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Matter potential

at low energies Re A >>Im A
inelastic interactions can be neglected

potentials
Refraction index:
n-1=V/p
for E =10 MeV

n-1-=

{

~ 10-20
<1018

inside the Earth
inside the Sun

L. Wolfenstein 1978

for v, v,

difference of potentials
V=1V,-V,=\2Gn,
V ~ 10-13 eV inside the Earth




Matter potential

At low energies: neglect the inelastic scattering and absorption
effect is reduced to the elastic forward scattering (refraction)
described by the potential V. (mean field approximation):

v is the wave function

H (v)= <y |H,|yv>=Vvyv of the medium
CC interactions with electrons
G. — o \\Y%
H;, = \’TF vl —ys)v eyl —vs)e

<€v,(1-y5)e> =n_, - electron number density

For unpolarized

— > - .

<eye>=n_v - velocity of electrons medium at rest:

<eyyse> = n ';:e - averaged polarization vector V =\2 G;n,
of electrons




IN Matter

ith respect to the eigenstates of propagation
V A%

XIng

Mixing is determine

laRvacuims " in matter:
Ho % H(n, E)= H+ v
Vmass Vi V, VH | Vim Vam

Mixing angle determines flavors
(flavor content) of eigenstates
of propagation

0, dependsonn,, E

Flavor basis is the same,
Eigenstates basis changes




pamittonian, elqensfates and eigenvalues

H(n,E)=H+V
V = diag (V. , 0)

In the flavor basis (V.. V)"
amz [~ Cos20 +&  sin2o
Hyot = aE
sin 20 cos 20

4V, E

E.; = Am 2 Ve: 2\16 Fne




Eigenstates and

Mixing in matter

eigenvalues
Diagonalization of the Hamiltonian:
in?20
sin?20,_ = — .
( c0s20 — 2EV/Am?)? + sin 220 Vv =EGF N,
Mixing is maximal if
Am? Resonance 1
V= Sgcos20 condition H.= H,
sin?20,, = 1

Difference of the eigenvalues

Am?

H, m~— JF \

- H, (0820 — 2EV/Am?)? + sin?20

m




Dependence of mixing on density,
energy has a resonance character

@ sin? 20_ @ In resonance: sin®26,, =1

Flavor mixing is maximal

sin?20;, = 0.825 I, = 1, cos 26

Vacuum

— oscillatio Refraction

length

U

length

Resonance width: Any = 2n, tan26

density 1,/ly ~nE
0,~> 0 0,=0 0,=n/4 0, > n/2

Mixing is suppressed

Am?2 » Flavor states coincide with
at high densities

V| > o eigenstates and vice versa




Mixing I matte: oymamical variabi

0, dependsonn,, E

Changes when propagates in
matter with varying density

Mixing angle determines flavor
content of eigenstates of propagation

High density Resonance: Low density
Mixing suppressed Maximal mixing Vacuum mixing
I v — IO cos20

Vm
- =




Level crossing

V. Rubakov, private comm.
N. Cabibbo, Savonlinna 1985
H. Bethe, PRL 57 (1986) 1271

Dependence of the neutrino eigenvalues
on the matter potential (density):

L 2BV
Iy Am?
L cos 20

Crossing point - resonance
- the level split is minimal
- the oscillation length is maximal

Him & resonance
Sil’l2 2912 — 0825
Vom Ve
Vim 1,/ 1,
Large
mixing
Sin2 2613 == 008
VC
v3m
1,/ 1,
V2m
Small
mixing




Oscillation length in matter

Oscillation | = dn E
length in vacuum | Am?
Refraction _ 2
length 0 \2 Gen,
lm A
Iy /

- determines the phase produced
by interaction with matter

+— 1,/sin20 (maximum atl,= 1, /cos26)

shifts with respect

o resonance energy:
Hy - Hip 1, (Egr) =1,c0s20

converges to the
refraction length




Level crossings

Normal mass hierarchy

E, E, E

0.1 GeV 6 GeV

Resonance region High energy range




Flavor in matter %

Density increase -

Normal mass hierarchy, neutrinos

1-2 resonance




Propagation effects




Evolution equation

. dv
dtf = Hiy vy f_[v“}
H, .= H,,tV isthe total Hamiltonian
2
Rl = %/I— 1s the vacuum (kinetic) part
v, 0 matter part V.= N2 Gn
) [ 0 O] H,,
FY / 2 2 ) :
: Ve %Izn cos 20 +V, 4A]r5n sin 20 Ve
1 d—'[ = :
Vi T sin 20 0 Vi
- /




Oscillations in matter

Constant density medium:
the same dynamics

Mixing changed
phase difference changed

HoeH: Ho"' V

Vi 2 Vek
eigenstates eigenstates
of Hy of H

0 > 0, (n)

Resonance - maximal mixing in matter -
oscillations with maximal depth

0,, = n/4
Resonance condition:
_ Am?
V = cos20 e




Oscillations in matter

Probability in . L
constant density | T(Ve 2 Va) = ;1n229m st [K]
depth of ¥ 2§

Al oscillatory | 7
oscillations factor half-phase ¢

0 _(E,n) - mixing angle in matter
1 (E,n) - oscillation length in matter In vacuum:

1m =7 TC/(HZm _ Hlm)

0, >0
L >1,

. sin 220 =1 ﬂ MSW resonance condition
Maximal effect:

b= w2 + 7k




esonance enhancement

Constant density

Source Kver a0 et L Detector

Fo(E) F(E)
Depth of oscillations determined by sin226,,
the oscillation length, |
depends on neutrino energy

For neutrinos propagating
in the mantle of the Earth




Large mixing sin®26 = 0.824

F(E)
Fo(E)

Layer of length L k=n=L/l,

thin layer k=1

thick layer k=10

sin® 20,

E/E.

4 E/E.




Small mixing sin®26 = 0.08

F(E)
Fo(E)

thin layer k=1

Oscillation in the Earth,
ORCA/PINGU

thick layer k=10

sin? 20,

2 4 E/E,

2 4 E/E,




Resonance enhancement

/

1 2




Graphic representation

Ei<E,<E3<Ey E,
E,
E;
Precession on the E,~ Eg
surface of the cone

Resonance enhancement




Aafabatic conversion




Hamiltonian for flavor states in matter

In the flavor basis vy = (v, V)"

M+
Hiot = MZ_E + V(1)

o . _ | cosO sin®
M M = U My,~ U U= |_-sino cos®
Maiog® = diag (my?, m,?)

Am2 |- €os 20 +& sin 20

Hiot = 4E
sin 20 cos 26
4
§ = A_X\EZ_E Ve - D GFne
=U(0,) v,, Mixing matrix in matter -

diagonalizes H;;




Evolution equation for eigenstates

In non-uniform medium the Hamiltonian  H ;= Ho:(n (1))
depends on time:

o dv Ve Vi
1 Eﬁ = H,, V¢ Ve = [ VM] Vo, = [V;m]
Inserting v, =U(0,,) v,, 0.,=0_(n(t))
. d@m r vy, ~ off—diqgonal
1 terms |.mply
o -H transitios
e ~ Vom o Vlm ﬁv2m

of f-diagonal elements can be neglected
ho transitions between eigenstates
propagate independently




Adiabaticity

External conditions

: . " do density) ch slowl
Adiabaticity condition | | —m™ _ (density) change slowly
y at | < Han - Hin the system has time to
adjust them
transitions between ,
The eigenstates

the neutrino eigenstates v, €P v, ‘

can be neglected

Crucial in the resonance layer:
- the mixing changes fast
- level splitting is minimal

propagate independently

Adiabaticity condition Arp, > 1y if vacuum mixing is small
Arg = ng tan20 / (dn/dx)g Ig=1,/s1n20
width of the resonance oscillation length

layer in resonance




Adlabatlc parameter

Adiabaticity
B dO ]C(Ofiltlon
dt
most crucial in the resonance where Aty
the mixing angle in matter changes fast Kg = T

Arg = h tan20 is the width of the resonance layer

h = ﬁ is the scale of density change

lg=1/sin20 is the oscillation length in resonance

Explicitly:




Adiabatic conversial

resonance

if density
changes
slowly

he amplitudes of the wave packets do not change
lavors of the eigenstates being determined by mixing
angle follow the density change




Nor-oscillatory transitian

Single eigenstate:
- no interference
- no oscillations

- phase is irrelevan

This happens when
mixing is very small
in matter with very
high density




survival probability

Spatial picture

Adiabatic conversion

distance

interplay of adiabatic
conversion and oscillations

Non-oscillatory transition
is modulated by oscillations




Spatial picture

The picture is universal in terms of variable y = (ny-n)/ Ang
no explicit dependence on oscillation parameters, density distribution, etfc.

only initial value y, matters

)

production
point
Yo= -3

survival probability

A

\ 4

resonance layer

'f‘ gsonance

oscillation
@ band

averaged
@ probability

(ng -n)/An,  (distance)

A Yu Smirnov




Adiabatic conversion probability

Sun, Supernova

Initial state: v(0) = v, = c0s6,.° v;,,(0) + sin6,.° v, (0)

‘ Mixing angle in matter

Adiabatic evolution vin(0) S v, in production point

to the surface of AN
the Sun (zero density): Vor(Q) = v

W) Findlstate:  v(f) = cos0,0 v, + 5in6,0 v, e

Probability to find P, = |<v |v(f)>|?2 = (cos0 c0s0,,2)? + (sin6 sind, °)?
v, averaged over
oscillations = 0.5[ 1+ co0s26,° cos26 ]

or  P,,=sin%0 + cos 26 cos?6,,°




Adlabatlclty violation

SN shock waves

If density n,(t) e
changes fast d1- ~ lHZm Hlm | 1f \5;: SW\‘\Y
ne \ng
X
the off-diagonal terms in the Hamiltonian can not be neglected S““\‘\,(
ex\$

transitions | Vi, € V..,

Admixtures of vy, V,,in a given propagating neutrino state change

"~ Jump probability” = penetration under barrier: P,=¢ AEH
H H2m
E, ~1/h, is the energy associated
to change of parameter
¥ AH (density)
Hlm
- Landau-Zenner
e Ky - adiabaticity

parameter




Adiabatic conversion

Pure adiabatic conversion Partialy adiabatic conversion




Oscillations

Vacuum or uniform medium
with constant parameters

Phase difference increase
between the eigenstates

¢(t)

0, (E)

O (1)

In non-uniform medium:

interplay of both processes

Osclation Mbalic Comersion

Mallavaile ConvErsion

Non-uniform medium or/and medium
with varying in fime parameters

Change of mixing in medium =
change of flavor of the eigenstates




Resonance oscillations vs. adiabatic conversion

Passing through the matter filter

F(E) Constant density Monotonously changing
Fo(E) density
k=mnL/l,

E/E, E/E,




Parametric effects

ooooooooooooooooooooo




Parametrc ennancement ...

Enhancement associated to certain

conditions for the phase of oscillations

Another way of getting strong transition

No large vacuum mixing and no matter
enhancement of mixing or resonance
conversion 20,m 20,m

V. Ermilova V. Tsarev, V. Chechin
E. Akhmedov

P. Krastev, A.S., Q. Y. Liu,

S.T. Petcov, M. Chizhov

V | o, o,
o,m

" " Castle wall profile”




Parametric enhancement of 1:2 mode

/

7

4
=7
mantle
4




Parametric enhancement

core

N

mantle

a2

mantle

mantle core mantle




Resonance enhancement in mantle




vvsscattering

Ve Ve v, e Refraction in
Z0 neutrino gases
70
Vb Vb
Ve Vb A :\]?GF (1 B Ve Vb )
v velocities
e
t-channel /Ve(P)
elastic forward scattering

Vb / Vb (q)
Ve
J. Pantaleone

u-channel / Ve (p) q can lead to the coherent effect

v.(q) Vi Momentum exchange > flavor exchange
- flavor mixing
Vb

Collective flavor transformations




lavor exchange

. . Ve
projection
Va @ \%
[ | e / Vb
1= 7
O .
& 7
O
O Vp background
Ve
v, projection

Coherent flavor changing transition

Probe neutrino =

J. Pantaleone
S. Samuel
V.A. Kostelecky

vv - scattering in u-channel
due to Z° - exchange

1. Momentum exchange >
flavor exchange

2. Coherence if the background
is in mixed state:

Vip > = Dp [V + D [V

hereindnesrie SNSRI




Flavor exchange

. . Ve
projection
¢4,
| \%
7 b
1= 7
O A
& 7
O
O Vp background
Ve
v, projection

Flavor exchange between the beam
(probe) and background neutrinos

J. Pantaleone
S. Samuel
V.A. Kostelecky

If the background is in
the mixed state:

Vib> = @i [V + @ | V>

Ber ~ 2 (Die*q)ir

sum over particles of bg.
w.f. give projections

Contribution to the Hamiltonian
in the flavor basis

Hyo = 2 G 2 (1- v viy )

|q)ie|2 q)ie*q)ir
Die®; ;.

e = It




Evolution equation

Ensemble of neutrino polarization vectors P

Negative frequencies

d.P, =(- B + AL+ uP) x P, for antineutrinos
Vacuum mixing term Usual matter Collective vector
potential
+ inf
B= (sin20, O, cos20) L= (0, 0, 1) P=|do P,
- inf
o=Amé/2E A =V=\26gn,

H = \IE GF nv (1 = COS evv)

The term describes
collective effects




Adiabaticity

Adiabaticity condition | [—m

External conditions

«H. -H (density) change slowly
am 7 m the system has time to

adjust them

transitions between
the neutrino eigenstates v, €P v, ‘

can be neglected

if vacuum mixing is small

The eigenstates
propagate independently

Crucial in the resonance layer: Arg > 1o
- the mixing changes fast _
lx=1,/smn20

B O oscillation length in resonance
- level splitting is minimal
Arp =1y / (dn/dx), tan20  width of the res. layer

If vacuum mixing is large, the point n(av) —> 0 > n
of maximal adiabaticity violation . - -
is shifted to larger densities ng’ = Am? 22 GE




Mﬂ Vacuuims \I\ &

Vi Vp Vmass

VH

Eigenstates of H,

I mmasser:
Hmn,E)=H,+V

Vlm V2m

Eigenstates of H

Mixing in matter - dynamical variable




