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IR divergence in Feynman integrals

N

k
p1 P2
Virtual corrections IR singularity:
/ d'k -
((k = p1)? = mi) k2 ((k + p2)® — m3)
—/ A’k dk — IR divergent
= k2 = 2kp) K2 (K2 + 2kpo) k &

» Contribute to 1/€" terms in Laurent expansion.

» Naturally separated from the finite parts.
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IR singularities in Feynman integrals

d3ps
2F;

Real soft massless emission IR singularity:

/d3p5 A B(Es) /‘” dEj;
aps 4 . )
2Es5 E5  Es o FEs

— IR divergent

/w dEs5 ( a bln(Es) L ) :_2a+b_c—2aln(w) L o()
0

EFi\cB; T B, B 4¢? 2

» Parts ~ 1/Ej5, In(E5)/E5s — contribute to 1/€" terms after
phase-space integration.

» Hidden in e-finite parts of matrix element.
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Intermediate summary

Two kinds of IR singularities:

“Virtual”
» Localized in 1/€" terms.
» Can be calculated with any method.

l‘ReaIll

» Not localized
(may be found in constant term!).

» May change order of virtual singularities.
» Separation from the finite part is not obvious.

Solution: Mellin-Barnes method
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Example of mixed IR singularity

D2

QED p5I11M2m QCD p5I0m

Figure: Mixed virtual/real IR singular 5-point functions

5 independent kinematic invariants:
p1p2 = 81/2 p1ps = v15/2 ~ Es
P3pa = S34/2 Paps = V45/2 ~ Es
(p2 + p3)® = s23 6/18



Definitions

Massive one-loop n-point scalar Feynman integral:

; L805 d°k
imd/? / (g7 —mi)"1 (g5 —m3)2 ... (¢3 —m2)w

Feynman parameters representation (v = S.% | 1;):

Ve (1T _ » N v—d
eVE(—-1)"T'(v — d/2) ( / dija" 1) 1 _ sz> U
[T T(w) ' Fr=df2

In one-loop U = Z iz =1,
and F' could be made bilinear in z;.



Mellin-Barnes formula

Muon pair production p5l1M2m F-form:
2 2 2,2
Fositmam = ma (1 + @5)° + myjz3—
/ /
— S12T1T3 — S34T3T5 — V45T1T4 — V15T2T5 — S23T2T4

Massless QCD p5I0m F-form:

Fp5|0m = —S12X1T3 — 834L3L5 — V45X1T4 — V15X2T5 — S23L27T4
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Mellin-Barnes formula

Muon pair production p5l1M2m F-form:
2 2 2,2
Fositmam = ma (1 + @5)° + myjz3—
/ /
— S12T1T3 — S34T3T5 — V45T1T4 — V15T2T5 — S23T2T4
Massless QCD p5I0m F-form:

Fp5|0m = —S12X1T3 — 834L3L5 — V45X1T4 — V15X2T5 — S23L27T4

Mellin-Barnes formula and generalized Beta-function

1 B 1 L /-i-ioo—i—Rd 1“()\ N )1“(_ )L
(X+Y)A T TN 2710 Jisosr AT O
L(w1)l(ve)---T'(vN)
d 0(1— - =
/ $] Ty — JZ'N) F(V1+V2+"'+VN)
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Mellin-Barnes formula

Muon pair production p5l1M2m F-form: (7-d integral — 6-d)
Fpsitmzm = m3 (1 + 5) + miz3—
— S1pT1L3 — S34T3L5 — V45T1T4 — V1sLoLs — S23L2L4
Massless QCD p5l0m F-form: (4-d integral)

Fp5|0m = —S12X1T3 — 834L3L5 — V45X1T4 — V15X2T5 — $23L27T4

Mellin-Barnes formula and generalized Beta-function

1 B 1 1/+ioo+Rd 1“()\ N )1“(_ )L
(X+Y)A T TN 2710 Jisosr T o
_ T@)I'(ve)---T(vw)
/d$] 1 e xN)_F(V1+y2-|-...+VN)



MB representation for p5l1M2m

» MB integrals with AMBRE (J. Gluza, K. Kajda, T. Riemann).
» Continuation algorithm by J. B. Tausk (hep-ph/9909506).
» Algorithm implemented in MB.m ! (M. Czakon).

IR kinematics s}, & s}, + Barnes 1st lemma — —1 integration.

I = (m1?)?(mg®)™ (—s93) " #1757 AT 7% (—g5) % (—u15) % (—vg5) >
D(—21)T(—23)T(—24)0(—25)T(—26) T (244+1)T (26 +1)'(223+25+1)
[(—e—z1—23—25—26—2)'(—e—21—23—24—25—2)'(221+ 24+ 25+26+2)
D(e+ 21+ 23+ 24+ 25+ 26 +3)/ (8235 (—2€ — 1)T'(24 + 26 + 2))
Integration contours parallel to imaginary axis:

e=—3/4 Rz1 = —1/2 Rzz = —3/16
Ro = —3/32  Res=-7/16 Rz = —31/64

lwith modifications
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Continuation for p5l1M2m
Default parameters result (in MB.m notation):

{MBint [ (m12)28 (m22)28 756 (—503) 726 ~2sp5 (= ]5) T228 7L (—u15)%6 (—v5)%6 1T (~ zg)
P(223+1)T (1 26)T(~ 26)T(26)D (26 1) 2 (26 ~23) /(P(226+1) { (=0} { 23—~ £ 76—~ 35 } }]
MBint [ (m12)%6 (— s53) =6 2555 (—s)5) "226 71 (—015)76 (—u45) %6~ 1T (1 - 26)T(~ 26)2T(z6)
P(eg+)2 { (=0} {6~ 3% } }] mBint [ ((m12)73 (m2?)73 (— 4 ) 7223711 (~ 25) 2P (225-+1)
(—eln(=s93)v15+2eln(—v15)v15+ervi5+v15—cyva5+vg5+e(vas —vi5) In(ma?)+evys In(—sa3)—

—2evyy 1n(—u15)+c(v15—v45)w(—23)))/(2(,323'0151145),{{e—»O},{z:;—»——}}] }
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Continuation for p5l1M2m
Default parameters result (in MB.m notation):

{MBint [ (m12)28 (m22)28 756 (—503) 726 ~2sp5 (= ]5) T228 7L (—u15)%6 (—v5)%6 1T (~ zg)
P(223+1)T (1 26)T(~ 26)T(26)D (26 1) 2 (26 ~23) /(P(226+1) { (=0} { 23—~ £ 76—~ 35 } }]
MBint [ (11 2)%6 (—s53) ™6 2593 (=) “2%6 ™1 (—15)%6 (—v45) %6 "L T(1—26)I(— 26) 2T (26)
P(eg+)2 { (=0} {6~ 3% } }] mBint [ ((m12)73 (m2?)73 (— 4 ) 7223711 (~ 25) 2P (225-+1)
(—eln(=s93)v15+2eln(—v15)v15+ervi5+v15—cyva5+vg5+e(vas —vi5) In(ma?)+evys In(—sa3)—

—2cuys 1n(—ﬂ15)+c<v15—”45)w(—23)))/(2<7523015U45)7{{€—>0}7{23—*—*}}] }

“Optimized continuation" result:
Ipsitmam(iR) = —(523812) ™" (m3)° <(—v45)_26_1 + (—015)_26_1) X
1 —4Z
3 sy () ()
x T(—23)°T(223 + 1) (—1/c + v + (—23))

where Rz3 = —3/16

Both representations are equivalent (checked numerically).
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QED p5l1M2m IR part

Iosiimam(Ry = — (s23819) 7" (m3)" x

X ((—U45)_26_1 + (—U15)_26_1) <J_1 + J())

Sums: hep-th/0303162v4 (A.l. Davydychev, M. Yu. Kalmykov).
J_1 = Z u ( > (Sl 2n) Sl (n) + ln(u)/2>

Jo = Z u ( > (SQ 21’L) S1 (2n)2 + 51 (2n)5’1 (’I’L) —
— S1(2n) In(u) + Si(n) In(u) /2 — (In*(u) /4 + )

2
where u = m2m2/s},
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QED p5l1M2m IR part

Iosiimam(Ry = — (s23575) ™' (m3)° x

X ((—1)45)_26_1 + (—U15)_26_1) <J;1 + Jo)

Analytical result for IR-part of p5I1M2m:

g - 10+x)In() 1- \/1 — 4m12mg2?/s),>
1= 35— 5 X = ,
2 1-x 1+\/1—4m12m22/5/122
1
= (2(1 — y)Liz (¢ ; . . e
Jo 4(1—x)( (1 — x)Lia(x?) + 8xLiz(x) — 4(1 — x)Lia(—x) +

+4(1+ ) In(1 = ) In(x) = (1+ ) (1) — 40+ 0)¢z)
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Hypergeometric representation

Integral before e-expansion:

Tositmam(ir) = —(s2381) " (m3)° <(—U45)_26_1 + (—015)_26_1) %

< [ dea(md) (m3) (~sha) 722 x
" [(—2e)['(1 + 2¢)I'(—€ — 23)T'(—23)'(1 + 223)
T(1 - 2¢)

Hypergeometric representation (only IR part), v = m%m%/sﬁgg

Lositmam(iR) = —(523572) 71 (m3) ((—va5) > + (—v15) >71) x
1
x 5 T(26) [-2" 7w (du ~ 1) 27T (1/2 — €) +
+uT (1 —€)oF1 (1,1 — €,3/2;1/(4u))]
Automatic expansion with HypExp2 (T. Huber, D. Maitre).
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Massless QCD 510m

MB representation is 3-dimensional

Iosiom = (—512)™(—523) #2737 (—v15) ™ (—v45) 2T (—22)(22+1)

D(—2z3)T (234 D)0 (—24) T (24 + 1) (204 23+ 24 +2)[(—20—23—€—2)

[(—z3—24—e—2)T(22+23+24+e+3) /(5233 (22 + 24 + 2)T(—2¢ — 1))
e=—1, Rz=-1/2, Rzz3=-13/16, RNzy =-7/16

The result for IR part:

Tpsiom(iR) =575 (—528) 7'~ (—823)1+26(—v15)*1’€(—v4s)’1’€(f%+(2+6%(3)
+(%z+%) ((*1145)7176(*Ulf))”r(*vls)flﬂ(*1145)6)Jr%(*812)71726(*1115)6(*1)45)6
n ( 15 In? (%)4—2(823—1115)111( —%)IH(Z;§)+4C201Q+2(823 U1J)L12(s;§))
V15V45
+(U4o In2 ( )+2(523 v4o)1ﬂ( —x—g)ln(zgg)+4§2v40+2(sz3 v4o)Ll2(323))
V15V45
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QCD p5I3m

P3 P4

Ps

/66526 2}

F =m?(zy + 23 + 24)? — shoz123 — shywzrs —
— UV45T1T4 — V15T2T5 — 523T2T4
psiam = (m?)™ (—s93) 37 F AT T (— )% (—015) (—vy5) D (—21)
D(—z4)T(24+ 1) (—25)0(25+ 1)1 (—26) T (26+1) T (— 21— 25—26 —€—2)
I(—z4—2z5—26—2¢—3)['(—21—24—25—€—2)'(21+24+25+26+€+3)
D(z4425+26+2)/(F(24426+2)[(—2e—1)[(—221 —24—25—26—2€—3))
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QCD p5I3m

I= MBint<—2 (m?)™ (=s23) " (—v15)* (—va5) 2> T (=21)
FB(—ZG — I)FA(—Zl — Z6 — 1)F(—ZG)F(25+1)P(Z6+2)F(—21+26+1)
T(21)/(s120(=221)), {{€ = 0}, {21 — —87/128, 2 — —~5/64}})

"Bad" power of vys:

(_,U45)727267ZG _ (_,045)717267(75/64)

Shift contour and take residues in zg = —1 — 21 and zg = —1.

I = Resy + Resp + ILghifted
Ishifted — IR safe: (—U45)_1_25 (=1-5/64)
Res; and Resy — one dimension less.
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IR part of QCD p5I3m
Analytical result for IR part of QCD p5I3m function (preliminary).

2
4(*523)255in_1(%) (—vy5) 72t (m2) (*525>51"(1x1r)( vyg) 26T

1 =—
p513m(IR) 3’121)45 + 8121)456
€ L 9e_ € 26—
7(m2) 72 (—s93)¢(—vy5) 27! (mQ) (—s93)%(—vy5) 271
+ 12/ - 7
s1ov45 sigva5€
3(7823) 3(v15) (7523) 2(1)15) 2(,523) (v15) 372 (v15)
1 1 1 1 1 1 3 1
_e nl g _e/n e _e n 7/n2 ST _5 n lm2 o oys B 71'/5 o oys
3519v15v45 S12Y15Y45 $19V15Y45 S19V15Y45 S12Y15Y45
2
2e —2e—1 5237Y15 2 m_ V45
(Tr2a)” (Tras) 61n(l_"b2v4s)ln (_523”5) ”261“(7%)
- 7 - 7
819715 S19Y15Y45
2
2 2e —2e—1 $23v15 2e —2e—1__ —1( /523 (U15)
T4 (—s —v eln| 1——=25—2 8(—s —v €sin T In
(—523)7“(—vy5) ( m2v45> (—=523)°“(—vy5) <2m> T1s
3’121)15 3'12v15
2
2e —2e—1 m_V45 f 523Y15 2e —2e— 523Y15
2(—523)““(—vy5) eln<7w>u2(m U4J> 2(—523)““(—vy5) eng(m U4Q)
+ 7 + 7
S12%15 S12%15

16/18



Conclusions

v

Mellin-Barnes method is useful for extraction of IR pieces
of 1-loop massive n-point functions.

High level of automatization: AMBRE, MB.m, HypExp2.
There is still room for improvement

(e.g. better continuation procedure, automatic derivation
of residua sums, etc).

v

v

Applied to calculation of IR-parts of some LHC-relevant 5-
and 6-point functions.

v

v

Extension to two loops is straightforward.
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Thank you for your attention!
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