anomaly

Washout

Analytic solution
requiring the equilibrium of sphalerons and 
Yukawa interactions except for 1st gen. eR

��e1
R

�x
� 0� �B(x) � 22

79
�Y (x)

�CME
Y (x) + �e11(x)

�B , �Y
5 are expressed in terms of �e1

R,L

(’16 KK&Long, See also ’98 Giovannini&Shaposhnikov)

※ Sphaleron can washout asymmetries of SU(2) 
charged fermions only.
※ Washout is completed by CME term or 
electron Yukawa interaction. 

�e11 � 10�2h2
e11

m2
H(T )
T 2

(’92 Campbell+, ’06 Cirigliano+ )

··
·

�Y (x)

�CME
Y (x), �W (x), �u · · ·

:Source term ⇒ BAU ⤴️

:Washout term ⇒ BAU ⤵️️

B
B-L=0

Washout

L

B= -      L
51
28

U(1)Y anomaly

Analytic solution

�B=0.1 pc

1012 1013 1014 1015

10-8

10-10

10-12

10-14

106 105 104 103

� = �/� = ������/�

�
�
�
��

�=
� �

/�

�	
�	�
���	 � �/�	�

B0 = 10�16G

B0 = 10�15, 10�14G

Analytic solutions

(Yukawa dominant)

(CME dominant)



Courtesy H.Oide

Kinetic equations x � T/H

�f = nf/s

SY = � 2�

�sT

B2
p(T )

�B(T )
+

12�2

�2�T 3
B2

p(T )�5

� ��Y (x) + �CME
Y (x)�5

··
·

d�ui
L

dx
= Ncy

2
QL

SY � �W (�ui
L
� · · · )� · · ·

2

so that the relation

⌘Qi = ⌘ui
L

+ ⌘di
L
, ⌘Li = ⌘ei

L
+ ⌘⌫i

L
, ⌘' = ⌘'+ + ⌘'0 (8)

holds. The kinetic equations before Z-boson part of hypermagnetic fields decay are now given by

@⌘ui
L

@x

=�Ncq
2
Q(�y � �

CME
y µ

Y
5 )�Nc

�w

2

X

j

(⌘uj
L

+ ⌘dj
L

+ ⌘ej
L

+ ⌘⌫j
L
)� �s

2

X

j

(⌘uj
L

+ ⌘dj
L
� ⌘uj � ⌘dj )

�
X

j

�uij

2

✓
⌘ui

L

3
+

⌘'0

2
�

⌘uj
R

3

◆
�
X

j

�dij

2

✓
⌘ui

L

3
�

⌘'+

2
�

⌘dj
R

3

◆

�
X

j

�

M
uij

✓
⌘ui

L

3
�

⌘uj
R

3

◆
� �2(⌘ui

L
� ⌘di

L
), (9)

@⌘di
L

@x

=�Ncq
2
Q(�y � �

CME
y µ

Y
5 )�Nc

�w

2

X

j

(⌘uj
L

+ ⌘dj
L

+ ⌘ej
L

+ ⌘⌫j
L
)� �s

2

X

j

(⌘uj
L

+ ⌘dj
L
� ⌘uj � ⌘dj )

�
X

j

�uij

2

✓
⌘di

L

3
+

⌘'+

2
�

⌘uj
R

3

◆
�
X

j

�dij

2

✓
⌘di

L

3
�

⌘'0

2
�

⌘dj
R

3

◆

�
X

j

�

M
dij

✓
⌘di

L

3
�

⌘dj
R

3

◆
� �2(⌘di

L
� ⌘ui

L
), (10)

@⌘⌫i
L

@x

=� q

2
L(�y � �

CME
y µ

Y
5 )� �w

2

X

j

(⌘uj
L

+ ⌘dj
L

+ ⌘ej
L

+ ⌘⌫j
L
)�

X

j

�eij

2

⇣
⌘⌫i

L
�

⌘'+

2
� ⌘ej

R

⌘
� �2(⌘⌫i

L
� ⌘ei

L
), (11)

@⌘ei
L

@x

=� q

2
L(�y � �

CME
y µ

Y
5 )� �w

2

X

j

(⌘uj
L

+ ⌘dj
L

+ ⌘ej
L

+ ⌘⌫j
L
)�

X

j

�eij

2

⇣
⌘ei

L
�

⌘'0

2
� ⌘ej

R

⌘

�
X

j

�

M
eij

⇣
⌘ei

L
� ⌘ej

R

⌘
� �2(⌘ei

L
� ⌘⌫i

L
), (12)

@⌘ui
R

@x

=Ncq
2
u(�y � �

CME
y µ

Y
5 ) + �s

X

j

(⌘uj
L

+ ⌘dj
L
� ⌘uj � ⌘dj )

+
X

j

�uij

2

 
⌘ui

L
+ ⌘di

L

3
+

⌘'0 + ⌘'+

2
�

2⌘uj
R

3

!
+
X

j

�

M
uij

✓
⌘ui

L

3
�

⌘uj
R

3

◆
, (13)

@⌘di
R

@x

=Ncq
2
d(�y � �

CME
y µ

Y
5 ) + �s

X

j

(⌘uj
L

+ ⌘dj
L
� ⌘uj � ⌘dj )

+
X

j

�dij

2

 
⌘ui

L
+ ⌘di

L

3
�

⌘'+ + ⌘'0

2
�

2⌘dj
R

3

!
+
X

j

�

M
dij

✓
⌘di

L

3
�

⌘dj
R

3

◆
, (14)

@⌘ei
R

@x

=q

2
e(�y � �

CME
y µ

Y
5 ) +

X

j

�eij

2

✓
⌘⌫i

L
+ ⌘ei

L
�

⌘'+ + ⌘'0

2
� 2⌘ej

R

◆
+
X

j

�

M
eij

⇣
⌘ei

L
� ⌘ej

R

⌘
, (15)

@⌘'+

@x

=�
X

j

�uij

2

✓
⌘di

L

3
+

⌘'+

2
�

⌘uj
R

3

◆
+
X

j

�dij

2

✓
⌘ui

L

3
�

⌘'+

2
�

⌘dj
R

3

◆
+
X

j

�eij

2

⇣
⌘⌫i

L
�

⌘'+

2
� ⌘ej

R

⌘

� �

M
H

⌘'+

2
� �2(⌘'+ � ⌘'0). (16)

@⌘'0

@x

=�
X

j

�uij

2

✓
⌘ui

L

3
+

⌘'0

2
�

⌘uj
R

3

◆
+
X

j

�dij

2

✓
⌘di

L

3
�

⌘'0

2
�

⌘dj
R

3

◆
+
X

j

�eij

2

⇣
⌘ei

L
�

⌘'0

2
� ⌘ej

R

⌘

� �

M
H

⌘'0

2
� �2(⌘'0 � ⌘'+). (17)

:Source term ⇒ BAU ⤴️�Y (x)

�CME
Y (x), �W (x), �u · · ·

:Washout term ⇒ BAU ⤵️️

B
B-L=0

L

B= -      L
51
28

U(1)Y anomaly

Washout

Analytic solution
requiring the equilibrium of sphalerons and 
Yukawa interactions except for 1st gen. eR

��e1
R

�x
� 0� �B(x) � 22

79
�Y (x)

�CME
Y (x) + �e11(x)

�B , �Y
5 are expressed in terms of �e1

R,L

(’16 KK&Long, See also ’98 Giovannini&Shaposhnikov)

※ Sphaleron can washout asymmetries of SU(2) 
charged fermions only.
※ Washout is completed by CME term or 
electron Yukawa interaction. 

�e11 � 10�2h2
e11

m2
H(T )
T 2

(’92 Campbell+, ’06 Cirigliano+ )

··
·

�Y (x)

�CME
Y (x), �W (x), �u · · ·

:Source term ⇒ BAU ⤴️

:Washout term ⇒ BAU ⤵️️

B
B-L=0

Washout

L

B= -      L
51
28

U(1)Y anomaly

Analytic solution

�B=0.1 pc

1012 1013 1014 1015

10-8

10-10

10-12

10-14

106 105 104 103

� = �/� = ������/�

�
�
�
��

�=
� �

/�

�	
�	�
���	 � �/�	�

B0 = 10�16G

B0 = 10�15, 10�14G

Analytic solutions

(Yukawa dominant)

(CME dominant)

Time-varying helical MFs ⇒B, C&CP, Out of Equilibrium



Courtesy H.Oide

The structure of kinetic equations are similar:
                    Just U(1)Y -> U(1)EM

After EWPT (T~160 GeV)...



Courtesy H.Oide

After EWPT (T~160 GeV)...
The structure of kinetic equations are similar:
                    Just U(1)Y -> U(1)EM

- Chiral anomaly of U(1)EM does not break baryon #
- Sphaleron still lasts until T~135 GeV3

140 150 160 170 180
T / GeV

0

0.2

0.4

0.6

0.8

1

v2 (T
) /

 T
2

multicanonical
standard
perturbative

FIG. 2: The Higgs expectation value as a function of tem-
perature, compared with the perturbative result [2].

sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative
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FIG. 3: The measured sphaleron rate and the fit to the broken
phase rate, Eq. (7), shown with a shaded error band. The
perturbative result is from Burnier et al. [11] with the non-
perturbative correction used there removed; see main text.
Pure gauge refers to the rate in hot SU(2) gauge theory [19].
The freeze-out temperature T∗ is solved from the crossing of
Γ and the appropriately scaled Hubble rate, shown with the
almost horizontal line.

result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated

(’14 D’Onofrio+)
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sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative
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result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated
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sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative
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FIG. 3: The measured sphaleron rate and the fit to the broken
phase rate, Eq. (7), shown with a shaded error band. The
perturbative result is from Burnier et al. [11] with the non-
perturbative correction used there removed; see main text.
Pure gauge refers to the rate in hot SU(2) gauge theory [19].
The freeze-out temperature T∗ is solved from the crossing of
Γ and the appropriately scaled Hubble rate, shown with the
almost horizontal line.

result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated
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sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative
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FIG. 3: The measured sphaleron rate and the fit to the broken
phase rate, Eq. (7), shown with a shaded error band. The
perturbative result is from Burnier et al. [11] with the non-
perturbative correction used there removed; see main text.
Pure gauge refers to the rate in hot SU(2) gauge theory [19].
The freeze-out temperature T∗ is solved from the crossing of
Γ and the appropriately scaled Hubble rate, shown with the
almost horizontal line.

result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated
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sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative
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phase rate, Eq. (7), shown with a shaded error band. The
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Pure gauge refers to the rate in hot SU(2) gauge theory [19].
The freeze-out temperature T∗ is solved from the crossing of
Γ and the appropriately scaled Hubble rate, shown with the
almost horizontal line.

result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
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T 4
= (0.83± 0.01)

T
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− (147.7± 1.9). (7)

The error in the second constant is completely dominated
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sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative
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FIG. 3: The measured sphaleron rate and the fit to the broken
phase rate, Eq. (7), shown with a shaded error band. The
perturbative result is from Burnier et al. [11] with the non-
perturbative correction used there removed; see main text.
Pure gauge refers to the rate in hot SU(2) gauge theory [19].
The freeze-out temperature T∗ is solved from the crossing of
Γ and the appropriately scaled Hubble rate, shown with the
almost horizontal line.

result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated
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After EWPT (T~160 GeV)...
The structure of kinetic equations are similar:
                    Just U(1)Y -> U(1)EM

- Chiral anomaly of U(1)EM does not break baryon #
- Sphaleron still lasts until T~135 GeV3
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FIG. 2: The Higgs expectation value as a function of tem-
perature, compared with the perturbative result [2].

sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative
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FIG. 3: The measured sphaleron rate and the fit to the broken
phase rate, Eq. (7), shown with a shaded error band. The
perturbative result is from Burnier et al. [11] with the non-
perturbative correction used there removed; see main text.
Pure gauge refers to the rate in hot SU(2) gauge theory [19].
The freeze-out temperature T∗ is solved from the crossing of
Γ and the appropriately scaled Hubble rate, shown with the
almost horizontal line.

result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated
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sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative
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FIG. 3: The measured sphaleron rate and the fit to the broken
phase rate, Eq. (7), shown with a shaded error band. The
perturbative result is from Burnier et al. [11] with the non-
perturbative correction used there removed; see main text.
Pure gauge refers to the rate in hot SU(2) gauge theory [19].
The freeze-out temperature T∗ is solved from the crossing of
Γ and the appropriately scaled Hubble rate, shown with the
almost horizontal line.

result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated
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sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative
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FIG. 3: The measured sphaleron rate and the fit to the broken
phase rate, Eq. (7), shown with a shaded error band. The
perturbative result is from Burnier et al. [11] with the non-
perturbative correction used there removed; see main text.
Pure gauge refers to the rate in hot SU(2) gauge theory [19].
The freeze-out temperature T∗ is solved from the crossing of
Γ and the appropriately scaled Hubble rate, shown with the
almost horizontal line.

result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated
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Parameter spaces...
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Summary
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- The existence of intergalactic magnetic fields (MFs) are indicated 
recently. 

- If they have originated from a mechanism before EWPT, they might 
be related to baryon asymmetry of the Universe (BAU). 

- The parameter space that can explain the present BAU is on the 
edge of the constraints, in other words, the sweet spot is indicated.

- Precise determination of constraint as well as transport coefficients
                    at T~135 GeV are needed. 

- BSM might not be needed for baryogenesis but for magnetogenesis! 
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Backreaction to the B-field dynamics from CME
We evaluate the B-field evolution as

Ḃp � HBp

through Inverse Cacade
CME w/o IC leads

Ḃp �
2�

��
µ5��Bp �

2�
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