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The EFT matching problem

« Given Luv|®,¢] with Mg > m,, at low energy F < Mg,

Lerr|¢] =7

= Why interesting?
= Interpretation of model-independent EFT results in UV models.
= Precise calculation of low-energy observables.

= Theoretical curiosity — matching without Feynman diagrams!
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The EFT matching problem

Lerr|g) =7

= Solution #1: Feynman diagram matching (familiar).

= Calculate scattering amplitudes/correlation functions with
Feynman diagrams in both UV theory and EFT.

= Equate the results and solve for EFT operator coefficients.

= Solution #2: functional matching (more elegant, often simpler).
= Manipulate path integral to directly derive EFT operators.

= Can preserve gauge covariance in intermediate steps via CDE.

= Can obtain universal results (master formulas).
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Literature overview

= Earlier developments
= M.K. Gaillard [Nucl.Phys.B268,669 (1986)]

= L.H. Chan [Phys.Rev.Lett.57,1199 (1986)]
= O. Cheyette [Nucl.Phys.B297,183 (1988)]

= Recent revival, developments and applications
= B. Henning, X. Lu, H. Murayama [1412.1837, 1604.01019].
= C.-W. Chiang, R. Huo [1505.06334].
= R. Huo [1506.00840, 1509.05942].
= A. Drozd, J. Ellis, J. Quevillon, T. You [1512.03003].
= F. del Aguila, Z. Kunszt, J. Santiago [1602.00126].
= M. Boggia, R. Gomez-Ambrosio, G. Passarino [1603.03660].
= S. Ellis, J. Quevillon, T. You, ZZ [1604.024453].
= J. Fuentes-Martin, J. Portoles, P. Ruiz-Femenia [1607.02142].

- 77 [1610.00710].
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This talk

= Basic ideas of gauge-covariant functional matching.

= Functional matching at one loop with covariant diagrams.
= Diagrammatic representation of CDE.

= Compare Feynman diagrams --- diagrammatic representation of

(non-gauge-covariant) expansion of correlation functions.
= Builds upon previous literature on functional matching, but...

= No complicated functional manipulations; rules easy to use.

= Applicable beyond minimal case.
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Basic ided (minimal technical details)

= Matching condition: I't uyv[én] = I'err|[dn] -
= 1LPI effective action calculated in the UV theory:
ILuvies] = —ilog Zuv([Je = 0, Jy] — / d%x J s,
= 1PI effective action calculated in the EFT:

Lerr|¢p] = —tlog Zerr[Jg) — /ddﬂ? JpOn
where

ZovlJw, Jg) = / DBI[ D] ] A e Lov® ol +Tab+Ts0)

Zuerlds) = [[Do]etS dxtEaraloresio
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Background field method

= To calculate 1(L)PI effective actions (real scalar example):

P=3,4+9, o=¢p,+¢ =

Luy[®, @] + JoP + Jpo “quadratic matrix”
= Luv|[Pp, ¢p] + Jo P, + Jpo ./ tree (classical)
1 Apl®u, 0] Xppl®u, éu]\ (@
- @/T " H b ) 1_1
2 (27 6" (XLH[CI)b,Cbb] Ar [Py, ¢ ¢’ °oP
T .. higher orders
0Luv 0Luv . :
= Recall 0 = [Py, Pp] + Jo = (@, ¢p] + J» = linear terms vanish.

0P Yo
= Similar expansion on the EFT side.
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Matching resulis

= Assuming Xy, = X g = 0 for now (will generalize later),

[t £i5716) = § log det A [cle).

EEE‘%‘ [¢] — £UV [(Dc[¢]7 Qb}

%Tr log Ay [CIDC 9], qﬂ

where @.[¢] solves the classical EoM:
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Evaluating functional trace

(familiar from guantum mechanics)

Tr O(z,p)

= /;Zi) (ql tr O(2,p) lq) = /dd / i 5 (gl =) (2| tr O(2,p) |q)
/dd / ZZ zqmtréxz@) / /(27r) tr O(x,i0; + q)
— /dde/(%)d tr O(x, 10, — q)

= Recall / Az L10P[¢] = %Tr log Ay

P, =D, (hermitian)

1-loop i ddq
= Lgpr @] = 2] @n) trlog Ag|p—p—g

Zhengkang Zhang (DESY & U. Michigan) DESY Theory Seminar, Dec. 5, 2016 @



Covariant derivative expansion (CDE)

Fuentes-Mariin-Portoles-Ruiz-Femenia version (1607.02142)
= Recall Lyv[®@=®, +®, ¢=¢,+¢]D —% T Ay [Py, P] D
= General form of quadratic terms for bosonic fields:
Ay =—P?*+M*+ Xy
where

PM:?:D,U7 M:di&g(Ml,Mg,...),

Xul®, ¢, P.] = Un[®,¢] + P Z5[®, ¢] + Z} [®, 6] P,
+ P, P,ZM"[®, ¢| + ZIM[®, ¢| P, P* + ...
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Covariant derivative expansion (CDE)

Fuentes-Mariin-Portoles-Ruiz-Femenia version (1607.02142)

Ag=—-P*+M?+ Xy

= Expand for M — oo while keeping P,’s intact (as opposed to

separating into 9, and gA;T*).

= LomPle] =

i d?
3 [ o trlos Aulere

2 ) (2m)
1/ ag trlog(—¢° + M? +2q- P — P° + Xy|p_p_q)
2 | (2m)d !
i 1 d*q 1/ 5 2\~ 1 2 "
const.—ﬁtrnzlﬁf (27r)d[(q —M) (2q-P—P +XH|P—>P—q)}
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Torecap...

= Matching condition: I't, uyv|¢n] = I'err|[dn] -

« Background field method ® = &, + ®', ¢ = ¢, + ¢’ = (details skipped)

/ Az L500P 6] = %log det Ay [Dc[¢], ] = %Tr log Apr |Dc[¢], @]

. dd
« Evaluate trace = LiP[¢] = % / (27:)1 strlog Ag|psp_g

= Plug in general form Ay = —P? + M? + Xy and perform CDE

n

ﬁl—loop L v - 1 ddq 2 2\ —1 2
EFT [¢] ~— 9 tr Z n (27r)d [(q - M ) <2q P — P + XH|P—>P—q)}
n=1
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Covariant diagrams

plicopryy _ G N~ [ dla e oty e .
g0l = 5 > [ G| =) (20 P PP Xl
n=1

= This is a sum of one-loop diagrams!

= Loop integrals factor out, with the form

ddq qu .o qﬂ2nc . I o 1T .
2m)d (2 — M2 (q2 — M) .. 7 [ ]ij
v J

completely symmetric tensor, e.g. ¢g""?7 = g"”gP? + g ¢"? + g"7 g""
= All terms P,’s from 2q - P insertions in all

possible ways.
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Example:

threshold matching of gauge coupling (scaiar case)

= Integrate out a complex scalar of mass M, and extract
P*~D*~G? terms in the EFT.

represents one term in the CDE

;11
Q — —2-%-1-I[q4]§tr(2P“-2P”-2PM-2P,,)C—2iI[q4]§tr([P“,P”][PM,P,,])

2 2

_ o 277,474 v g 1o MTrd y

= 2’Lg I[q L tr(G“ Guy) = —@g log ? _Z tr(G“ GMV):|

Dynkin index of representation R

2 2 l 2
9ae(1) g 1, M

=1 T(R) - —log —
2 T e LU gloe s

= Symmetry factor due to Z, symmetry under rotation.

= The diagram calculated on the LHS is sufficient to fix the
coefficient of the operator on the RHS.
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Universal master formula

(EFT matching reduced to matrix aigebrat)
= Assuming Xy, = Xpy =0 (as I did above) and X4[®, ¢, P,] = Un[®, ]

o A. Drozd, J. Ellis, J. Quevillon, T. You (1512.03003)

derived a master formula for one-loop matching up to
dimension-six level, dubbed the Universal One-Loop

Effective Action (UOLEA).

o The degenerate limit of the UOLEA was reported earlier by
B. Henning, X. Lu, H. Murayama (1412.1837).

= In 1610.00710, I re-derived the UOLEA using covariant
diagrams, which greatly simplify the calculation.
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Universal master formula

(EFT matching reduced to matrix aigebrat)

Up to dimension-6:

= Z(universal coefficient x tr(operator)) => see next slide

18 covariant diagrams => 18 terms in the CDE => 18 independent operator traces
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Universal master formula

(EFT matching reduced to matrix aigebrat)

1—100p Universal coefficient Operator
Lgpr fi-1 U
. . fi=2T(¢")} GHMa,,
= g (umversal coefficient x tr(operator)) T 1;1_1 T
4 2 g e
i =16 Z[q" [P, Gl [Po, GE]
i 32 / 1w /
= How to use the master formula: o= 5 2o CiG" i i
. f7 = Tg*3; [P*, U] [Py, Ujil
Given a UV model, £ L UsUnl
= Extract the U matrix f& = 8Z[q"? ez
) = 3T UsiUjkUrUss
= Plug in and calculate traces FF =22 + TPEE) | UylP*, Ul Py, Und
« Add up all terms 12 = 4Z[¢")F [P, [Py, Uyl ] [P”, [P, Ujil]
fih= A(Zlg"F U..U:n G oY
= Donel +2T[g422 + 2 T[¢42)) iVt Gy
£y = —-8I[¢"| [P*, Uy [PY, Uzl G,y,, ;
= For examples, see 0= (Zla"E + T1g")2) (Uy[P*, Uzi] = [P*, UyUjs) [P, G, ]
. ijklm _ 1711111 U:: Ui UUs Uy
= Henning, Lu, Murayama (1412.1837 fis = 5 Lijhim YRR Im
. g, ’ y ( ) ﬁkl = 2(I[q2}z2]'1k}l2 U_,U,k[PLL Ukl][P Ul']
= Chiang, Huo (1505.06334) IR+ Ty | T T
. ijkl =7 2 ?'121 + T 2 12'112
Huo (1506.00840, 1509.05942) Fis +[qz[]q;ﬁ.2,3;+[qz[]qgl]ci2,3,2 U [P*, Uk Uiy, Ui
. . ] kA
= Drozd, Ellis, Quevillon, You (1512.03003) FiFn g UssUseUntUmUnmnUn

/
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But that is not alll

= The UOLEA master formula does not account for
* Xy, Xy #0
- Zterms in Xy[®, ¢, P,] = Uy|®, ¢ + P, Z%[®, ¢| + ZIF[®, $] P,
+ PP, ZY[®,¢] + ZI*[®, §| P, P* + ...

= Mixed statistics (bosonic+fermionic)

= Covariant diagrams are capable of dealing with all these
additional structures, and so can be used to

= derive extended master formulas;

= do matching calculations for specific UV models.
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The rules (1/4)

= The derivations involve technical functional manipulations,
so here I only tell you the rules

= We already encountered the following rules for heavy loops:

Element of diagram Symbol Expression

heavy propagator (bosonic) 2 1
(P

P insertion (bosonic, heavy) : 2P,0;;

U insertion (heavy-heavy) LO]— Ut ij
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The rules (2/4)

= When Xy, Xy # 0, we should also draw mixed heavy-light
loop diagrams, with the following additional ingredients:

Element of diagram Symbol Expression
light propagator (bosonic) __ 1
light mass insertion (bosonic) _@ixi/_ m2 8§y jr
i/ .j’
P insertion (bosonic, light) : 2P, 0y 5
U insertion (heavy-light) Loi/_ Unrij
U insertion (light-heavy) _ZLOJ_ ULmi;
U insertion (light-light) N Up iy
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The rules (3/4)

« When X[®, ¢, P,]

= U[®, ¢] + P,Z"[®, ¢] + Z'[®, ¢ P, (boldface for
full matrix containing H, HL, LH, L blocks), draw additional
diagrams with Z insertions, with the following rules:

Element of diagram Symbol | Expression

Z insertion (uncontracted, heavy-heavy) LD..L P,Zy ij

Z insertion (uncontracted, heavy-light) Lni/_ P.Z5 Lij

Z insertion (uncontracted, light-heavy) gl PuZiy ;i

Z insertion (uncontracted, light-light) _i:Dl._I_ P.Z7

il

Z insertion (contracted, heavy-heavy) : —ZY; ;
il

Z insertion (contracted, heavy-light) : -1 i
igd

Z insertion (contracted, light-heavy) : —Z g i
gl

Z insertion (contracted, light-light) D -7y iy

Element of diagram Symbol | Expression

Z! insertion (uncontracted, heavy-heavy) | _igJd ZL“UPM

Z? insertion (uncontracted, heavy-light) L'..ll_ Z}:’L ij+Fu

Z' insertion (uncontracted, light-heavy) a zZt 5 Pu

Z' insertion (uncontracted, light-light) _i‘i.l:l_ ZZ‘:., 1 Pu
i gd

Z' insertion (contracted, heavy-heavy) P - ZL#U
gl

Z' insertion (contracted, heavy-light) i _Z?;a! i
gl

Z' insertion (contracted, light-heavy) o -z Litj
i ]

- - - - --- - T,_‘
Z' insertion (contracted, light-light) : —Z g

= Terms with more P,’s can be similarly dealt with.
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The rules (4/4)

= For matching calculations involving Dirac fermions, use
the following rules:

Element of diagram Symbol | Expression
heavy propagator (fermionic, uncontracted) i M;

1
heavy propagator (fermionic, contracted) : —yH

-/

— _7’. -——

light propagator (fermionic) : -y
light mass insertion (fermionic) _iixil_ MmOyt
P insertion (fermionic, heavy) gl —P6;;
P insertion (fermionic, light) _ii.-il_ —Pbyjr

= Rules for Weyl fermions can be derived similarly.
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The rules (further comments)

= Master integrals are generalized for mixed heavy-light loops:

/ ddq q,ul .. q“an = g’ul,,,’LLan I[QQTLC]nszTLL
(27‘(‘)d (q2 — ]\412)”z (q2 — MjQ)nj e (q2)nL i9...0

= n;, n;, ... = number of heavy propagators of type i, j, ...
= n;, = number of light propagators
= n. = number of Lorentz contractions (dotted lines)

= Prefactor has opposite signs for bosonic vs. fermionic loops.

= For mixed bosonic-fermionic loops, prefactor is determined by
the propagator from which one starts reading the diagram.

= Diagrams giving rise to tr(...P?...) can be omitted as other
diagrams are sufficient to determine all independent

operator coefficients.
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Example:

Integrating oui a scalar iriplet

= Test case for mixed heavy-light matching.

1 1 1
Luv = Loy + §(DM<I>“)2 — §M2c1>a<1>a — ZA@[,(cbaq)a)? + kT oPDY — || DD

= We shall focus on mixed heavy-light contributions to
1 1
Or = 5(6'D,0)*, 0w =5(0uld")°, O = I6PD,0P

= Scalar sector: contributions independent of g, g’.
= Gauge sector: contributions dependent of g, g’ (involve Z terms).
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Example:

Integrating oui a scalar iriplet (scalar secior)

= First, extract quadratic pieces:

@/b
1 : : .
Cov. s >~ (0 61 ) (P4 M+ Ul 1, ) (¢) = o

qg/
where

. U (Unr)ix2 Ugb (UTG)1><2
M2 —d ]\425@1)7 2, 2 U= ( H > — P oD
tag( m”,m’) (Urm)2xt  (Ur)2xe (U£q>)2><1 (Ugp)2x2

De0] = 1730'0°6 — 377 | 2010 (610%6) + D (910"0) | + 041 ?)

Ug" = 2n[g]*0% + Ag (RLRL 6" +2BLDY) ~ O(¢%, ¢*, P2¢*,...)
b b
by (KO +2n0 P! 3 p2,3
Uqb(ID - (Ko_bé+2néq)g NO(¢7¢7P¢7)
g o= (8P 12+ ¢0") - kPLo + 0 PEDL T, 209!
¢ = 2X B oA (|62 12 + ¢ &) + k ®lo? + 5 PIDL 1,

~ O(¢%, ¢*, P2¢%, P2¢",...)
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Example:

Integrating oui a scalar iriplet (scalar secior)

= Second, identify terms to be computed

1
Or = 5(6'D )", On =5(0ulol)". Or = |6 IDuof

N | —

= All these operators are O(P?*¢*), so need to compute covariant
diagrams proportional to

UarUrr, UartUUrr, P*UgtUry, P?UnrUrgUg, P?UnUrUrh, P*(UgrUrg)®.

= Then, draw diagrams and calculate!
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Example:

Integrating oui a scalar iriplet (scalar secior)

m = —ics Zjg tr(UnLULn), (4.29a)

\\
< Q = —icsZig tr(UnrUrULn), (4.29Db)
/
\\
<j ‘@ = —ic, 22 I[¢*)3 tr(P*Up PuULy) C —ics 2Z[q%)3 tr([P*, UnL)[Py, ULH))
/
(4.29¢)
Z::} -4
= —iCSZQ{I[(f]Z-Otr(PMUHLULHP“UH)
+Z[g*)3 tr(P*UgUl . PuULl + PPURLPULeUn) }
C —’ics{4I[q2]?§ tr([P“, Unr][Pu, ULH]UH)
+2 (I[q2]f(} + I[q2]?02) tI‘([P'u, UHLULH] [P,ln UH]) }a (429d)
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Example:

Integrating oui a scalar iriplet (scalar secior)

’_..\\ . O”_..\\
. ] . ] .
T+ L Q4 U
. b . .

~~ 9 ~~ 0

= —ics 22{Z[¢?)ig tr(P,ULuUn P*UL)
+I[g%2 tr(PPULULE UL, + PPULE P Uk LUL)}
C —ics{4Z[¢*)% tr([P*, ULn][Py, Un)UL)
+2 (Z[¢*ig + Z[a*)%) tr ([P, ULuUn L) [Py, UL)) },
(4.29¢)

- 00 -9

. 1 1
= —icg 22{51[q2]§‘3 tr(PPUp L ULa P, UnULH) + 51[612]?61 tr(PPULgUn L P,ULaUnL)
+Z[g*3 tr(PPU L PuULaUn ULy + P'uULHP,uUHLULHUHL)}

C —ics{ (2Z1¢°)io + 4Z1g°)%) tr ([P*, Unr) [Py, Uru)UnrULn)
+2Zl¢"lid +4Z1g*8) tr([P*, Upn] [Py, UnLlULnUn)
+(Za)i6 + Z1e"1% + 2Z10°1%)
tr ([P*,Unr)ULr Py Unr)Urs + U [P*, Ure|Unr[Pu, ULnl) ). (4.29f)
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Coefficient Operator

. tr(UaULm
—ics I} = 185 (1 —log Af—:) ( ta : 1627
— U¢q, :;(p D =M (OT +203)
. tr(UgULULy)

—ics T2 = . 1 (1 —1o
s +40 1672 M"’ ( g ) — U¢¢U¢U¢q, D (OT + 2OR)

tr([P*, Un ) [Py, ULH])
—ics 2Z[¢%)% = %&‘ﬁ(_ﬁ) — [PH, U;;][Pw Ugs

> —6k2|D,d|? + 50 (Oy + OR)
tr([P“, UHL][P;“ ULH]UH)
— [P#, ULG[Py, Ube|US® D —12520g
—icy 2 (Z[g?)4 + Z[g?)32) = ﬁ;?z# tr([P“, UI:LULH][P#’ UH])

— [P#, US4 UL, [P, USR] D —24k*n0Og

tr([P*,Ura|[Pu, Un)UL)
— [PH, Ugs) [Py, UG 1U,

> 2k2[(£; — 2))Or — £,0g

+(f —103)0x]

tr([P*, ULaUn L) [Py, UL])
= [P*, UgaUSsl [Py, Uyl

D 4k [(— 255 +2))Or

—10A0y — 2504]

tr([P*, U] [Py, ULua|UnLULn)
— [P*, ULe [Py, UbelUSa Uly O —12k%0g
tr([P*, Urn) [Py, UnL|ULeUnt)
—ics 2 Z[q + 4 Z1a%)%) = & 3y (F —log 35) | = [P#, Ugsl [P, UL 10U,

> —2k4(Oy + 40R)
tr([P“,UHL]ULH[P“,UHL]ULH

+UnL[P*, ULu)UnL|Ps, ULk))
—ics(Z[g?) 2 + Z1g*)% + 2Z[¢%)3) = 185 1556 — [P*, Ul |US [P, USa U

+USG [P, UbelU 4 [Pu, Uss)
D 41'-',4( 50y +40R)

; 2132 _ s 1
—ics 4Z[¢°i0 = 162 aza

—ics AT[q?I3 = 18 poa (—5 +log 247)

—ics 2 (I[q2 14 + I[q2 23) %:Ff (_

g

—ics2Z?)55 +4Ze%)S) = 16 a1
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Example:

Integrating oui a scalar iriplet (scalar secior)

= Final result (add up all terms):

1 3x2 2

1-loo 1 I§J2 K
Lerr' 191 2 15555 Dudl” + 1672 M4 KQM? —en 3A) Or
9K2 21 k2
- _ 1 A) (— _21p 49 A) ]

= in agreement with earlier calculations with Feynman diagrams
(F. del Aguila, Z. Kunszt, J. Santiago, 1602.00126) and
different functional methods (B. Henning, X. Lu, H. Murayama,
1604.01019; S. Ellis, J. Quevillon, T. You, ZZ, 1604.02445).
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Example:

Infegrating oui a scalar triplet (gauge sector)

= Extended quadratic pieces:

(I)/b
¢/
1 - -
Lov, quad. O =5 (@ ¢t ¢'T W B,)(—P>+M?*+ U + P,Z' + Z"P,) | ¢
b
e
where b
M? = diag(M?,m? m?,0,0),
Ug’ (Ulg)ixe  Ugiy 0
U - < Un (UHL)1><4> _ | Wga)2xa (Up)axz (Ugi)2x1 (Uhg)ax

(Urna)axi  (UL)axa Uiabe (U;%?f)lxg Uabes sl

0 (Uie UK Ug”

0  Opxy  ZESYP 0

ZH — ( Z (ZI'L}L)1><4) _ | O2x1 O2x2 (Zé:vl;/ﬂ)le (ngg)le
(ZZH)4><1 (Zf)4><4 0 lez 0 0
0 O1x2 0 0
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Example:

Infegrating oui a scalar triplet (gauge sector)

ZEwP = g"Pige®ad ~ O(ge?, gP2¢%, go*,...), Usw = [Pu, Ziw),

b
g (o
80 = g0 ( bqf) ~O(gd). U = [P 2],

2 \o’¢p
Z4p = —Q”B% <_¢$) ~0(g'¢), Usp =[Py, Zjp].
= Calculate diagrams like
i | ¢s (3 1. M?
U = —ics I[¢°l}y tf(ZIl}LZ}{L,) = 6.2 (§ — ;108 7)]\42 tr(ZﬁrLZ}L{LM)
= Final result: 1100 1 5K
Lepr [¢] D 162 A (> Or + g7 On — (46° + 2¢"%) Or | .

= First time this has been calculated with functional methods!

= In agreement with earlier calculation with Feynman diagrams
(F. del Aguila, Z. Kunszt, J. Santiago, 1602.00126).
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Example:

threshold maiching of gauge coupling (fermion case)

" Integrate out a vector-like fermion of mass M, and extract
P?*~D*~G” terms in the EFT.

OO0

— —ic, 4M4I4 N+ M2 I[P tr (v Pra )
+Z[q"); (gtr(val‘%PvﬂP%P) + ;ltr(valbvﬁl"'va?wl"))}

= Gamma matrix algebra + plug in master integrals =>
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More examples...

can be found in 1610.00710 and my upcoming paper(s)

= General recipe for one-loop matching:

= Extract quadratic pieces of the UV theory Lagrangian.
= Draw covariant diagrams and read off their expressions.

= Add them up to obtain the EFT Lagrangian.

= See Section 3.5 of 1610.00710 for detailed recipe.
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Summary

= EFT matching can be done in more elegant and simpler

ways than using conventional Feynman diagrams.

= Covariant diagrams keep track of one-loop functional

matching calculations, which

= preserve in intermediate steps,
= allow results (master formulas) to be easily derived,
= can deal with in straightforward ways,

= you can use as soon as you have learned the !
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Thank you for your attention!

Zhengkang Zhang (DESY & U. Michigan) DESY Theory Seminar, Dec. 5, 2016



