
Progress on two-loop five-point
Master Integrals

Costas G. Papadopoulos & Chris Wever

INPP, NCSR “Demokritos”

Loops and Legs 2018, St. Goar, April 30, 2018

C.G.Papadopoulos (INPP) pentabox Loops and Legs 2018 1 / 25



Outline

1 Introduction

2 The two-loop five-point integrals: the first x

3 Yet an other x : verifying physical region results

4 Summary - Discussion

C.G.Papadopoulos (INPP) pentabox Loops and Legs 2018 2 / 25



Feynman

C.G.Papadopoulos (INPP) pentabox Loops and Legs 2018 3 / 25



Best today

C. G. Papadopoulos, D. Tommasini and C. Wever, JHEP 1604, 078 (2016) [arXiv:1511.09404 [hep-ph]].

T. Gehrmann, J. M. Henn and N. A. Lo Presti, Phys. Rev. Lett. 116 (2016) no.6, 062001 Erratum: [Phys. Rev. Lett. 116

(2016) no.18, 189903] [arXiv:1511.05409 [hep-ph]].

C.G.Papadopoulos (INPP) pentabox Loops and Legs 2018 4 / 25



Best today

!!!
!

!!!

S. Badger, C. BrG’Ennum-Hansen, H. B. Hartanto and T. Peraro, “A first look at two-loop five-gluon scattering in QCD,”

arXiv:1712.02229 [hep-ph].

C.G.Papadopoulos (INPP) pentabox Loops and Legs 2018 4 / 25



Best today

!!!!!!
!

!
S. Abreu, F. Febres Cordero, H. Ita, B. Page and M. Zeng, “Planar Two-Loop Five-Gluon Amplitudes from Numerical

Unitarity,” arXiv:1712.03946 [hep-ph].

C.G.Papadopoulos (INPP) pentabox Loops and Legs 2018 4 / 25



LO - Dyson-Schwinger Recursive Equations

From Feynman Diagrams to recursive equations: taming the n!

1999 HELAC: The first code to calculate recursively tree-order
amplitudes for (practically) arbitrary number of particles
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%HEP - NCSR Democritos

The Dyson-Schwinger recursion

• Imagine a theory with 3- and 4- point vertices and just one field.

Then it is straightforward to write an equation that gives the

amplitude for 1 → n

= + +

+ + +

Unfortunately not so much on the second line !
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Taming the beast ...

From Feynman graphs ...

gg → ng 2 3 4 5 6 7 8 9
# FG 4 25 220 2,485 34,300 559,405 10,525,900 224,449,225
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Taming the beast ...

From Feynman graphs ...

gg → ng 2 3 4 5 6 7 8 9
# FG 4 25 220 2,485 34,300 559,405 10,525,900 224,449,225

to Dyson-Schwinger recursion! Helac-Phegas
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%HEP - NCSR Democritos

The Dyson-Schwinger recursion

• Imagine a theory with 3- and 4- point vertices and just one field.

Then it is straightforward to write an equation that gives the

amplitude for 1 → n

= + +

+ + +

gg → ng 2 3 4 5 6 7 8 9
# 5 15 35 70 126 210 330 495
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Two-loop graph
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IBPI: The current approach

m independent momenta l loops, N = l(l + 1)/2 + lm scalar products

basis composed by D1 . . .DN , allows to express all scalar products
Di = ({k , l}+ pi )

2 −M2
i

F [a1, . . . , aN ] =

∫
ddkdd l

1

Da1
1 . . .DaN

N∫
ddkdd l

∂

∂ {kµ, lµ}

({kµ, lµ, υµ}
Da1

1 . . .DaN
N

)
= 0

IBP Laporta: FIRE, AIR, Reduze, Kira reduce these to MI

MI computed, Feynman parameters, Mellin-Barnes, Differential
Equations

Or numerical: SecDec, Weinzierl
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IBPI: The current approach

Find a better IBP algorithm ... Generating function technique, Baikov ?

P. A. Baikov, Nucl. Instrum. Meth. A 389 (1997) 347

V. A. Smirnov and M. Steinhauser, Nucl. Phys. B 672 (2003) 199

Fa1...aN =
∑

i=masters

c
(i)
a1...aNGi

Baikov polynomial ↔ LZ construction

Sector ↔ cut

δ
(

(k + p)2 −m2
)
↔
∮

z=0

dz
1

zn=1

Cut with higher powers in denominator
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Baikov polynomial ↔ LZ construction

Sector ↔ cut

δ
(

(k + p)2 −m2
)
↔
∮

z=0

dz
1

zn=1

Cut with higher powers in denominator

F11111 =
(3d − 10) (3d − 8)

(d − 4)2(p2)2 F10011 +
(3d − 10) (3d − 8)

(d − 4)2(p2)2 F01101 − 2
(d − 3)
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Differential Equations Approach

The integral is a function of external momenta, so one can set-up
differential equations by differentiating and using IBP

pµj
∂

∂pµi
G [a1, . . . , an]→

∑
Cb1,...,bnF [b1, . . . , bn]→

∑
Ca′1,...,a

′
n
G [a′1, . . . , a

′
n]

Find the proper parametrization; Bring the system of equations in a
form suitable to express the MI in terms of GPs

∂mf (ε, {xi}) = εAm ({xi}) f (ε, {xi})
∂mAn − ∂nAm = 0 [Am,An] = 0

? f not MI! J. M. Henn, Phys. Rev. Lett. 110 (2013) 25, 251601 [arXiv:1304.1806 [hep-th]].

Boundary conditions: expansion by regions or regularity conditions.
B. Jantzen, A. V. Smirnov and V. A. Smirnov, Eur. Phys. J. C 72 (2012) 2139 [arXiv:1206.0546 [hep-ph]].
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Differential Equations Approach

• Iterated Integrals K. T. Chen, Iterated path integrals, Bull. Amer. Math. Soc. 83 (1977) 831

• Multiple Polylogarithms, Symbol algebra

• Goncharov Polylogarithms

G (an, . . . , a1, x) =

x∫
0

dt
1

t − an
G (an−1, . . . , a1, t)

with the special cases, G(x) = 1 and

G

0, . . . 0︸ ︷︷ ︸
n

, x

 =
1

n!
logn (x)

• Shuffle algebra
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G (a1, a2; x)G (b1; x) = G (a1, a2, b1; x) + G (a1, b1, a2; x) + G (b1, a1, a2; x)
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The Simplified Differential Equations
Approach

C. G. Papadopoulos, JHEP 1407 (2014) 088

Making the whole procedure systematic (algorithmic) and straightforwardly expressible in terms
of GPs.

Introduce one parameter

G11...1(x) =

∫
ddk

iπd/2

1

(k2) (k + x p1)2 (k + p1 + p2)2 . . . (k + p1 + p2 + . . .+ pn)2

Factorizing external momenta dependence:

x : (q1 = xp1, q2 = p12 − xp1, ...)→ x ⊗ (q1 = p1, q2 = p2, ...)

Now the integral as a function of x , allows to define a differential equation with respect to
x , schematically given by

∂

∂x
G11...1 (x) = −

1

x
G11...1 (x) + xp2

1G12...1 +
1

x
G02...1
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5box - one leg off-shell: all families

C. G. Papadopoulos, D. Tommasini and C. Wever, arXiv:1511.09404 [hep-ph].

Figure : The three planar pentaboxes of the families P1 (left), P2 (middle) and
P3 (right) with one external massive leg.

Figure : The five non-planar families with one external massive leg.
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5box - one leg off-shell: P1

p(q1)p′(q2)→ V (q3)j1(q4)j2(q5), q2
1 = q2

2 = 0, q2
3 = M2

3 , q2
4 = q2

5 = 0.

xp1

xp2

−p1234

p123 − xp12

p4

Figure : The parametrization of external momenta in terms of x for the planar
pentabox of the family P1. All external momenta are incoming.

s12 := p2
12, s23 := p2

23, s34 := p2
34, s45 := p2

45 = p2
123, s51 := p2

15 = p2
234, p2

i = 0,

q2
1 = q2

2 = q2
4 = q2

5 = 0 q2
3 = (s45 − s12x) (1− x)

q2
12 = s12x

2 q2
23 = s45 (1− x) + s23x q2

34 = (s34 − s12 (1− x)) x q2
45 = s45 q2

51 = s51x
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5box - one leg off-shell: P1

xp1

xp2

−p1234

p123 − xp12

p4

xp1

xp2

−p1234

p123 − xp12
p4

xp1

xp2

−p1234

p123 − xp12
p4

xp1

xp2

−p1234

p123 − xp12

p4 xp1

xp2

−p1234

p123 − xp12

p4 xp1

xp2

−p1234

p123 − xp12

p4

Figure : The five-point Feynman diagrams, besides the pentabox itself in Figure
5, that are contained in the family P1. All external momenta are incoming.
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5box - one leg off-shell: P1

GP1
a1···a11

(x , s, ε) := e2γE ε
∫

ddk1

iπd/2

ddk2

iπd/2

1

k2a1
1 (k1 + xp1)2a2 (k1 + xp12)2a3 (k1 + p123)2a4

×
1

(k1 + p1234)2a5k2a6
2 (k2 − xp1)2a7 (k2 − xp12)2a8 (k2 − p123)2a9 (k2 − p1234)2a10 (k1 + k2)2a11

,

P1(74) : {10000000101, 01000000101, 00100000101, 10000001001, 01000000011, 00100000011, 10100001100,

10100001010, 10100101000, 01000101001, 10100100100, 10100000102, 10100000101, 10100000011,

10000001102, 10000001101, 10000001011, 01000100101, 01000001101, 01000001011, 00100100102,

00100100101, 11100000101, 11100000011, 11000001102, 11000001101, 11000001012, 11000001011,

11000000111, 10100000112, 10000001111, 01100100102, 01100100101, 01100100011, 01100000111,

01000101102, 01000101101, 01000101011, 01000100111, 01000001111, 00100100111, 10100101100,

10100100101, 10100001101, 10100001011, 10100000111, 111m0000111, 110000m1111, 11000001111,

10100101110, 10100100111, 10100001111, 011001m0111, 01100100111, 010m0101111, 01000101111,

11100100101, 11100001101, 11100001011, 11100000111, 111m0101101, 111001m1101, 11100101101,

1110m101011, 11100101011, 111m0100111, 11100100111, 111000m1111, 111m0001111, 11100001111,

111001m0111, 11100101111, 111001m1111, 111m0101111},

m= −1
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5box P1 - DE

∂xG = M
({

sij
}
, ε, x

)
G

∂xG
′ = M′G′ M′ = TMT−1 + (∂xT)T−1 G′ = TG

(MD)IJ = δIJ MII (ε = 0) , I , J = 1 . . . 74

G→ S−1G, S = exp
(∫

dx MD

)
and M→ S−1 (M−MD)S.

MIJ = NIJ (ε)

 20∑
i=1

2∑
j=1

1∑
k=0

CIJ;ijkε
k

(x − li )
j

+
1∑

j=0

1∑
k=0

C̃IJ;jkε
kx j

 .

Letters (20):

0, 1,
s45

s45−s23
,

s45
s12
, 1− s34

s12
, 1 +

s23
s12
,

1− s34−s51
s12

,
s45−s23

s12
, − s51

s12
,

s45
−s23+s45+s51

,
s45

s34+s45
,

s12s23−2s12s45−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23−s45−s51)

,
s12s23−s12s45−s12s51−s23s34+s34s45−s45s51±

√
∆2

2s12(s23−s45−s51)
,

s12s23−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23+s34−s51)

,
s12s45±

√
∆3

s12s34+s12s45
,

s45
s12+s23

,

∆1 = (s12(s51 − s23) + s23s34 + s45(s51 − s34))2 + 4s12s45s51(s23 + s34 − s51)

∆2 = (s12(−s23 + s45 + s51) + s23s34 + s45(s51 − s34))2 − 4s12s45s51(−s23 + s45 + s51)
∆3 = −(s12s34s45(s12 − s34 − s45))
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5box P1 - DE

∂xG = M
({

sij
}
, ε, x

)
G

∂xG
′ = M′G′ M′ = TMT−1 + (∂xT)T−1 G′ = TG

(MD)IJ = δIJ MII (ε = 0) , I , J = 1 . . . 74

G→ S−1G, S = exp
(∫

dx MD

)
and M→ S−1 (M−MD)S.

MIJ = NIJ (ε)

 20∑
i=1

2∑
j=1

1∑
k=0

CIJ;ijkε
k

(x − li )
j

+
1∑

j=0

1∑
k=0

C̃IJ;jkε
kx j

 .

Letters (20):

0, 1,
s45

s45−s23
,

s45
s12
, 1− s34

s12
, 1 +

s23
s12
,

1− s34−s51
s12

,
s45−s23

s12
, − s51

s12
,

s45
−s23+s45+s51

,
s45

s34+s45
,

s12s23−2s12s45−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23−s45−s51)

,
s12s23−s12s45−s12s51−s23s34+s34s45−s45s51±

√
∆2

2s12(s23−s45−s51)
,

s12s23−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23+s34−s51)

,
s12s45±

√
∆3

s12s34+s12s45
,

s45
s12+s23

,

∆1 = (s12(s51 − s23) + s23s34 + s45(s51 − s34))2 + 4s12s45s51(s23 + s34 − s51)

∆2 = (s12(−s23 + s45 + s51) + s23s34 + s45(s51 − s34))2 − 4s12s45s51(−s23 + s45 + s51)
∆3 = −(s12s34s45(s12 − s34 − s45))

C.G.Papadopoulos (INPP) pentabox Loops and Legs 2018 17 / 25



5box P1 - DE

∂xG = M
({

sij
}
, ε, x

)
G

∂xG
′ = M′G′ M′ = TMT−1 + (∂xT)T−1 G′ = TG

(MD)IJ = δIJ MII (ε = 0) , I , J = 1 . . . 74

G→ S−1G, S = exp
(∫

dx MD

)
and M→ S−1 (M−MD)S.

MIJ = NIJ (ε)

 20∑
i=1

2∑
j=1

1∑
k=0

CIJ;ijkε
k

(x − li )
j

+
1∑

j=0

1∑
k=0

C̃IJ;jkε
kx j

 .

Letters (20):

0, 1,
s45

s45−s23
,

s45
s12
, 1− s34

s12
, 1 +

s23
s12
,

1− s34−s51
s12

,
s45−s23

s12
, − s51

s12
,

s45
−s23+s45+s51

,
s45

s34+s45
,

s12s23−2s12s45−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23−s45−s51)

,
s12s23−s12s45−s12s51−s23s34+s34s45−s45s51±

√
∆2

2s12(s23−s45−s51)
,

s12s23−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23+s34−s51)

,
s12s45±

√
∆3

s12s34+s12s45
,

s45
s12+s23

,

∆1 = (s12(s51 − s23) + s23s34 + s45(s51 − s34))2 + 4s12s45s51(s23 + s34 − s51)

∆2 = (s12(−s23 + s45 + s51) + s23s34 + s45(s51 − s34))2 − 4s12s45s51(−s23 + s45 + s51)
∆3 = −(s12s34s45(s12 − s34 − s45))

C.G.Papadopoulos (INPP) pentabox Loops and Legs 2018 17 / 25



5box P1 - DE

∂xG = M
({

sij
}
, ε, x

)
G

∂xG
′ = M′G′ M′ = TMT−1 + (∂xT)T−1 G′ = TG

(MD)IJ = δIJ MII (ε = 0) , I , J = 1 . . . 74

G→ S−1G, S = exp
(∫

dx MD

)
and M→ S−1 (M−MD)S.

MIJ = NIJ (ε)

 20∑
i=1

2∑
j=1

1∑
k=0

CIJ;ijkε
k

(x − li )
j

+
1∑

j=0

1∑
k=0

C̃IJ;jkε
kx j

 .

Letters (20):

0, 1,
s45

s45−s23
,

s45
s12
, 1− s34

s12
, 1 +

s23
s12
,

1− s34−s51
s12

,
s45−s23

s12
, − s51

s12
,

s45
−s23+s45+s51

,
s45

s34+s45
,

s12s23−2s12s45−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23−s45−s51)

,
s12s23−s12s45−s12s51−s23s34+s34s45−s45s51±

√
∆2

2s12(s23−s45−s51)
,

s12s23−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23+s34−s51)

,
s12s45±

√
∆3

s12s34+s12s45
,

s45
s12+s23

,

∆1 = (s12(s51 − s23) + s23s34 + s45(s51 − s34))2 + 4s12s45s51(s23 + s34 − s51)

∆2 = (s12(−s23 + s45 + s51) + s23s34 + s45(s51 − s34))2 − 4s12s45s51(−s23 + s45 + s51)
∆3 = −(s12s34s45(s12 − s34 − s45))

C.G.Papadopoulos (INPP) pentabox Loops and Legs 2018 17 / 25



5box P1 - DE

MIJ = NIJ (ε)

 20∑
i=1

2∑
j=1

1∑
k=0

CIJ;ijkε
k

(x − li )
j

+
1∑

j=0

1∑
k=0

C̃IJ;jkε
kx j

 .

x∫
0

dt
1

(t − an)2
G (an−1, . . . , a1, t)

x∫
0

dt tm G (an−1, . . . , a1, t)

Fuchsian
NIJ (ε) = nJ (ε) /nI (ε), GI → nI (ε)GI

MIJ =

 20∑
i=1

2∑
j=1

1∑
k=0

CIJ;ijkε
k

(x − li )
j

+
1∑

j=0

1∑
k=0

C̃IJ;jkε
kx j

 .

G→ (I− Ki )G, M→ (M− ∂xKi − KiM) (I− Ki )
−1 i = 1, 2, 3

∂xG =

(
ε

19∑
a=1

Ma

(x − la)

)
G

R. N. Lee, JHEP 1504 (2015) 108 [arXiv:1411.0911 [hep-ph]].

O. Gituliar and V. Magerya, Comput. Phys. Commun. 219 (2017) 329 [arXiv:1701.04269 [hep-ph]].

C. Meyer, Comput. Phys. Commun. 222 (2018) 295 [arXiv:1705.06252 [hep-ph]].
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−1 i = 1, 2, 3

M (ε = 0) contains (x − li )
−2 and x0

(K1)IJ =

{ ∫
dx(M (ε = 0))IJ I , J 6= 69, 74

0 I , J = 69, 74

(K2)IJ =

{ ∫
dx(M (ε = 0))IJ I , J 6= 74

0 I , J = 74

(K3)IJ =

∫
dx(M (ε = 0))IJ

M.A. Barkatou and E.Pflügel, Journal of Symbolic Computation, 44 (2009),1017
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5box P1 - solution

Solution:

G = ε
−2b

(−2)
0 + ε

−1
(∑

GaMab
(−2)
0 + b

(−1)
0

)
+ ε

0
(∑

GabMaMbb
(−2)
0 +

∑
GaMab

(−1)
0 + b

(0)
0

)
+ ε

(∑
GabcMaMbMcb

(−2)
0 +

∑
GabMaMbb

(−1)
0 +

∑
GaMab

(0)
0 +b

(1)
0

)
+ ε

2
(∑

GabcdMaMbMcMdb
(−2)
0 +

∑
GabcMaMbMcb

(−1)
0

+
∑
GabMaMbb

(0)
0 +

∑
GaMab

(1)
0 +b

(2)
0

)

b
(k)
0 , k = −2, ..., 2 representing the x-independent boundary terms in the limit x = 0 at order εk

G ∼
x→0

2∑
k=−2

ε
k

k+2∑
n=0

b(k)
n logn (x) + subleading terms.

Ga,b,... = G (la, lb, . . . ; x) with a, b, c, d = 1, . . . , 19.

Uniform transcendental: UT multi- vs one-parameter DE

Ma depend on kinematics, but eigenvalues not: (x − la)−naε, na positive integers, x → la .

Analytic continuation: F polynomial
C. G. Papadopoulos, D. Tommasini and C. Wever, JHEP 1501 (2015) 072 [arXiv:1409.6114 [hep-ph]].
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The x = 1 limit

G =
∑
n≥−2

εn
n+2∑
i=0

1

i!
c

(n)
i logi (1− x)

c
(n)
i are finite in the limit x = 1

c
(n)
i = M2c

(n−1)
i−1 i ≥ 1

Greg =
∑
n≥−2

εnc
(n)
0 .

G = Greg +

(
(1− x)−2ε − 1

)
(−2ε)

X +

(
(1− x)−ε − 1

)
(−ε)

Y

X =
∑
n≥−1

εnX(n) Y =
∑
n≥−1

εnY(n).

(−1)nM2
n = M2

2
(
2n−1 − 1

)
+ M2

(
2n−1 − 2

)
, n ≥ 1.

minimal polynomial x(x + 1)(x + 2) of the matrix M2

Gx=1 =

(
I +

3

2
M2 +

1

2
M2

2

)
Gtrunc

Gtrunc ≡ Greg (x = 1).

C.G.Papadopoulos (INPP) pentabox Loops and Legs 2018 20 / 25



Yet an other x ?

k

k + p1

p1

p2 p3

p4

k + xp1

p2 + (1 − x)p1 p3

p4 + xp1

I =

∫
ddk

iπd/2

1

k2(k + p1)2(k + p12)2(k + p123)2

I =

1∫
0

dx

∫
ddk

iπd/2

1(
(k + xp1)2

)2
(k + p12)2(k + p123)2︸ ︷︷ ︸

G211
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Yet an other x ?

G211 = −
2 (d − 3)

S3 (S2 − S3)
G101+

2 (d − 3)

S2 (S2 − S3)
G110 =

2

ε

[
(−s)−1−ε(1− x)−1−ε

s (1− x)− tx
−

(−t)−1−εx−1−ε

s (1− x)− tx

]

I =

1∫
0

dxG211

=
2

ε2

1

st

[
−(−s)−ε

(
t

s

)
2F1

(
1, 1; 1− ε;

s + t

s

)
+ (−t)−ε 2F1

(
1,−ε; 1− ε;

s + t

s

)]

I =
2

ε2

1

st

[
(−s)−ε 2F1

(
1,−ε; 1− ε;

s + t

t

)
+ (−t)−ε 2F1

(
1,−ε; 1− ε;

s + t

s

)]
Eq. (4.18) in Z. Bern, L. J. Dixon and D. A. Kosower, Nucl. Phys. B 412 (1994) 751 [hep-ph/9306240].
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Yet an other x ?

xp1

xp2
p123 − xp12

p4

p5 xp1

xp2

p123 − xp12 + (1 − xC)p4

p5 + xCp4

PB (x) =

1∫
0

dxC DB (x , xC )

Take care of the limits xC → 1 and xC → 0, as explained
At last, we verified 5box physical region result !

C. G. Papadopoulos & C. Wever in preparation
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5box

Figure : The three planar pentaboxes of the families P1 (left), P2 (middle) and
P3 (right) with one external massive leg.

Figure : The five non-planar families with one external massive leg.
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Summary

1 New IBP concepts and tools → reduce P+NP 5box MI and derive DE
in x

2 Baikov representation of cut integrals → establish the class of
functions, MPL or EI

3 Deriving canonical DE

4 Solving and verifying by recycling known results → xC
5 All 5boxes with vanishing internal masses and up to one massive leg

6 All 8-denominator MI, arbitrary internal masses, number of legs and
external kinematics
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Summary

1 New IBP concepts and tools → reduce P+NP 5box MI and derive DE
in x

2 Baikov representation of cut integrals → establish the class of
functions, MPL or EI

H. Frellesvig and C. G. Papadopoulos, JHEP 1704 (2017) 083 [arXiv:1701.07356 [hep-ph]].

A. Primo and L. Tancredi, Nucl. Phys. B 916 (2017) 94

S. Abreu, R. Britto, C. Duhr and E. Gardi, JHEP 1706 (2017) 114

J. Bosma, M. Sogaard and Y. Zhang, arXiv:1704.04255 [hep-th].

A. Primo and L. Tancredi, Nucl. Phys. B 921 (2017) 316

S. Abreu, R. Britto, C. Duhr and E. Gardi, arXiv:1704.07931 [hep-th].

M. Harley, F. Moriello and R. M. Schabinger, JHEP 1706 (2017) 049

M. Zeng, JHEP 1706 (2017) 121

J. Bosma, K. J. Larsen and Y. Zhang, arXiv:1712.03760 [hep-th].

J. Boehm, A. Georgoudis, K. J. Larsen, M. Schulze and Y. Zhang, arXiv:1712.09737 [hep-th].

3 Deriving canonical DE
4 Solving and verifying by recycling known results → xC
5 All 5boxes with vanishing internal masses and up to one massive leg
6 All 8-denominator MI, arbitrary internal masses, number of legs and

external kinematics
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