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I. Form factor
Photon-quark vertex: ➪ γµFq(q

2)

Higgs-gluon vertex:
➪

(

gµνq1q2 − qν
1qµ

2

)

Fg(q
2)

origin: construct effective theory for mt → ∞:
LSM➪Leff = C1

H
v GµνG

µν + . . .

➪

F = 1 + αs

π F (1) +
(

αs

π

)2
F (2) +

(

αs

π

)3
F (3)

F
(3)
q = F

(3),g
q + F

(3),nf
q +

∑

q′ Qq′F
(3),sing
q
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Known results

F
(2)
q [ (Gonsalves’83); Kramer,Lampe’86; Matsuura, van Neerven’87; Matsuura, van der Marck, van Neerven’88]

F
(2)
g [Harlander’00; Ravindran,Smith,van Neerven’04]

F
(2)
q and F

(2)
g to O(ǫ2) [Gehrmann,Huber,Maitre’05]
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Known results

F
(2)
q [ (Gonsalves’83); Kramer,Lampe’86; Matsuura, van Neerven’87; Matsuura, van der Marck, van Neerven’88]

F
(2)
g [Harlander’00; Ravindran,Smith,van Neerven’04]

F
(2)
q and F

(2)
g to O(ǫ2) [Gehrmann,Huber,Maitre’05]

1/ǫ poles for F
(3)
q and F

(3)
g [Moch,Vermaseren,Vogt’05]

F (3) =
#

ǫ6
+

#

ǫ5
+

#

ǫ4
+

#

ǫ3
+

#

ǫ2
+

#

ǫ1
+ ??

Matthias Steinhauser – p.4



Applications

Virtual NNNLO corrections to

gg → H

DY l−

l +

e+e− → 2 Jets

soft-gluon resummation
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Compare complexity

4 loops
2-point

−→ A1

3 loops
2-point
with static lines

−→ C3

4 loops
bubbles

−→ A1

3-loop on-threshold
vertex q2 = 4m2

(not complete)
−→ C3, C5
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II. The calculation

1. Reduction to MIs

2. Compute MIs
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1. Reduction to MIs

Main approach:

equivalence for recurrence relations between N -loop
2-point and (N − 1)-loop 3-point functions [Baikov,Smirnov’96]

similar to BAICER [Baikov,Chetyrkin,Kühn’02...’08]

ParFORM, TFORM [Tentyukov,Vermaseren,...’04...’09]

“Baikov-method”
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1. Reduction to MIs

Main approach:

equivalence for recurrence relations between N -loop
2-point and (N − 1)-loop 3-point functions [Baikov,Smirnov’96]

similar to BAICER [Baikov,Chetyrkin,Kühn’02...’08]

ParFORM, TFORM [Tentyukov,Vermaseren,...’04...’09]

“Baikov-method”

Baikov’s method: I =
∑

“coef” × MI [Baikov’96,. . . ,Smirnov,MS’03]

(nice) integral representation for “coef”
∼

∫

. . .
∫

dx1...dxN

x
n1
1 ...x

nN
N

[P (x1, . . .)]
(d−h−1)/2

(simple) example:

F (n1, n2) =

Z

ddk

(k2)n1 [(k − q)2]n2
= c1(n1, n2) F (1, 1)

➪P (x1, x2) = (q2)2 − 2q2(x1 + x2) + (x1 − x2)
2

➪c1(n1, n2) =

`

q2
´(d−3)

(n1 − 1)!

„

∂

∂x1

«n1−1
1

(n2 − 1)!

„

∂

∂x2

«n2−1

[P (x1, x2)]
(d−3)/2

˛

˛

˛

˛

˛

xi=0

in general: compute for d → ∞ ➪ reconstruct “coef” [Baikov,Chetyrkin,Kühn’02...’08]
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1. Reduction to MIs

Main approach:

equivalence for recurrence relations between N -loop
2-point and (N − 1)-loop 3-point functions [Baikov,Smirnov’96]

similar to BAICER [Baikov,Chetyrkin,Kühn’02...’08]

ParFORM, TFORM [Tentyukov,Vermaseren,...’04...’09]

“Baikov-method”

For singlet diagrams:
independent calculation with
FIRE: Laporta ⊕ Gröbner [Smirnov’08]

➪ 22 MIs
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(+ 8 simple MIs)

[Gehrmann,Heinrich,Huber,Studerus’06; Heinrich,Huber,Maitre’08]: most MIs

not computed:

missing MIs:

extract by comparison with Fq

∣

∣

∣

∣

1/ǫ−poles
[Moch,Vermaseren,Vogt’05]

Fg

∣

∣

∣

∣

1/ǫ−poles
: consistency check

3 remaining coefficients:
FIESTA [Smirnov,Tentukov’08], Mellin Barnes, MB [Czakon’06]
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2. MIs (2)

A9,1 A9,2 A9,4 [Baikov,Chetyrkin,Smirnov,Smirnov,Steinhauser’09]

A9,4 = −
1

9ǫ6
−

8
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+

1

ǫ4

„

1 +
43ζ(2)

18

«

+
1

ǫ3

„

14

9
+

106ζ(2)

9
+

109ζ(3)

9

«

+
1

ǫ2

„

−17 −
311ζ(2)

18
+

608ζ(3)

9
−

481ζ(4)

144

«

+
1

ǫ

„

84 +
11ζ(2)

3
−

949ζ(3)

9
+

425ζ(4)

6
+

3463ζ(5)

45
−

2975ζ(2)ζ(3)

18

«

+ X9,4 + O (ǫ) .

independent (explicit) calculation: [Heinrich,Huber,Kosower,Smirnov’09]

(X9,1 analytically; less analytic information for A9,4)
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III. Results

F
(3)
q and F

(3)
g : agreement with poles [Moch,Vermaseren,Vogt’05]

F
(3)
q

∣

∣

∣

nf−part
[Moch,Vermaseren,Vogt’05]

F
(3),sing
q can be extracted from [Moch,Vermaseren,Vogt’04]
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III. Results
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X9,1 ≈ 1429(1) , X9,2 ≈ 528.0(4) , X9,4 ≈ −2085(5)

[Baikov,Chetyrkin,Smirnov,Smirnov,Steinhauser’09]
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III. Results
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III. Results
X9,1 ≈ 1429(1) , X9,2 ≈ 528.0(4) , X9,4 ≈ −2085(5)

F
(3),g+nf
q |fin ≈ −13656.8 + 3062.1nf − 164.2n2

f ± 2.2δ9,1 ± 0.4δ9,2 ± 2.2δ9,4

F
(3),sing
q |fin ≈ −5.944,

F
(3)
g |fin ≈ 26102.7 − 8298.8nf + 585.3n2

f ± 27.0δ9,1 ± 21.6δ9,2
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IV. Summary

3-loop corrections for Fq and Fg

3 most complicated MIs

1st complete, non-trivial 3-loop vertex correction

applications: NNNLO contribution to
gg → H

DY
e+e− → 2 Jets

l−

l +
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