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HEFT vs. full theory
Many calculations in Higgs physics done in the              limit (Higgs EFT) 

the gluon field strength tensor, thereby approximating the Hgg coupling. This large top

quark mass approximation has been shown to work very well under the condition that the

kinematic scales involved are smaller than twice the top quark mass [31].

The effective Lagrangian reads,

Lint = −
λ

4
HGµν

a Ga,µν . (2.1)

where Gµν
a is the field strength tensor of the gluon. The coupling λ has inverse mass

dimension. It can be computed by matching [32,33] the effective theory to the full standard

model cross section [6].

2.2 Kinematics

We consider the decay of the Higgs boson to three gluons,

H(p4) −→ g1(p1) + g2(p2) + g3(p3) , (2.1)

or into a quark-antiquark pair and a gluon,

H(p4) −→ q(p1) + q̄(p2) + g(p3) . (2.2)

It is convenient to define the invariants,

s12 = (p1 + p2)
2 , s13 = (p1 + p3)

2 , s23 = (p2 + p3)
2 , (2.3)

which fulfill

p24 = s12 + s13 + s23 ≡ s123 ≡ M2
H , (2.4)

as well as the dimensionless invariants,

x = s12/s123 , y = s13/s123 , z = s23/s123 , (2.5)

which satisfy x+ y + z = 1.

3. The general tensors

The amplitudes |M⟩ can be written as,

|Mggg⟩ = Sµνρ(g1; g2; g3)ϵ
µ
1 ϵ

ν
2ϵ

ρ
3 ,

|Mqq̄g⟩ = Tρ(q, q̄; g)ϵ
ρ , (3.1)

while the partonic currents may be perturbatively decomposed as,

Sµνρ(g1; g2; g3) = λ
√
4παsf

a1a2a3
[

S(0)
µνρ(g1; g2; g3) +

(αs

2π

)

S(1)
µνρ(g1; g2; g3)

+
(αs

2π

)2
S(2)
µνρ(g1; g2; g3) +O(α3

s)
]

, (3.2)

Tρ(q; q̄; g) = λ
√
4παsT

a
ij

[

T (0)
ρ (q; q̄; g) +

(αs

2π

)

T (1)
ρ (q; q̄; g)

+
(αs

2π

)2
T (2)
ρ (q; q̄; g) +O(α3

s)
]

, (3.3)

where αs is the QCD coupling constant, and S(i)
µνρ and T (i)

ρ are the i-loop contributions to

the amplitude. The SU(3) generators are normalized as tr(T aT b) = δab/2.
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s)with

HEFT valid if mt is large compared to all other scales
H + X  production: large phase space region with 

p
s > 2mt

e.g. Higgs Pair  
      production

mt ! 1
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HEFT and approximated NLO results

HEFT valid for 
p
s ⌧ 2mT

2mH <
p
s

• Born improved NLO HEFT

Higgs pair production:

Spira et al. (HPAIR)
d�NLO ⇡ d�HEFT

NLO =
d�NLO(mt ! 1)

d�LO(mt ! 1)
d�LO(mt)

•                limit (Higgs EFT)mT ! 1

top mass effects at NLO [Borowka, Geiner, 
Heinrich, Jones, MK, Schlenk, Schubert, Zirke 16]

compared to NLO HEFT: 
- total cross section reduced by 14% 
- large corrections at high mhh 

→ talk by Stephen Jones



HJ@NLO — Motivation

This talk: toward HJ production at NLO with full mt dependence

• top mass effects expected to be large for high pT 

LO: -40% for pT > 250 GeV 
• high pT resolves particle in loop 
→ sensitivity to BSM effects 

only subset of 2-loop integrals known analytically 
→ use numerical methods for evaluation of virtual amplitude

HJ production at large pT



HJ Production — known results
1) LO (full mt dependence) 

[Ellis, Hinchliffe, Soldate, van der Bij 87] 
[Baur, Glover 89] 

2) NLO 
• HEFT 

[de Florian, Grazzini, Kunszt 99; Glosser, Schmidt 02; 
Ravindran, Smith, van Neerven 02] 

• approximated mt dependence 
[Harlander, Neumann, Ozeren, Wiesemann 12] 
[Neumann, Wiesemann 14] [Frederix, Frixione,  
Vryonidou, Wiesemann 16] [Neumann, Williams 16]  
[Caola, Forte, Marzani, Muselliand, Vita 16] 
[Braaten, Zhang, Zhang 17] 

• top-bottom interference → talk by Chris Wever  
[(Lindert,) Melnikov, Tancredi, Wever 16, 17] 

3) NNLO (HEFT) 
[Boughezal, Caola, Melnikov, Petriello, Schulze 13, 14] 
[Chen, (Martinez,) Gehrmann, Glover, Jaquier 14, 16] 
[Boughezal, Focke, Giele, Liu, Petriello 15]

K≈1.6

K≈1.2
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Partonic Channels

p
s = 13TeV

mH = 125GeV

mt = 173.05GeV

PDF4LHC15

µR = µF = mH

pT>30 GeV pT>300 GeV

gg → Hg 5836 fb  (73%) 53.1 fb (62.5%)

qg →Hq, qg →Hq 2096 fb (26%) 31.0 fb (36.5%)

qq →Hg     38 fb (0.5%)  0.8 fb   (1%)



Approximated results

full asymptotic real improved NLO*
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Figure 2: Higgs inclusive pT spectrum for three different approximations, each taking into
account higher orders of an asymptotic expansion in 1/mt. The upper panel
shows the absolute distribution, while the lower two panels display the ratio to
the LO distribution and the NLO⇤ 1/m0

t approximation, respectively.
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[Neumann, Williams 16]

NLO cross section 
expanded in 1/mt 

full mt dependence 
in real radiation 2Re(M⇤full

B · Mexpand

V )
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[Neumann, Williams 16]

NLO cross section 
expanded in 1/mt 

full mt dependence 
in real radiation 2Re(M⇤full

B · Mexpand
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LO

Expansion cannot 
describe behavior above 
the top threshold 
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Virtual Amplitude — Feynman Diagrams 
gluon channels:

quark channels:

vanishes due to color
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Analytic results for planar integrals

(k2+p1)2

Figure 4: The four master integrals of the elliptic sector IA1,1,0,1,1,1,1,0,0.
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Figure 5: The four master integrals of the elliptic sector IA1,1,1,1,1,1,1,0,0.

techniques. In section 4.3 we show that employing two auxiliary bases we obtain a two-fold

iterated integral representation of the integral sector.

The highest sector of Family A is IA1,1,1,1,1,1,1,0,0. In this case the homogeneous part

of the differential equations can be cast in canonical form, however they depend via in-

homogeneous terms on the lower elliptic sector. In section 4.4 we write the result as a

three-fold integral. We found these integral representations to be suitable for precise and

reliable numerical evaluations. When implemented in Mathematica the evaluation of both

the elliptic sectors in one Euclidean point takes about 10 minutes using one processor, with

about eight-digit accuracy.

4.1 Sector IA1,1,0,1,1,1,1,0,0

The integral sector IA1,1,0,1,1,1,1,0,0 has four master integrals, shown in fig. 4, which are

expressed in terms of elliptic functions, although its subtopologies do not involve them. We

start by considering the following basis of finite integrals,

h1(x, ϵ) = ϵ4(−x1)
3/2IA1,1,0,1,1,1,1,0,0 ,

h2(x, ϵ) = ϵ4IA2,1,0,1,1,1,1,0,0 ,

h3(x, ϵ) = ϵ3IA1,1,0,1,1,1,2,0,0 ,

h4(x, ϵ) = ϵ4IA1,1,0,1,1,1,1,0,−1 .

(4.1)

We parametrize the integrals through the linear parametrization (3.12), and we define the

differential equations with respect to the new parameter using the chain rule,

∂αh(x(α), ϵ) =
3

∑

i=1

xi ∂xih(x(α), ϵ) , (4.2)
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[Bonciani, Del Duca, Frellesvig, Henn, Moriello, Smirnov 16]

most planar integrals can be expressed in terms of  
• log, Li2 up to weight 2 
• 1-fold integrals at weights 3,4 
• alphabet with 3 variables, 49 letters, many square roots

2 sectors contain elliptic functions
can be expressed as 2- and 3-fold 
iterated integrals with elliptic kernel 

→ results not available in closed form 
    no results for non-planar integrals         

We calculate all integrals full numerically using SecDec
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Virtual Amplitude — Form Factors
gluon channel: M = ✏µ(p1)✏⌫(p2)✏⌧ (p3)Mµ⌫⌧

Form factors are gauge invariant and cyclic:

Write                                                  amplitude as

Tensor Decomposition

6

Thanks: Frellesvig, Glover

Mµ⌫⌧
physical = F212(sg

µ⌫ � 2pµ2p
⌫
1)(up

⌧
1 � tp⌧2)/(2t)

+ F332(ug
⌫⌧ � 2p⌫3p

⌧
2)(tp

µ
2 � spµ3 )/(2s)

+ F311(tg
⌧µ � 2p⌧1p

µ
3 )(sp

⌫
3 � up⌫1)/(2u)

+ F312

⇣
gµ⌫(up⌧1 � tp⌧2) + g⌫⌧ (tpµ2 � spµ3 ) + g⌧µ(sp⌫3 � up⌫1)

+ 2pµ3p
⌫
1p

⌧
2 � 2pµ2p

⌫
3p

⌧
1

⌘
/2

s = (p1 + p2)
2, t = (p1 + p3)

2, u = (p2 + p3)
2

M = "h1µ "h2⌫ "h3⌧ Mµ⌫⌧g(p1) + g(p2) + g(p3) ! H(p4)

Here:

Impose transversality of the pol. vectors and the Ward identity:

this convention differs from appendix!

Our job: Compute the Form Factors F212, F332, F311, F312

Mµ⌫⌧ (s, t, u)

F311(u, s, t) = F332(t, u, s) = F212(s, t, u)

F312(u, s, t) = F312(t, u, s) = F312(s, t, u)

Thanks: Glover, Frellesvig

quark channels:
M =Fq

⇣
ū(qq̄)/pgv(pq)pq · "� ū(qq̄)/"v(pq)pq · pg

⌘

+Fq̄

⇣
ū(qq̄)/pgv(pq)pq̄ · "� ū(qq̄)/"v(pq)pq̄ · pg

⌘ Gehrmann, Glover, 
Jaquier, Koukoutsakis
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Integral Reduction
Full Integration-by-Parts reduction [Chetyrkin, Tkachov 81; Laporta 01] 
achieved using Reduze [von Manteuffel, Studerus 12] 
with modifications to 
- change order of solving the system of equations, 
sorting the equations by number of unreduced integrals 

- specify list of required integrals  
→ consider only equations containing these integrals

choose quasi-finite basis of master integrals [von Manteuffel, Panzer, Schabinger 14] 
→ requires integrals in shifted dimension [Tarasov 96; Lee 10] 
→ requires reduction of integrals with 2 inverse propagators and 2 dots

unreduced amplitude: 3767 integrals 
up to 3 inverse propagators for 7-propagator integrals 
up to 4 inverse propagators for factorizing 6-propagator integrals

reduced amplitude: 458 integrals 
up to 6 master integrals per sector
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Integral Reduction
Reduction done using two different setups:

1) fix mass ratio 

m2
h

m2
t

=
12

23

mh = 125GeV

mt = 173.055GeV
→

2) keep full mass dependence 

Total size of Reduze  
reduction directory: 250 GB 1100 GB

Size of reduced amplitude: 
symbolic d-dependent coefficients 
after simplifications with  
Fermat and Mathematica 

780 MB ?

Size of c++ code: 
for coefficients 
after expansion in "

including           possible:mb,�t

340 MB

✗ ✓

?



Loop Integrals — Sector Decomposition
Numerical evaluation of loop integrals with SecDec 
[Borowka, Heinrich, Jahn, Jones, MK, Schlenk, Zirke]
•Sector decomposition [Binoth, Heinrich `00] 

factorizes overlapping singularities  

•Subtraction of poles & expansion in 𝜺 
•Contour deformation [Soper 00; Binoth et al. 05, Nagy, Soper 06, Borowka et al. 12]  

analytic continuation from Euclidean to physical region  

→ finite integrals at each order in 𝜺 
→ numerical integration possible
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Sector Decomposition

• sector decomposition
Binoth, Heinrich 00

y

x

−→ + −→(2)

(1)

+

y

x

t

t

Figure 1: Sector decomposition schematically.

+

∫ 1

0
dy y−1−(a+b)ϵ

∫ 1

0
dt t−1−aϵ

(

1 + (1 − y) t
)−1

. (2)

We observe that the singularities are now factorised such that they can be read off
from the powers of simple monomials in the integration variables, while the polynomial
denominator goes to a constant if the integration variables approach zero. The same
concept will be applied to N -dimensional parameter integrals over polynomials raised
to some power, where the procedure in general has to be iterated to achieve complete
factorisation.

3 The algorithm for multi-loop integrals

3.1 Feynman parameter integrals

A general Feynman graph Gµ1...µR

l1...lR
in D dimensions at L loops with N propagators

and R loop momenta in the numerator, where the propagators can have arbitrary, not
necessarily integer powers νj , has the following representation in momentum space:

Gµ1...µR

l1...lR
=

∫ L
∏

l=1

dDκl
kµ1

l1
. . . kµR

lR
N∏

j=1
P

νj

j ({k}, {p}, m2
j)

dDκl =
µ4−D

iπ
D
2

dDkl , Pj({k}, {p}, m2
j) = (q2

j − m2
j + iδ) , (3)

where the qj are linear combinations of external momenta pi and loop momenta kl.
Introducing Feynman parameters according to

1
∏N

j=1 P
νj

j

=
Γ(Nν)

∏N
j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

) 1
[
∑N

j=1 xjPj

]Nν
, (4)

where Nν =
N

∑

j=1

νj , leads to

Gµ1...µR

l1...lR
=

Γ(Nν)
∏N

j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

)
∫

dDκ1 . . .dDκL

kµ1

l1
. . . kµR

lR

⎡

⎣

L
∑

i,j=1

kT
i Mij kj − 2

L
∑

j=1

kT
j · Qj + J + i δ

⎤

⎦

−Nν

, (5)

4

Z 1

0
dx1

Z 1

0
dx2

1

(x1 + x2)2+"

=

Z 1

0
dx1

Z 1

0
dx2

1

(x1 + x2)2+"

[✓(x1 � x2) + ✓(x2 � x1)]

=

Z 1

0
dx1

Z
x1

0
dx2

1

(x1 + x2)2+"

+

Z 1

0
dx2

Z
x2

0
dx1

1

(x1 + x2)2+"

=

Z 1

0
dx1

Z 1

0
dt

x1

(x1 + tx1)2+"

+

Z 1

0
dx2

Z 1

0
dt

1

x

1+"

2 (1 + t)2+"

overlapping singularities

singularities factorized

• subtraction of poles
Z 1

0
dxx�1�"

g(x, ") = �1

"

g(0, ") +

Z 1

0
dxx�1�" (g(x, ")� g(0, "))

• expansion in ɛ

→ finite integrals for each order in ɛ → numeric integration possible

→ finite

SecDec 3 used for amplitude evaluation 
interface to amplitude based on calculation of HH production  
[Borowka, Greiner, Heinrich, Jones, MK, Schlenk, Schubert, Zirke]

New version of SecDec: pySecDec     → talk by Stephan Jahn 
• implementation in python and Form 
•modular structure 
•generates libraries that can be directly linked to amplitude code
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Loop Integrals — Amplitude Structure

and the mass counter-term in the on-shell scheme is given by

�m2
t =

✓

m2
t

µ2
R

◆�✏

m2
t CF

✓

�3

✏
� 4

◆

+O(✏) . (2.25)

The integrals Ir,s(s, t,m2
h,m

2
t ) appearing in the coe�cients (2.17), (2.18) have mass

dimension [Ir,s] = DL � 2r + 2s, with L the number of loops. We may therefore

factor a dimensionful parameter M out of each integral such that they depend only on

dimensionless ratios

Ir,s(s, t,m
2
h,m

2
t ) = (M2)�L✏(M2)2L�r+sIr,s

✓

s

M2
,

t

M2
,
m2

h

M2
,
m2

t

M2

◆

. (2.26)

The renormalized amplitude may then be written as

Avirt =
Y

n
g

Z
1
2
A AB

�

a0 ! aZa

�

µ2
R/µ

2
0

�✏
,m2

t0 ! m2
t + a �m2

t

�

= aA(1) + a2(
ng

2
�ZA + �Za)A(1) + a2�m2

tAct,(1) + a2A(2) +O(a3), (2.27)

A(1) =

✓

µ2
R

M2

◆✏
h

b(1)0 + b(1)1 ✏+ b(1)2 ✏2 +O(✏3)
i

, (2.28)

Act,(1) =

✓

µ2
R

M2

◆✏
h

c(1)0 + c(1)1 ✏+O(✏2)
i

, (2.29)

A(2) =

✓

µ2
R

M2

◆2✏
"

b(2)�2

✏2
+

b(2)�1

✏
+ b(2)0 +O(✏)

#

, (2.30)

where

b̃(L) = (M2)�L✏b(L) , c̃(L) = (M2)�L✏c(L). (2.31)

Since �m2
t contains poles of O(✏�1) the coe�cient c of the top mass counter-term must

be expanded to O(✏). It is obtained by insertion of a mass counterterm into heavy

quark propagators.

⇧�m
ab (p) =

i�ac
6 p�m

(�i�m)
i�cb

6 p�m
, (2.32)

where a, b, c are colour indices in the fundamental representation. Alternatively, the

mass counterterm can be obtained by taking the derivative of the one-loop amplitude

with respect to m.

It is clear that renormalizing the one-loop real radiation amplitudes and expanding the

renormalization constants to O(a) generates terms of O(a
5
2 ) which do not contribute

at NLO, their renormalization is therefore trivial.
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rewrite loop integrals with r propagators and s inverse propagators as

and write renormalized form factors as

F (1) =

✓
µ2
R

M2

◆" h
b(1)0 + b(1)1 "+ b(1)2 "2 +O("3)

i
,

F ct,(1) =

✓
µ2
R

M2

◆" h
c(1)0 + c(1)1 "+O("2)

i
,

F (2) =

✓
µ2
R

M2

◆2"
"
b(2)�2

"2
+

b(2)�1

"
+ b(2)0 +O(")

#
,

(1-loop)

(mass counter-term)

(2-loop)

arbitrary scale

→ scale variations do not require re-computation of b(n)i , c(n)i

F virt = a3/2
✓
F (1) + a(

ng

2
�ZA +

3

2
�Za)F

(1) + a�m2
tFct,(1) + aF (2) +O(a2)

◆



Loop Integrals — Numerical Integration
after sector decomposition and expansion in 𝜺: 
amplitude written in terms of 22 675 finite integrals 

•all integrals evaluated using  
Quasi-Monte-Carlo integration 
- generating vector  

• constructed component-by-component [Nuyens 07]  
• minimizing worst-case error 
• for fixed lattice sizes   

-              scaling of integration error   
• dynamically set n for each integral, minimizing 

• parallelization on gpu 
• avoid reevaluation of integrals for different orders in ɛ and form factors

14

Amplitude — Loop Integrals
SecDec

• sector decomposition of loop integrals 
• contour deformation 
→ numerical integration possible

Amplitude & numerical integration
• using Quasi-Monte-Carlo (QMC) integration 

           scaling of integration error 
• split each integral into sectors 
• dynamically set n for each integral, minimizing 
 
 

• avoid reevaluation of integrals for different 
orders in     and form factors 

• parallelization on gpu

{. . . } = fractional part

~g = generating vector

~
�k = randomized shift

~xi,k =

⇢
i · ~g
n

+ ~�k

�
I =

Z
d~xf(~x) ⇡ Ik =

1

n

nX

i=1

f(~xi,k)

QMC rank-1 lattice rule

m di↵erent estimates I1 . . . Im
! error estimate

O(n�1)

T =
X

integral i

ti + �

 
�2 �

X

i

�2
i

!

�i = ci · t�e
i

�i = error estimate (including coe�cients in amplitude)

� = Lagrange multiplier � = precision goal
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Figure 2.3. Applying a (0.1, 0.3)-shift to a 64-point lattice rule in
two dimensions: (a) original lattice rule, (b) moving all points by
(0.1, 0.3), (c) wrapping the points back inside the unit cube.

For a random shift ∆ ∈ [0, 1]s, the shifted QMC points {ti + ∆}, i =
0, 1, . . . , n− 1 are correlated. Therefore we cannot estimate the variance of
the shifted QMC rule using the sample variance as in (2.1). Instead, we
need to use a number of independent random shifts as follows.

(1) We generate q independent random shifts ∆0,∆1, . . . ,∆q−1 from the
uniform distribution on [0, 1]s.

(2) For a given QMC rule, we form the approximations Q(0)
n,s(f), Q

(1)
n,s(f),

. . . , Q(q−1)
n,s (f), where

Q(k)
n,s(f) =

1

n

n−1∑

i=0

f({ti +∆k}), k = 0, 1, . . . , q − 1,

is the approximation of the integral using a ∆k-shift of the original
QMC rule.

(3) We take the average

Q̄n,s,q(f) =
1

q

q−1∑

k=0

Q(k)
n,s(f)

as our final approximation to the integral.

(4) An unbiased estimate for the mean-square error of Q̄n,s,q(f) is given
by

1

q(q − 1)

q−1∑

k=0

(Q(k)
n,s(f)− Q̄n,s,q(f))

2.

Typically we take n in the thousands or more while keeping q small, say
around 10–50. To obtain a fair comparison between the MC method and

Review: Dick, Kuo, Sloan

Binoth, Heinrich
Nagy, Soper

O(n�1)

T =
X

integral i

ti + �
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X

i

�2
i

!

�i = ci · t�e
i

�i = error estimate (including coe�cients in amplitude)

� = Lagrange multiplier � = precision goal

F a =
X

i

2
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@
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1

A ·
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k
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k

!3

5 =
Ca

1,�2I1,0 + Ca
1,�1I1,�1 + . . .

"2
+

Ca
1,�1I1,0 + . . .

"1
+ . . .

compute only once
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Phase-Space integration & Real Radiation 
Phase-space integration of virtual corrections:

•generate unweighted events based on differential LO cross section  
→ nearly perfect importance sampling for evaluating total cross section 

• include additional pT-dependent reweighing factor 
enhances number of events in tail of distribution, reducing their weight

Real radiation matrix elements generated with GoSam [Cullen et. al.]

Implemented in Powheg-Box framework [Alioli, Hamilton, Nason, Oleari, Re, Zanderighi] 
allows to calculate the cross section 
•at fixed order 
• including a parton shower
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Current Status

Real radiation 
• fully implemented 
• checked 
• results available, but more statistics required 

Virtual corrections 
• full code generated & compiled 
• pole cancellation checked 
• verified permutation symmetry of form factors 
• ToDo: 

- compare to HEFT result 
- test convergence of finite part 
in various phase-space regions 

- evaluate cross section

gluon  
channels

quark 
channels

𝜺-2 5-8 digits 8 digits

𝜺-1 3-5 digits 7 digits

pole cancellation (at low mhj, pT)
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Comparison of HJ and HH 

HJ production HH production

#Form factors 4+2 2
Full reduction ✓ only planar

(quasi-) finite basis ✓ only planar
#Master integrals  
including crossings 458 327

#Master integrals  
 neglecting crossings 120 215

#Integrals after sector 
decomposition and expansion in 𝜺 22675 11244

Code size coefficients ~340 MB ~80 MB
Code size integrals ~330 MB ~580 MB

Compile time coefficients ~ 2 weeks few days
Compile time integrals ~4 hours ~1-2 days

Time for linking the program ~3-4 days few hours
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Challenges (far) ahead

future plans to extend the calculation

•effects of top width 
•bottom quark mass effects 
→ large mass ratios  
→ numerical integration  
    might be challenging 

•combine with parton shower

} requires reduction with  
full mh and mt dependence 
→ more complicated coefficients
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Summary

HJ production at NLO  

•top quark mass effects expected to be large at high pT 

•implementation of NLO correction with full mt dependence 
- 2-loop amplitude calculated numerically 
- code generation finished 
- some more testing required

Thank you for your attention!
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HH Amplitude Evaluation — Example

k1

p2

g

H

g

H

sector integral value error time [s] #points

5 (-1.34e-03, 2.00e-07) (2.38e-07, 2.69e-07) 0.255 1310420

6 (-1.58e-03, -9.23e-05) (7.44e-07, 5.34e-07) 0.266 1310420

. . .

41 (0.179, -0.856) (1.10e-05, 1.22e-05) 29.484 79952820

42 (0.359, -1.308) (1.40e-06, 1.58e-06) 80.24 211436900

44 (0.0752, -1.185) (5.44e-07, 6.76e-07) 99.301 282904860

1

integral value error time [s]

. . .

F1 011111110 ord0 (0.484, 4.96e-05) (4.40e-05, 4.23e-05) 11.8459

. . .

N3 111111100 k1p2k2p2 ord0 (0.0929, -0.224) (6.32e-05, 5.93e-05) 235.412

N3 111111100 1 ord0 (-0.0282, 0.179) (8.01e-05, 9.18e-05) 265.896

N3 111111100 k1p2k1p2 ord0 (0.0245, 0.0888) (5.06e-05, 5.31e-05) 282.794

N3 111111100 k1p2 ord0 (-0.00692, -0.108) (3.05e-05, 3.05e-05) 433.342

1

⇡ 700
integrals

I(s, t,m2
t ,m

2
h) = �

✓
µ2

M2

◆2"

�(3 + 2✏)M�4

✓
A�2

✏2
+

A�1

✏1
+A0 +O(✏)

◆

}
p
s = 327.25GeV,

p
�t = 170.05GeV, M2 = s/4

contributing integrals:

sector decomposition
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R1SL: Implementation Performance

Accuracy limited primarily by number of function evaluations 
Implemented in OpenCL 1.1 for CPU & GPU, generate points on GPU/
CPU core, sum blocks of points (reduce memory usage/transfers)

n CPU (s) GPU(s) C/G

655357 6.63 1.60 4.1

7208951 72.3 16.4 4.4

67264993 674.2 152.2 4.4

2 CPUs (20 Cores + HT)

1 GPU

Hyperthreading

4.1x115x

M
illi

on
 F

un
ct

io
n 

Ev
al

ua
tio

ns
 / 

Se
co

nd

Cores

2 x Xeon E5-2680v2 (CPU)
1 x Tesla K20Xm (GPU)
Ideal Linear Scaling
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