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Polylogarithms
• Large classes of loop integrals can be expressed in terms of 

polylogarithms.
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[Goncharov; Brown; Poincaré; Euler; Nielsenl Lappo-Danilevski; …]

• Not all Feynman integrals can be expressed in terms of MPLs!

• Most prominent example: Two-loop sunset integral.
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in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ≠ 2‘ dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di�erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,
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and the corresponding family of Feynman integrals reads
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, (II.1)

where the integration measure is defined as
⁄

Ddk © e“E‘

⁄ ddk

i fid/2 , (II.2)

“E = ≠�Õ(1) is the Euler-Mascheroni constant and ‹i œ Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ≠2‘ dimensions, where d0 is even. We define S = ≠s = ≠p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.

[Broadhurst; Bauberger, Berends, Bohm, 
Buza; Laporta, Remiddi; Bloch, Vanhove; 

Remiddi, Tancredi; Adams, Bogner, 
Schweitzer, Weinzierl; Hidding, Moriello; 

Brödel, CD, Dulat, Penante, Tancredi]



Elliptic Feynman integrals
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No complete analytic results
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The elliptic sunset
• Integral has the form (dispersion integral):
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in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ≠ 2‘ dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di�erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,

m1

m2

m3

p

and the corresponding family of Feynman integrals reads

S‹1‹2‹3(S, m2
1, m2

2, m2
3) =

⁄
Ddk1 Ddk2

(k2
1 ≠ m2

1)‹1(k2
2 ≠ m2

2)‹2((k1 ≠ k2 + p)2 ≠ m2
3)‹3

, (II.1)

where the integration measure is defined as
⁄

Ddk © e“E‘

⁄ ddk

i fid/2 , (II.2)

“E = ≠�Õ(1) is the Euler-Mascheroni constant and ‹i œ Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ≠2‘ dimensions, where d0 is even. We define S = ≠s = ≠p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.

= 2

Z 1
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dxp
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2
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• Bloch & Vanhove: Sunset integral can be expressed in terms of 
an elliptic dilogarithm:

L2(z, ⌧) ⇠
1X

n=1

Li2(z q
n) q = e2⇡i⌧

• Also iterated integrals of modular forms. [Adams, Weinzierl]

➡ Elliptic integral of the 1st kind: K(�) =

Z 1

0

dxp
(1� x2)(1� �x2)
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Outline

➡ Define a class of elliptic generalisations of poylogarithms.

• Aim of this talk:

• Outline:

➡ Elliptic polylogarithms … or how to integrate on an elliptic 
curve.

➡ Further applications … or what happens after the sunset.

➡ Show how integrals like                                             are 
related to eMPLs.

Z 1

0

dxp
x(x� 1)(x� a)

log
⇣
1� x

a

⌘
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Elliptic polylogarithms 

• First goal: generalise notion of polylogarithms to elliptic curves.
➡ MPLs = iterated integrals with logarithmic singularities.

• Definition:

G(a1, . . . , an; z) =

Z z

0

dt

t� a1
G(a2, . . . , an; t) ai 2 C
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Genus 0:



Elliptic polylogarithms 

• First goal: generalise notion of polylogarithms to elliptic curves.
➡ MPLs = iterated integrals with logarithmic singularities.

• Definition:

3.1 Elliptic multiple polylogarithms

The goal of this section is to give a short review of how to define the incarnation of

elliptic multiple polylogarithms that we will consider throughout this paper. The functions

that we define are closely related to the multiple elliptic polylogarithms studied in the

mathematics [68, 78] and string theory literature [69–71]. However, as we will see below,

we prefer to work with functions that are manifestly holomorphic and do not depend on the

complex conjugated variables. This choice is motivated (among other things) by the fact

that Feynman integrals give rise to holomorphic quantities, and we prefer not to introduce

any explicit dependence on antiholomorphic variables.

We start by defining elliptic curves. We only introduce the bare minimum of mathemat-

ical background on elliptic curves to understand the definition of elliptic polylogarithms,

and we refer to the literature for a detailed discussion, e.g., ref. [79] (see also ref. [47]).

Loosely speaking, an elliptic curve can be defined as the zero set of a polynomial equation

of the form y2 = P (x), where P is a polynomial of degree three or four (with distinct

roots). Every elliptic curve defines a (compact) Riemann surface of genus one, and so it

is equivalent to a complex one-dimensional torus C/⇤, where ⇤ = Z!1 + Z!2 is a lattice

and !i are complex numbers that are linearly independent over R, called the periods of

the elliptic curve. We can perform a rescaling and assume without loss of generality that

!1 = 1. In other words, every elliptic curve is isomorphic to an elliptic curve of the form

C/⇤⌧ , with ⇤⌧ = Z + Z⌧ , with Im ⌧ > 0. Unless stated otherwise, we will always assume

that the periods are (!1,!2) = (1, ⌧). Di↵erent values of ⌧ may still correspond to the same

elliptic curve. More precisely, ⌧ and ⌧ 0 define the same elliptic curve if and only if they

are related by an SL(2,Z) transformation, where SL(2,Z) acts on the upper half-plane via

Moebius transformations, called modular transformations,

⌧ 7! � · ⌧ =
a⌧ + b

c⌧ + d
, � =

�
a b
c d

�
2 SL(2,Z) . (3.1) {eq:modular_trafo}{eq:modular_trafo}

We now define a class of iterated integrals with at most logarithmic singularities.

Inspired by ref. [68, 69, 78], we define elliptic multiple polylogarithms (eMPLs) as

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 g(n1)(z0 � z1, ⌧) e�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.2) {eq:gamt_def}{eq:gamt_def}

where zi are complex numbers and ni 2 N are positive integers. The integers k and
P

i ni

are called the length and the weight of the eMPL. Just like ordinary MPLs, eMPLs form

a shu✏e algebra,

e�(A1, . . . , Ak; z, ⌧) e�(Ak+1, . . . , Ak+l; z, ⌧) =
X

�2⌃(k,l)

e�(A�(1), . . . , A�(k+l); z, ⌧) , (3.3)

where we introduced the notation Ai = ( ni
zi ). The shu✏e product preserves both the weight

and the length of eMPLs.

In the case where (nk, zk) = (1, 0), the integral in eq. (3.2) is divergent and requires

regularisation. Here we follow closely ref. [69] for the choice of the regularisation scheme.

– 9 –

ni 2 N
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• Eisenstein-Kronecker series:

We can always use the shu✏e algebra to write every eMPL as a linear combination of

products where the only divergent quantities are

e�
�

1 ... 1
0 ... 0| {z }
n times

; z, ⌧
�
=

1

n!
e�( 10 ; z, ⌧)

n , (3.4)

with
e�( 10 ; z, ⌧) = log

�
1� e2⇡iz

�
� 2⇡iz +

Z z

0
dz0

✓
g(1)(z0, ⌧)�

2⇡i

e2⇡iz � 1

◆
. (3.5) {eq:Gamma_reg}{eq:Gamma_reg}

The reason for this rather complicated-looking formula lies in the fact that we want eMPLs

to have a nice q-expansion (see Appendix ??), and at the same time we want to preserve

the shu✏e algebra structure.

The integration kernels in eq. (3.2) are defined through a generating series known as

the Eisenstein-Kronecker series,

F (z,↵, ⌧) =
1

↵

X

n�0

g(n)(z, ⌧)↵n =
✓01(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (3.6) {eq:Eisenstein-Kronecker}{eq:Eisenstein-Kronecker}

where ✓1 is the odd Jacobi theta function, and ✓01 is its derivative with respect to its

first argument. The functions g(n) appearing in eq. (3.6) have various nice properties, cf.

ref. [68, 69, 78]. In particular, they have definite parity

g(n)(�z, ⌧) = (�1)n g(n)(z, ⌧) , (3.7)

and satisfy the Fay identity [68],

g(m)(z1, ⌧) g
(n)(z2, ⌧) = �(�1)n g(m+n)(z1 � z2, ⌧)

+
nX

r=0

✓
m+ r � 1

m� 1

◆
g(n�r)(z2 � z1, ⌧) g

(m+r)(z1, ⌧)

+
mX

r=0

✓
n+ r � 1

n� 1

◆
g(m�r)(z1 � z2, ⌧) g

(n+r)(z2, ⌧) .

(3.8) {eq:Fay}{eq:Fay}

Seen as a function of z, the function g(1)(z, ⌧) has a simple pole with unit residue at every

point of the lattice ⇤⌧ . For n > 1, g(n)(z, ⌧) has a simple pole only at those lattice points

that do not lie on the real axis. As a consequence, the iterated integrals in eq. (3.2)

have at most logarithmic singularities, and therefore define generalisations of multiple

polylogarithms to elliptic curves.

At this point we have to make a comment about the integration kernels g(n), and

the ensuing iterated integrals e�. Every well-defined function on the torus C/⇤⌧ must be

invariant under translations by elements of the lattice ⇤⌧ . It turns out that the integration

kernels defined by the Eisenstein-Kronecker series in eq. (3.6) are not invariant under

translations by ⌧ . For example, we have

g(1)(z + 1, ⌧) = g(1)(z, ⌧) and g(1)(z + ⌧, ⌧) = g(1)(z, ⌧)� 2⇡i . (3.9) {eq:g1_periodicity}{eq:g1_periodicity}
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➡ Each        has (at most) simple poles at                    ,                . g(n)
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G(a1, . . . , an; z) =

Z z

0

dt

t� a1
G(a2, . . . , an; t) ai 2 C
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Genus 0:

Genus 1:
[~ Brown, Levin; Brödel, Mafra, Matthes, Schlotterer]



Z 1

0

dxp
x(x� 1)(x� a)

log
⇣
1� x

a

⌘
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3.1 Elliptic multiple polylogarithms

The goal of this section is to give a short review of how to define the incarnation of

elliptic multiple polylogarithms that we will consider throughout this paper. The functions

that we define are closely related to the multiple elliptic polylogarithms studied in the

mathematics [68, 78] and string theory literature [69–71]. However, as we will see below,

we prefer to work with functions that are manifestly holomorphic and do not depend on the

complex conjugated variables. This choice is motivated (among other things) by the fact

that Feynman integrals give rise to holomorphic quantities, and we prefer not to introduce

any explicit dependence on antiholomorphic variables.

We start by defining elliptic curves. We only introduce the bare minimum of mathemat-

ical background on elliptic curves to understand the definition of elliptic polylogarithms,

and we refer to the literature for a detailed discussion, e.g., ref. [79] (see also ref. [47]).

Loosely speaking, an elliptic curve can be defined as the zero set of a polynomial equation

of the form y2 = P (x), where P is a polynomial of degree three or four (with distinct

roots). Every elliptic curve defines a (compact) Riemann surface of genus one, and so it

is equivalent to a complex one-dimensional torus C/⇤, where ⇤ = Z!1 + Z!2 is a lattice

and !i are complex numbers that are linearly independent over R, called the periods of

the elliptic curve. We can perform a rescaling and assume without loss of generality that

!1 = 1. In other words, every elliptic curve is isomorphic to an elliptic curve of the form

C/⇤⌧ , with ⇤⌧ = Z + Z⌧ , with Im ⌧ > 0. Unless stated otherwise, we will always assume

that the periods are (!1,!2) = (1, ⌧). Di↵erent values of ⌧ may still correspond to the same

elliptic curve. More precisely, ⌧ and ⌧ 0 define the same elliptic curve if and only if they

are related by an SL(2,Z) transformation, where SL(2,Z) acts on the upper half-plane via

Moebius transformations, called modular transformations,

⌧ 7! � · ⌧ =
a⌧ + b

c⌧ + d
, � =

�
a b
c d

�
2 SL(2,Z) . (3.1) {eq:modular_trafo}{eq:modular_trafo}

We now define a class of iterated integrals with at most logarithmic singularities.

Inspired by ref. [68, 69, 78], we define elliptic multiple polylogarithms (eMPLs) as

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 g(n1)(z0 � z1, ⌧) e�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.2) {eq:gamt_def}{eq:gamt_def}

where zi are complex numbers and ni 2 N are positive integers. The integers k and
P

i ni

are called the length and the weight of the eMPL. Just like ordinary MPLs, eMPLs form

a shu✏e algebra,

e�(A1, . . . , Ak; z, ⌧) e�(Ak+1, . . . , Ak+l; z, ⌧) =
X

�2⌃(k,l)

e�(A�(1), . . . , A�(k+l); z, ⌧) , (3.3)

where we introduced the notation Ai = ( ni
zi ). The shu✏e product preserves both the weight

and the length of eMPLs.

In the case where (nk, zk) = (1, 0), the integral in eq. (3.2) is divergent and requires

regularisation. Here we follow closely ref. [69] for the choice of the regularisation scheme.
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<latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit>

✓
<latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit>

(x, y)
<latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit>

y2 = 1� x2
<latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit>

with
<latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit>



The circle
• How to describe a circle?

2⇡
<latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit>

0
<latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit>

✓
<latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit>

(x, y)
<latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit>

y2 = 1� x2
<latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit>

with
<latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit>

➡ Trigonometric function: cos ✓
<latexit sha1_base64="1bsdfL0BeFYd1eoMh4t/37GbPdA=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjMiqBspuHFZwbHFzlAyaaYNzSRDckcopR/g3q3+gitx62/4B36GmXYWtvVA4HDOfeVEqeAGXPfbKa2srq1vlDcrW9s7u3vV/YMHozJNmU+VULodEcMEl8wHDoK1U81IEgnWioY3ud96YtpwJe9hlLIwIX3JY04JWOkxoMoEMGBAutWaW3enwMvEK0gNFWh2qz9BT9EsYRKoIMZ0PDeFcEw0cCrYpBJkhqWEDkmfdSyVJGEmHE8vnuATq/RwrLR9EvBU/dsxJokxoySylQmBgVn0cvE/r5NBfBmOuUwzYJLOFsWZwKBw/n3c45pRECNLCNXc3orpgGhCwYY0tyWfrU1sJhUbjbcYxDLxz+pXde/uvNa4LjIqoyN0jE6Rhy5QA92iJvIRRRK9oFf05jw7786H8zkrLTlFzyGag/P1CwfHmiQ=</latexit><latexit sha1_base64="1bsdfL0BeFYd1eoMh4t/37GbPdA=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjMiqBspuHFZwbHFzlAyaaYNzSRDckcopR/g3q3+gitx62/4B36GmXYWtvVA4HDOfeVEqeAGXPfbKa2srq1vlDcrW9s7u3vV/YMHozJNmU+VULodEcMEl8wHDoK1U81IEgnWioY3ud96YtpwJe9hlLIwIX3JY04JWOkxoMoEMGBAutWaW3enwMvEK0gNFWh2qz9BT9EsYRKoIMZ0PDeFcEw0cCrYpBJkhqWEDkmfdSyVJGEmHE8vnuATq/RwrLR9EvBU/dsxJokxoySylQmBgVn0cvE/r5NBfBmOuUwzYJLOFsWZwKBw/n3c45pRECNLCNXc3orpgGhCwYY0tyWfrU1sJhUbjbcYxDLxz+pXde/uvNa4LjIqoyN0jE6Rhy5QA92iJvIRRRK9oFf05jw7786H8zkrLTlFzyGag/P1CwfHmiQ=</latexit><latexit sha1_base64="1bsdfL0BeFYd1eoMh4t/37GbPdA=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjMiqBspuHFZwbHFzlAyaaYNzSRDckcopR/g3q3+gitx62/4B36GmXYWtvVA4HDOfeVEqeAGXPfbKa2srq1vlDcrW9s7u3vV/YMHozJNmU+VULodEcMEl8wHDoK1U81IEgnWioY3ud96YtpwJe9hlLIwIX3JY04JWOkxoMoEMGBAutWaW3enwMvEK0gNFWh2qz9BT9EsYRKoIMZ0PDeFcEw0cCrYpBJkhqWEDkmfdSyVJGEmHE8vnuATq/RwrLR9EvBU/dsxJokxoySylQmBgVn0cvE/r5NBfBmOuUwzYJLOFsWZwKBw/n3c45pRECNLCNXc3orpgGhCwYY0tyWfrU1sJhUbjbcYxDLxz+pXde/uvNa4LjIqoyN0jE6Rhy5QA92iJvIRRRK9oFf05jw7786H8zkrLTlFzyGag/P1CwfHmiQ=</latexit><latexit sha1_base64="1bsdfL0BeFYd1eoMh4t/37GbPdA=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjMiqBspuHFZwbHFzlAyaaYNzSRDckcopR/g3q3+gitx62/4B36GmXYWtvVA4HDOfeVEqeAGXPfbKa2srq1vlDcrW9s7u3vV/YMHozJNmU+VULodEcMEl8wHDoK1U81IEgnWioY3ud96YtpwJe9hlLIwIX3JY04JWOkxoMoEMGBAutWaW3enwMvEK0gNFWh2qz9BT9EsYRKoIMZ0PDeFcEw0cCrYpBJkhqWEDkmfdSyVJGEmHE8vnuATq/RwrLR9EvBU/dsxJokxoySylQmBgVn0cvE/r5NBfBmOuUwzYJLOFsWZwKBw/n3c45pRECNLCNXc3orpgGhCwYY0tyWfrU1sJhUbjbcYxDLxz+pXde/uvNa4LjIqoyN0jE6Rhy5QA92iJvIRRRK9oFf05jw7786H8zkrLTlFzyGag/P1CwfHmiQ=</latexit>

(cos0 ✓)2 = 1� (cos ✓)2
<latexit sha1_base64="VpZtux3yiUlhdoEY6AUKnMag1uU=">AAACIHicbZDLSgMxFIYz9VbrbdSlm9Ai1oVlpgjqQim4cVnB2kKnlkyaaUMzF5IzQind+x7u3eoruBKX+gQ+hpnpILZ6IPDz/efkJL8bCa7Asj6M3MLi0vJKfrWwtr6xuWVu79yqMJaUNWgoQtlyiWKCB6wBHARrRZIR3xWs6Q4vE795z6TiYXADo4h1fNIPuMcpAY26ZrHs0FAdODBgQA7vqvgc20cp+0Fds2RVrLTwX2FnooSyqnfNL6cX0thnAVBBlGrbVgSdMZHAqWCTghMrFhE6JH3W1jIgPlOdcfqXCd7XpIe9UOoTAE7p74kx8ZUa+a7u9AkM1LyXwP+8dgzeaWfMgygGFtDpIi8WGEKcBIN7XDIKYqQFoZLrt2I6IJJQ0PHNbEnulspTk4KOxp4P4q9oVCtnFfv6uFS7yDLKoz1URGVkoxNUQ1eojhqIogf0hJ7Ri/FovBpvxvu0NWdkM7topozPb4+yohw=</latexit><latexit sha1_base64="VpZtux3yiUlhdoEY6AUKnMag1uU=">AAACIHicbZDLSgMxFIYz9VbrbdSlm9Ai1oVlpgjqQim4cVnB2kKnlkyaaUMzF5IzQind+x7u3eoruBKX+gQ+hpnpILZ6IPDz/efkJL8bCa7Asj6M3MLi0vJKfrWwtr6xuWVu79yqMJaUNWgoQtlyiWKCB6wBHARrRZIR3xWs6Q4vE795z6TiYXADo4h1fNIPuMcpAY26ZrHs0FAdODBgQA7vqvgc20cp+0Fds2RVrLTwX2FnooSyqnfNL6cX0thnAVBBlGrbVgSdMZHAqWCTghMrFhE6JH3W1jIgPlOdcfqXCd7XpIe9UOoTAE7p74kx8ZUa+a7u9AkM1LyXwP+8dgzeaWfMgygGFtDpIi8WGEKcBIN7XDIKYqQFoZLrt2I6IJJQ0PHNbEnulspTk4KOxp4P4q9oVCtnFfv6uFS7yDLKoz1URGVkoxNUQ1eojhqIogf0hJ7Ri/FovBpvxvu0NWdkM7topozPb4+yohw=</latexit><latexit sha1_base64="VpZtux3yiUlhdoEY6AUKnMag1uU=">AAACIHicbZDLSgMxFIYz9VbrbdSlm9Ai1oVlpgjqQim4cVnB2kKnlkyaaUMzF5IzQind+x7u3eoruBKX+gQ+hpnpILZ6IPDz/efkJL8bCa7Asj6M3MLi0vJKfrWwtr6xuWVu79yqMJaUNWgoQtlyiWKCB6wBHARrRZIR3xWs6Q4vE795z6TiYXADo4h1fNIPuMcpAY26ZrHs0FAdODBgQA7vqvgc20cp+0Fds2RVrLTwX2FnooSyqnfNL6cX0thnAVBBlGrbVgSdMZHAqWCTghMrFhE6JH3W1jIgPlOdcfqXCd7XpIe9UOoTAE7p74kx8ZUa+a7u9AkM1LyXwP+8dgzeaWfMgygGFtDpIi8WGEKcBIN7XDIKYqQFoZLrt2I6IJJQ0PHNbEnulspTk4KOxp4P4q9oVCtnFfv6uFS7yDLKoz1URGVkoxNUQ1eojhqIogf0hJ7Ri/FovBpvxvu0NWdkM7topozPb4+yohw=</latexit><latexit sha1_base64="VpZtux3yiUlhdoEY6AUKnMag1uU=">AAACIHicbZDLSgMxFIYz9VbrbdSlm9Ai1oVlpgjqQim4cVnB2kKnlkyaaUMzF5IzQind+x7u3eoruBKX+gQ+hpnpILZ6IPDz/efkJL8bCa7Asj6M3MLi0vJKfrWwtr6xuWVu79yqMJaUNWgoQtlyiWKCB6wBHARrRZIR3xWs6Q4vE795z6TiYXADo4h1fNIPuMcpAY26ZrHs0FAdODBgQA7vqvgc20cp+0Fds2RVrLTwX2FnooSyqnfNL6cX0thnAVBBlGrbVgSdMZHAqWCTghMrFhE6JH3W1jIgPlOdcfqXCd7XpIe9UOoTAE7p74kx8ZUa+a7u9AkM1LyXwP+8dgzeaWfMgygGFtDpIi8WGEKcBIN7XDIKYqQFoZLrt2I6IJJQ0PHNbEnulspTk4KOxp4P4q9oVCtnFfv6uFS7yDLKoz1URGVkoxNUQ1eojhqIogf0hJ7Ri/FovBpvxvu0NWdkM7topozPb4+yohw=</latexit>

cos(✓ + 2⇡) = cos ✓
<latexit sha1_base64="CeEQAlPwcL9/3w+WftWbnvPYpYw=">AAACHHicbZDLSgMxFIYz9VbrbdSlIMEiVIQyUwR1oRTcuKzg2EJnKJk004ZmLiRnhFK68z3cu9VXcCVuBd/AxzDTzsK2Hgj8fP85OcnvJ4IrsKxvo7C0vLK6VlwvbWxube+Yu3sPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gJvObj0wqHkf3MEyYF5JexANOCWjUMQ9dGquKC30G5LTmJvwEX+GMTVHHLFtVa1J4Udi5KKO8Gh3zx+3GNA1ZBFQQpdq2lYA3IhI4FWxcclPFEkIHpMfaWkYkZMobTf4xxseadHEQS30iwBP6d2JEQqWGoa87QwJ9Ne9l8D+vnUJw4Y14lKTAIjpdFKQCQ4yzUHCXS0ZBDLUgVHL9Vkz7RBIKOrqZLdndUgVqXNLR2PNBLAqnVr2s2ndn5fp1nlERHaAjVEE2Okd1dIsayEEUPaEX9IrejGfj3fgwPqetBSOf2UczZXz9Aj2qoZA=</latexit><latexit sha1_base64="CeEQAlPwcL9/3w+WftWbnvPYpYw=">AAACHHicbZDLSgMxFIYz9VbrbdSlIMEiVIQyUwR1oRTcuKzg2EJnKJk004ZmLiRnhFK68z3cu9VXcCVuBd/AxzDTzsK2Hgj8fP85OcnvJ4IrsKxvo7C0vLK6VlwvbWxube+Yu3sPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gJvObj0wqHkf3MEyYF5JexANOCWjUMQ9dGquKC30G5LTmJvwEX+GMTVHHLFtVa1J4Udi5KKO8Gh3zx+3GNA1ZBFQQpdq2lYA3IhI4FWxcclPFEkIHpMfaWkYkZMobTf4xxseadHEQS30iwBP6d2JEQqWGoa87QwJ9Ne9l8D+vnUJw4Y14lKTAIjpdFKQCQ4yzUHCXS0ZBDLUgVHL9Vkz7RBIKOrqZLdndUgVqXNLR2PNBLAqnVr2s2ndn5fp1nlERHaAjVEE2Okd1dIsayEEUPaEX9IrejGfj3fgwPqetBSOf2UczZXz9Aj2qoZA=</latexit><latexit sha1_base64="CeEQAlPwcL9/3w+WftWbnvPYpYw=">AAACHHicbZDLSgMxFIYz9VbrbdSlIMEiVIQyUwR1oRTcuKzg2EJnKJk004ZmLiRnhFK68z3cu9VXcCVuBd/AxzDTzsK2Hgj8fP85OcnvJ4IrsKxvo7C0vLK6VlwvbWxube+Yu3sPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gJvObj0wqHkf3MEyYF5JexANOCWjUMQ9dGquKC30G5LTmJvwEX+GMTVHHLFtVa1J4Udi5KKO8Gh3zx+3GNA1ZBFQQpdq2lYA3IhI4FWxcclPFEkIHpMfaWkYkZMobTf4xxseadHEQS30iwBP6d2JEQqWGoa87QwJ9Ne9l8D+vnUJw4Y14lKTAIjpdFKQCQ4yzUHCXS0ZBDLUgVHL9Vkz7RBIKOrqZLdndUgVqXNLR2PNBLAqnVr2s2ndn5fp1nlERHaAjVEE2Okd1dIsayEEUPaEX9IrejGfj3fgwPqetBSOf2UczZXz9Aj2qoZA=</latexit><latexit sha1_base64="CeEQAlPwcL9/3w+WftWbnvPYpYw=">AAACHHicbZDLSgMxFIYz9VbrbdSlIMEiVIQyUwR1oRTcuKzg2EJnKJk004ZmLiRnhFK68z3cu9VXcCVuBd/AxzDTzsK2Hgj8fP85OcnvJ4IrsKxvo7C0vLK6VlwvbWxube+Yu3sPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gJvObj0wqHkf3MEyYF5JexANOCWjUMQ9dGquKC30G5LTmJvwEX+GMTVHHLFtVa1J4Udi5KKO8Gh3zx+3GNA1ZBFQQpdq2lYA3IhI4FWxcclPFEkIHpMfaWkYkZMobTf4xxseadHEQS30iwBP6d2JEQqWGoa87QwJ9Ne9l8D+vnUJw4Y14lKTAIjpdFKQCQ4yzUHCXS0ZBDLUgVHL9Vkz7RBIKOrqZLdndUgVqXNLR2PNBLAqnVr2s2ndn5fp1nlERHaAjVEE2Okd1dIsayEEUPaEX9IrejGfj3fgwPqetBSOf2UczZXz9Aj2qoZA=</latexit>

➡ Inverse map: ✓ = �
Z x

0

dx0
p
1� x02

<latexit sha1_base64="2UlEftbPVjK/Pc7GWYxZFZOmrWA="></latexit><latexit sha1_base64="2UlEftbPVjK/Pc7GWYxZFZOmrWA="></latexit><latexit sha1_base64="2UlEftbPVjK/Pc7GWYxZFZOmrWA="></latexit><latexit sha1_base64="2UlEftbPVjK/Pc7GWYxZFZOmrWA="></latexit>

➡ Can rescale ‘circumference’ to 1.
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y2 = 4x3 � g2x� g2
<latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit><latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit><latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit><latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit>

[x, y, 1]
<latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit><latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit><latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit><latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit>

z
<latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit> with

<latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit>

• Elliptic curves are the same as tori! 
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Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X

(m,n) 6=(0,0)

✓
1

(z + m !1 + n !2)2
�

1

(m !1 + n !2)2

◆
. (4.2)
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y2 = 4x3 � g2x� g2
<latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit><latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit><latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit><latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit>

[x, y, 1]
<latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit><latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit><latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit><latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit>

z
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• Elliptic curves are the same as tori! 
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Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X

(m,n) 6=(0,0)

✓
1

(z + m !1 + n !2)2
�

1

(m !1 + n !2)2

◆
. (4.2)
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Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X

(m,n) 6=(0,0)

✓
1

(z + m !1 + n !2)2
�

1

(m !1 + n !2)2

◆
. (4.2)
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with
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➡ Weierstrass    -function:}
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We will always keep implicit the dependence of the Weierstrass } function on the periods.

The Weierstrass } function is by construction periodic, and it has a double pole at every

lattice point z 2 ⇤. In addition, it is an even function, }(�z) = }(z).

The derivative of a periodic function is still periodic, and so the derivative of an elliptic

function is itself elliptic. Since } is even and has a double pole, its derivative must define an

odd function with a triple pole (all definitions are understood modulo translations by the

lattice). Hence, }0 must have three zeros, and these are located precisely at the half-periods

!i/2, i 2 {1, 2, 3}, with !3/2 ⌘ !1/2 + !2/2. Indeed, invariance under translations by ⇤

gives

�}0(!i/2) = }0(�!i/2) = }0(!i/2 � !i) = }0(!i/2) , (4.3)

and so }0(!i/2) = 0.

The Weierstrass } function and its derivative are not only the prototypical examples of

functions that are both meromorphic and periodic, but they play a fundamental role in the

theory of elliptic functions. In fact, they are su�cient to recover all elliptic functions. More

precisely, one can show that every elliptic function can be written as a rational function in

} and }0. Note that the set of all elliptic functions forms a field, and so we can identify

the field of elliptic functions with the field of rational functions in (}, }0).

Finally, let us note that the Weierstrass } function and its derivative are not indepen-

dent, but they are coupled via a non-linear di↵erential equation

}02 = 4}3
� g2 } � g3 = 4(} � e1)(} � e2)(} � e3) , (4.4)

where gi and ei are constants that depend on the two periods !1 and !2. By di↵erentiation

we see that all the higher derivatives of } are polynomials in (}, }0), in agreement with the

fact that every elliptic function is a rational function in (}, }0). For example, we have

}00(z) =
1

6
}(z)2 �

1

2
g2 . (4.5)

4.2 From the torus to the elliptic curve: the Weierstrass model

In section 3 we have considered elliptic curves given by a cubic equation of the form (3.2).

In general, there can be several cubic polynomials that define the same elliptic curve E . In

particular, it can be shown that via a judicious change of variables every elliptic curve can

be represented as the solution set of a cubic equation of the form

y2 = 4x3
� g2x � g3 = 4(x � e1)(x � e2)(x � e3) , with e1 + e2 + e3 = 0 . (4.6)

An equation of this form is called a Weierstrass equation of the elliptic curve. We see

that, upon identifying (}, }0) with (x, y), eq. (4.4) has precisely the form of the Weierstrass

equation, and so there is a strong connection between the Weierstrass } function and

elliptic curves. The purpose of this section is to show that the torus and the Weierstrass

} function provide a natural parametrisation of any elliptic curve E .

Consider an elliptic curve E with periods !1 and !2 given by the Weierstrass equa-

tion (4.6). Comparing eq. (4.6) to the di↵erential equation (4.4) satisfied by the Weierstrass

} function, we see that for every point z on the torus C/⇤, the point [}(z), }0(z), 1] lies on
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}(z + !i;!1,!2) = }(z;!1,!2)
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➡ Inverse map: z =

Z x

1

dx0
p

4x03 � g2x0 � g3
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• Elliptic curves are the same as tori! 

➡ Can always rescale one ‘radius’  to 1: ⌧ = !2/!1
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Im ⌧ > 0
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Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X

(m,n) 6=(0,0)

✓
1

(z + m !1 + n !2)2
�

1

(m !1 + n !2)2

◆
. (4.2)
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Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X

(m,n) 6=(0,0)

✓
1

(z + m !1 + n !2)2
�

1

(m !1 + n !2)2

◆
. (4.2)
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constant. The constant is easily determined by using the fact that ↵(z) vanishes for z = 0,

and we find

dx '�1(c, x) =
yc dx

y (x � c)
= dz

h
g(1)(z � zc) � g(1)(z + zc) + 2g(1)(zc)

i
. (5.7)

We see that on the torus the di↵erential form dx '�1(c, x) corresponds to a linear combi-

nation with constant complex coe�cients of the holomorphic di↵erential dz and the forms

dz g(1)(z ± zc).

We can apply exactly the same reasoning to the di↵erential form

dx '1(c, x) =
dx

x � c
= dz

µ0(z)

µ(z) � µ(zc)
⌘ dz �(z) . (5.8)

The only di↵erence with respect to the previous case is that the residues at z = ±zc are

both +1, and there is also a simple pole at z = 0 with residue �2, corresponding to the

pole at infinity of dx/(x � c). We subtract the poles, and by exactly the same reasoning

as before we conclude that the di↵erence

�(z) �
h
g(1)(z � zc) + g(1)(z + zc) � 2g(1)(z)

i
(5.9)

must be constant. In order to determine this constant, we observe that both � and eq. (5.9)

define an odd function, and so they must vanish at the origin. We then have

dx '1(c, x) =
dx

x � c
= dz

h
g(1)(z � zc) + g(1)(z + zc) � 2g(1)(z)

i
. (5.10)

Let us now turn to dx '1(1, x). If x0 = }(z0), eq. (3.23) gives

Z3(x0) =

Z x0

a3

dx

c3 y

✓
�x +

s1
3

� 8c23
⌘1
!1

◆

= �4

Z z0

!1/2
dz

✓
}(z) +

2⌘1
!1

◆

= 4 g(1)(z0) .

(5.11)

Hence, we immediately find

dx '1(1, x) =
c3 dx

y
Z3(x) = 4 dz g(1)(z) . (5.12)

To summarise, the one-forms dx '±1 are linear combinations of the holomorphic di↵er-

ential and the one-forms dz g(1). To complete the proof, we need to analyse what happens

for n > 1. In section 3 we have not given the complete definition of the polynomials Zn

for n > 1, but we have already noted the similarity for n = 2, 3 between the polynomials

Zn in eq. (3.28) and Gn in eq. (4.21). In general, we define

Z(n)
3 (Z3; x, y) ⌘ 4Gn

✓
1

4
Z3;

1

4c23

⇣
x �

s1
3

⌘
,

y

4c33

◆
, n � 1 . (5.13)
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ential and the one-forms dz g(1). To complete the proof, we need to analyse what happens

for n > 1. In section 3 we have not given the complete definition of the polynomials Zn

for n > 1, but we have already noted the similarity for n = 2, 3 between the polynomials

Zn in eq. (3.28) and Gn in eq. (4.21). In general, we define
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➡ There is a 1-to-1 map between linearly independent 1-forms 
in          -space and   -space.  z
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Various guises of eMPLs

3.1 Elliptic multiple polylogarithms

The goal of this section is to give a short review of how to define the incarnation of

elliptic multiple polylogarithms that we will consider throughout this paper. The functions

that we define are closely related to the multiple elliptic polylogarithms studied in the

mathematics [68, 78] and string theory literature [69–71]. However, as we will see below,

we prefer to work with functions that are manifestly holomorphic and do not depend on the

complex conjugated variables. This choice is motivated (among other things) by the fact

that Feynman integrals give rise to holomorphic quantities, and we prefer not to introduce

any explicit dependence on antiholomorphic variables.

We start by defining elliptic curves. We only introduce the bare minimum of mathemat-

ical background on elliptic curves to understand the definition of elliptic polylogarithms,

and we refer to the literature for a detailed discussion, e.g., ref. [79] (see also ref. [47]).

Loosely speaking, an elliptic curve can be defined as the zero set of a polynomial equation

of the form y2 = P (x), where P is a polynomial of degree three or four (with distinct

roots). Every elliptic curve defines a (compact) Riemann surface of genus one, and so it

is equivalent to a complex one-dimensional torus C/⇤, where ⇤ = Z!1 + Z!2 is a lattice

and !i are complex numbers that are linearly independent over R, called the periods of

the elliptic curve. We can perform a rescaling and assume without loss of generality that

!1 = 1. In other words, every elliptic curve is isomorphic to an elliptic curve of the form

C/⇤⌧ , with ⇤⌧ = Z + Z⌧ , with Im ⌧ > 0. Unless stated otherwise, we will always assume

that the periods are (!1,!2) = (1, ⌧). Di↵erent values of ⌧ may still correspond to the same

elliptic curve. More precisely, ⌧ and ⌧ 0 define the same elliptic curve if and only if they

are related by an SL(2,Z) transformation, where SL(2,Z) acts on the upper half-plane via

Moebius transformations, called modular transformations,

⌧ 7! � · ⌧ =
a⌧ + b

c⌧ + d
, � =

�
a b
c d

�
2 SL(2,Z) . (3.1) {eq:modular_trafo}{eq:modular_trafo}

We now define a class of iterated integrals with at most logarithmic singularities.

Inspired by ref. [68, 69, 78], we define elliptic multiple polylogarithms (eMPLs) as

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 g(n1)(z0 � z1, ⌧) e�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.2) {eq:gamt_def}{eq:gamt_def}

where zi are complex numbers and ni 2 N are positive integers. The integers k and
P

i ni

are called the length and the weight of the eMPL. Just like ordinary MPLs, eMPLs form

a shu✏e algebra,

e�(A1, . . . , Ak; z, ⌧) e�(Ak+1, . . . , Ak+l; z, ⌧) =
X

�2⌃(k,l)

e�(A�(1), . . . , A�(k+l); z, ⌧) , (3.3)

where we introduced the notation Ai = ( ni
zi ). The shu✏e product preserves both the weight

and the length of eMPLs.

In the case where (nk, zk) = (1, 0), the integral in eq. (3.2) is divergent and requires

regularisation. Here we follow closely ref. [69] for the choice of the regularisation scheme.
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E4 (
m1 ... mk
c1 ck ;x)
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=

Z x

0
dx0  m1(x, c1)E4 (

m2 ... mk
c2 ck ;x)
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In general (for quartic polynomial with zeroes     )ai
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Various guises of eMPLs

3.1 Elliptic multiple polylogarithms

The goal of this section is to give a short review of how to define the incarnation of

elliptic multiple polylogarithms that we will consider throughout this paper. The functions

that we define are closely related to the multiple elliptic polylogarithms studied in the

mathematics [68, 78] and string theory literature [69–71]. However, as we will see below,

we prefer to work with functions that are manifestly holomorphic and do not depend on the

complex conjugated variables. This choice is motivated (among other things) by the fact

that Feynman integrals give rise to holomorphic quantities, and we prefer not to introduce

any explicit dependence on antiholomorphic variables.

We start by defining elliptic curves. We only introduce the bare minimum of mathemat-

ical background on elliptic curves to understand the definition of elliptic polylogarithms,

and we refer to the literature for a detailed discussion, e.g., ref. [79] (see also ref. [47]).

Loosely speaking, an elliptic curve can be defined as the zero set of a polynomial equation

of the form y2 = P (x), where P is a polynomial of degree three or four (with distinct

roots). Every elliptic curve defines a (compact) Riemann surface of genus one, and so it

is equivalent to a complex one-dimensional torus C/⇤, where ⇤ = Z!1 + Z!2 is a lattice

and !i are complex numbers that are linearly independent over R, called the periods of

the elliptic curve. We can perform a rescaling and assume without loss of generality that

!1 = 1. In other words, every elliptic curve is isomorphic to an elliptic curve of the form

C/⇤⌧ , with ⇤⌧ = Z + Z⌧ , with Im ⌧ > 0. Unless stated otherwise, we will always assume

that the periods are (!1,!2) = (1, ⌧). Di↵erent values of ⌧ may still correspond to the same

elliptic curve. More precisely, ⌧ and ⌧ 0 define the same elliptic curve if and only if they

are related by an SL(2,Z) transformation, where SL(2,Z) acts on the upper half-plane via

Moebius transformations, called modular transformations,

⌧ 7! � · ⌧ =
a⌧ + b

c⌧ + d
, � =

�
a b
c d

�
2 SL(2,Z) . (3.1) {eq:modular_trafo}{eq:modular_trafo}

We now define a class of iterated integrals with at most logarithmic singularities.

Inspired by ref. [68, 69, 78], we define elliptic multiple polylogarithms (eMPLs) as

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 g(n1)(z0 � z1, ⌧) e�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.2) {eq:gamt_def}{eq:gamt_def}

where zi are complex numbers and ni 2 N are positive integers. The integers k and
P

i ni

are called the length and the weight of the eMPL. Just like ordinary MPLs, eMPLs form

a shu✏e algebra,

e�(A1, . . . , Ak; z, ⌧) e�(Ak+1, . . . , Ak+l; z, ⌧) =
X

�2⌃(k,l)

e�(A�(1), . . . , A�(k+l); z, ⌧) , (3.3)

where we introduced the notation Ai = ( ni
zi ). The shu✏e product preserves both the weight

and the length of eMPLs.

In the case where (nk, zk) = (1, 0), the integral in eq. (3.2) is divergent and requires

regularisation. Here we follow closely ref. [69] for the choice of the regularisation scheme.
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E4 (
m1 ... mk
c1 ck ;x)
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=

Z x

0
dx0  m1(x, c1)E4 (

m2 ... mk
c2 ck ;x)

<latexit sha1_base64="Nf+svJteviEWUbWYZePaJSTAVJM="></latexit><latexit sha1_base64="Nf+svJteviEWUbWYZePaJSTAVJM="></latexit><latexit sha1_base64="Nf+svJteviEWUbWYZePaJSTAVJM="></latexit><latexit sha1_base64="Nf+svJteviEWUbWYZePaJSTAVJM="></latexit>

etc.
<latexit sha1_base64="O9XIAvrAIGkSHSe9kiWQL5JNr3A=">AAACCnicbZDLSsNAFIYnXmu9VV26CRbBVUhE0GXBjcsK9gJtKJPpSTt0JokzJ2IJAR/AvVt9BXfi1pfwDXwMJ20XtvWHgZ//nDnn8AWJ4Bpd99taWV1b39gsbZW3d3b39isHh00dp4pBg8UiVu2AahA8ggZyFNBOFFAZCGgFo+ui3noApXkc3eE4AV/SQcRDziiayO8iPKKSGSBz8l6l6jruRPay8WamSmaq9yo/3X7MUgkRMkG17nhugn5GFXImIC93Uw0JZSM6gI6xEZWg/WxydG6fmqRvh7EyL0J7kv79kVGp9VgGplNSHOrFWhH+V+ukGF75GY+SFCFi00VhKmyM7YKA3ecKGIqxMZQpbm612ZAqytBwmttSzFY61HnZoPEWQSyb5rnjuY53e1Gt1Z6mkErkmJyQM+KRS1IjN6ROGoSRe/JCXsmb9Wy9Wx/W57R1xZqBPSJzsr5+AWNdnD8=</latexit><latexit sha1_base64="O9XIAvrAIGkSHSe9kiWQL5JNr3A=">AAACCnicbZDLSsNAFIYnXmu9VV26CRbBVUhE0GXBjcsK9gJtKJPpSTt0JokzJ2IJAR/AvVt9BXfi1pfwDXwMJ20XtvWHgZ//nDnn8AWJ4Bpd99taWV1b39gsbZW3d3b39isHh00dp4pBg8UiVu2AahA8ggZyFNBOFFAZCGgFo+ui3noApXkc3eE4AV/SQcRDziiayO8iPKKSGSBz8l6l6jruRPay8WamSmaq9yo/3X7MUgkRMkG17nhugn5GFXImIC93Uw0JZSM6gI6xEZWg/WxydG6fmqRvh7EyL0J7kv79kVGp9VgGplNSHOrFWhH+V+ukGF75GY+SFCFi00VhKmyM7YKA3ecKGIqxMZQpbm612ZAqytBwmttSzFY61HnZoPEWQSyb5rnjuY53e1Gt1Z6mkErkmJyQM+KRS1IjN6ROGoSRe/JCXsmb9Wy9Wx/W57R1xZqBPSJzsr5+AWNdnD8=</latexit><latexit sha1_base64="O9XIAvrAIGkSHSe9kiWQL5JNr3A=">AAACCnicbZDLSsNAFIYnXmu9VV26CRbBVUhE0GXBjcsK9gJtKJPpSTt0JokzJ2IJAR/AvVt9BXfi1pfwDXwMJ20XtvWHgZ//nDnn8AWJ4Bpd99taWV1b39gsbZW3d3b39isHh00dp4pBg8UiVu2AahA8ggZyFNBOFFAZCGgFo+ui3noApXkc3eE4AV/SQcRDziiayO8iPKKSGSBz8l6l6jruRPay8WamSmaq9yo/3X7MUgkRMkG17nhugn5GFXImIC93Uw0JZSM6gI6xEZWg/WxydG6fmqRvh7EyL0J7kv79kVGp9VgGplNSHOrFWhH+V+ukGF75GY+SFCFi00VhKmyM7YKA3ecKGIqxMZQpbm612ZAqytBwmttSzFY61HnZoPEWQSyb5rnjuY53e1Gt1Z6mkErkmJyQM+KRS1IjN6ROGoSRe/JCXsmb9Wy9Wx/W57R1xZqBPSJzsr5+AWNdnD8=</latexit><latexit sha1_base64="O9XIAvrAIGkSHSe9kiWQL5JNr3A=">AAACCnicbZDLSsNAFIYnXmu9VV26CRbBVUhE0GXBjcsK9gJtKJPpSTt0JokzJ2IJAR/AvVt9BXfi1pfwDXwMJ20XtvWHgZ//nDnn8AWJ4Bpd99taWV1b39gsbZW3d3b39isHh00dp4pBg8UiVu2AahA8ggZyFNBOFFAZCGgFo+ui3noApXkc3eE4AV/SQcRDziiayO8iPKKSGSBz8l6l6jruRPay8WamSmaq9yo/3X7MUgkRMkG17nhugn5GFXImIC93Uw0JZSM6gI6xEZWg/WxydG6fmqRvh7EyL0J7kv79kVGp9VgGplNSHOrFWhH+V+ukGF75GY+SFCFi00VhKmyM7YKA3ecKGIqxMZQpbm612ZAqytBwmttSzFY61HnZoPEWQSyb5rnjuY53e1Gt1Z6mkErkmJyQM+KRS1IjN6ROGoSRe/JCXsmb9Wy9Wx/W57R1xZqBPSJzsr5+AWNdnD8=</latexit>

 0(x, c) =
c4 dx

y
<latexit sha1_base64="PyCg9fZ+neIxHSdusEu+rjSkXlc=">AAACHnicbZDLSsNAFIYnXmu9RV26cLAIFUpJpKAboeDGZQV7gSaEyWTSDp1cmJlIQwi48T3cu9VXcCdu9Q18DCdtF7b1wMDP/585Z+ZzY0aFNIxvbWV1bX1js7RV3t7Z3dvXDw47Iko4Jm0csYj3XCQIoyFpSyoZ6cWcoMBlpOuOboq8+0C4oFF4L9OY2AEahNSnGEllOfqJFQvqGNVxDZ/Da2j5HOEMOw2r5o3zLM0dvWLUjUnBZWHORAXMquXoP5YX4SQgocQMCdE3jVjaGeKSYkbyspUIEiM8QgPSVzJEARF2NvlIDs+U40E/4uqEEk7cvzcyFAiRBq7qDJAcisWsMP/L+on0r+yMhnEiSYini/yEQRnBggr0KCdYslQJhDlVb4V4iBQLqdjNbSlmc+GLvKzQmIsglkXnom4adfOuUWk2H6eQSuAYnIIqMMElaIJb0AJtgMETeAGv4E171t61D+1z2rqizcAegbnSvn4Bl1iiiQ==</latexit><latexit sha1_base64="PyCg9fZ+neIxHSdusEu+rjSkXlc=">AAACHnicbZDLSsNAFIYnXmu9RV26cLAIFUpJpKAboeDGZQV7gSaEyWTSDp1cmJlIQwi48T3cu9VXcCdu9Q18DCdtF7b1wMDP/585Z+ZzY0aFNIxvbWV1bX1js7RV3t7Z3dvXDw47Iko4Jm0csYj3XCQIoyFpSyoZ6cWcoMBlpOuOboq8+0C4oFF4L9OY2AEahNSnGEllOfqJFQvqGNVxDZ/Da2j5HOEMOw2r5o3zLM0dvWLUjUnBZWHORAXMquXoP5YX4SQgocQMCdE3jVjaGeKSYkbyspUIEiM8QgPSVzJEARF2NvlIDs+U40E/4uqEEk7cvzcyFAiRBq7qDJAcisWsMP/L+on0r+yMhnEiSYini/yEQRnBggr0KCdYslQJhDlVb4V4iBQLqdjNbSlmc+GLvKzQmIsglkXnom4adfOuUWk2H6eQSuAYnIIqMMElaIJb0AJtgMETeAGv4E171t61D+1z2rqizcAegbnSvn4Bl1iiiQ==</latexit><latexit sha1_base64="PyCg9fZ+neIxHSdusEu+rjSkXlc=">AAACHnicbZDLSsNAFIYnXmu9RV26cLAIFUpJpKAboeDGZQV7gSaEyWTSDp1cmJlIQwi48T3cu9VXcCdu9Q18DCdtF7b1wMDP/585Z+ZzY0aFNIxvbWV1bX1js7RV3t7Z3dvXDw47Iko4Jm0csYj3XCQIoyFpSyoZ6cWcoMBlpOuOboq8+0C4oFF4L9OY2AEahNSnGEllOfqJFQvqGNVxDZ/Da2j5HOEMOw2r5o3zLM0dvWLUjUnBZWHORAXMquXoP5YX4SQgocQMCdE3jVjaGeKSYkbyspUIEiM8QgPSVzJEARF2NvlIDs+U40E/4uqEEk7cvzcyFAiRBq7qDJAcisWsMP/L+on0r+yMhnEiSYini/yEQRnBggr0KCdYslQJhDlVb4V4iBQLqdjNbSlmc+GLvKzQmIsglkXnom4adfOuUWk2H6eQSuAYnIIqMMElaIJb0AJtgMETeAGv4E171t61D+1z2rqizcAegbnSvn4Bl1iiiQ==</latexit><latexit sha1_base64="PyCg9fZ+neIxHSdusEu+rjSkXlc=">AAACHnicbZDLSsNAFIYnXmu9RV26cLAIFUpJpKAboeDGZQV7gSaEyWTSDp1cmJlIQwi48T3cu9VXcCdu9Q18DCdtF7b1wMDP/585Z+ZzY0aFNIxvbWV1bX1js7RV3t7Z3dvXDw47Iko4Jm0csYj3XCQIoyFpSyoZ6cWcoMBlpOuOboq8+0C4oFF4L9OY2AEahNSnGEllOfqJFQvqGNVxDZ/Da2j5HOEMOw2r5o3zLM0dvWLUjUnBZWHORAXMquXoP5YX4SQgocQMCdE3jVjaGeKSYkbyspUIEiM8QgPSVzJEARF2NvlIDs+U40E/4uqEEk7cvzcyFAiRBq7qDJAcisWsMP/L+on0r+yMhnEiSYini/yEQRnBggr0KCdYslQJhDlVb4V4iBQLqdjNbSlmc+GLvKzQmIsglkXnom4adfOuUWk2H6eQSuAYnIIqMMElaIJb0AJtgMETeAGv4E171t61D+1z2rqizcAegbnSvn4Bl1iiiQ==</latexit>

dx
<latexit sha1_base64="evgpWsO1dwO0XrFZey+GxLyAmro=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUASwuzsbDJkdnaZ6RXDEtC7V/0Fb+LVT/EP/AxnkxxMYkFDUdU93VN+IoVB1/12VlbX1jc2C1vF7Z3dvf3SwWHDxKlmvM5iGeuWTw2XQvE6CpS8lWhOI1/ypj+8zv3mA9dGxOoeRwnvRrSvRCgYRSvdBY+9UtmtuBOQZeLNSBlmqPVKP50gZmnEFTJJjWl7boLdjGoUTPJxsZManlA2pH3etlTRiJtuNrl0TE6tEpAw1rYUkon6dyKjkTGjyLedEcWBWfRy8T+vnWJ41c2ESlLkik0XhakkGJP82yQQmjOUI0so08LeStiAasrQhjO3JX9bm9CMizYabzGIZdI4r3huxbu9KFerT9OQCnAMJ3AGHlxCFW6gBnVgEMILvMKb8+y8Ox/O57R1xZkFewRzcL5+AWxPl0s=</latexit><latexit sha1_base64="evgpWsO1dwO0XrFZey+GxLyAmro=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUASwuzsbDJkdnaZ6RXDEtC7V/0Fb+LVT/EP/AxnkxxMYkFDUdU93VN+IoVB1/12VlbX1jc2C1vF7Z3dvf3SwWHDxKlmvM5iGeuWTw2XQvE6CpS8lWhOI1/ypj+8zv3mA9dGxOoeRwnvRrSvRCgYRSvdBY+9UtmtuBOQZeLNSBlmqPVKP50gZmnEFTJJjWl7boLdjGoUTPJxsZManlA2pH3etlTRiJtuNrl0TE6tEpAw1rYUkon6dyKjkTGjyLedEcWBWfRy8T+vnWJ41c2ESlLkik0XhakkGJP82yQQmjOUI0so08LeStiAasrQhjO3JX9bm9CMizYabzGIZdI4r3huxbu9KFerT9OQCnAMJ3AGHlxCFW6gBnVgEMILvMKb8+y8Ox/O57R1xZkFewRzcL5+AWxPl0s=</latexit><latexit sha1_base64="evgpWsO1dwO0XrFZey+GxLyAmro=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUASwuzsbDJkdnaZ6RXDEtC7V/0Fb+LVT/EP/AxnkxxMYkFDUdU93VN+IoVB1/12VlbX1jc2C1vF7Z3dvf3SwWHDxKlmvM5iGeuWTw2XQvE6CpS8lWhOI1/ypj+8zv3mA9dGxOoeRwnvRrSvRCgYRSvdBY+9UtmtuBOQZeLNSBlmqPVKP50gZmnEFTJJjWl7boLdjGoUTPJxsZManlA2pH3etlTRiJtuNrl0TE6tEpAw1rYUkon6dyKjkTGjyLedEcWBWfRy8T+vnWJ41c2ESlLkik0XhakkGJP82yQQmjOUI0so08LeStiAasrQhjO3JX9bm9CMizYabzGIZdI4r3huxbu9KFerT9OQCnAMJ3AGHlxCFW6gBnVgEMILvMKb8+y8Ox/O57R1xZkFewRzcL5+AWxPl0s=</latexit><latexit sha1_base64="evgpWsO1dwO0XrFZey+GxLyAmro=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUASwuzsbDJkdnaZ6RXDEtC7V/0Fb+LVT/EP/AxnkxxMYkFDUdU93VN+IoVB1/12VlbX1jc2C1vF7Z3dvf3SwWHDxKlmvM5iGeuWTw2XQvE6CpS8lWhOI1/ypj+8zv3mA9dGxOoeRwnvRrSvRCgYRSvdBY+9UtmtuBOQZeLNSBlmqPVKP50gZmnEFTJJjWl7boLdjGoUTPJxsZManlA2pH3etlTRiJtuNrl0TE6tEpAw1rYUkon6dyKjkTGjyLedEcWBWfRy8T+vnWJ41c2ESlLkik0XhakkGJP82yQQmjOUI0so08LeStiAasrQhjO3JX9bm9CMizYabzGIZdI4r3huxbu9KFerT9OQCnAMJ3AGHlxCFW6gBnVgEMILvMKb8+y8Ox/O57R1xZkFewRzcL5+AWxPl0s=</latexit>

 1(x, c) =
dx

x� c
<latexit sha1_base64="ro283ksHf0RwsZm3E0d/hsbuP7k=">AAACG3icbZBNS8MwGMfT+TbnW9WjHoJDmKCjFUEvwsCLxwnuBdZS0izdwtK0JKlslIL4Pbx71a/gTbx68Bv4MUy3HdzmA4E///+T50l+fsyoVJb1bRSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cJPnrQciJI34vRrFxA1Rj9OAYqS05ZmHTiypZ1eGp/gEXkMnEAin3WGWDs9w5pllq2qNCy4KeyrKYFp1z/xxuhFOQsIVZkjKjm3Fyk2RUBQzkpWcRJIY4QHqkY6WHIVEuun4Fxk81k4XBpHQhys4dv/eSFEo5Sj0dWeIVF/OZ7n5X9ZJVHDlppTHiSIcTxYFCYMqgjkS2KWCYMVGWiAsqH4rxH2kQSgNbmZLPlvIQGYljcaeB7EomudV26radxflWu1xAqkIDsARqAAbXIIauAV10AAYPIEX8ArejGfj3fgwPietBWMKdh/MlPH1C4+noX0=</latexit><latexit sha1_base64="ro283ksHf0RwsZm3E0d/hsbuP7k=">AAACG3icbZBNS8MwGMfT+TbnW9WjHoJDmKCjFUEvwsCLxwnuBdZS0izdwtK0JKlslIL4Pbx71a/gTbx68Bv4MUy3HdzmA4E///+T50l+fsyoVJb1bRSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cJPnrQciJI34vRrFxA1Rj9OAYqS05ZmHTiypZ1eGp/gEXkMnEAin3WGWDs9w5pllq2qNCy4KeyrKYFp1z/xxuhFOQsIVZkjKjm3Fyk2RUBQzkpWcRJIY4QHqkY6WHIVEuun4Fxk81k4XBpHQhys4dv/eSFEo5Sj0dWeIVF/OZ7n5X9ZJVHDlppTHiSIcTxYFCYMqgjkS2KWCYMVGWiAsqH4rxH2kQSgNbmZLPlvIQGYljcaeB7EomudV26radxflWu1xAqkIDsARqAAbXIIauAV10AAYPIEX8ArejGfj3fgwPietBWMKdh/MlPH1C4+noX0=</latexit><latexit sha1_base64="ro283ksHf0RwsZm3E0d/hsbuP7k=">AAACG3icbZBNS8MwGMfT+TbnW9WjHoJDmKCjFUEvwsCLxwnuBdZS0izdwtK0JKlslIL4Pbx71a/gTbx68Bv4MUy3HdzmA4E///+T50l+fsyoVJb1bRSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cJPnrQciJI34vRrFxA1Rj9OAYqS05ZmHTiypZ1eGp/gEXkMnEAin3WGWDs9w5pllq2qNCy4KeyrKYFp1z/xxuhFOQsIVZkjKjm3Fyk2RUBQzkpWcRJIY4QHqkY6WHIVEuun4Fxk81k4XBpHQhys4dv/eSFEo5Sj0dWeIVF/OZ7n5X9ZJVHDlppTHiSIcTxYFCYMqgjkS2KWCYMVGWiAsqH4rxH2kQSgNbmZLPlvIQGYljcaeB7EomudV26radxflWu1xAqkIDsARqAAbXIIauAV10AAYPIEX8ArejGfj3fgwPietBWMKdh/MlPH1C4+noX0=</latexit><latexit sha1_base64="ro283ksHf0RwsZm3E0d/hsbuP7k=">AAACG3icbZBNS8MwGMfT+TbnW9WjHoJDmKCjFUEvwsCLxwnuBdZS0izdwtK0JKlslIL4Pbx71a/gTbx68Bv4MUy3HdzmA4E///+T50l+fsyoVJb1bRSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cJPnrQciJI34vRrFxA1Rj9OAYqS05ZmHTiypZ1eGp/gEXkMnEAin3WGWDs9w5pllq2qNCy4KeyrKYFp1z/xxuhFOQsIVZkjKjm3Fyk2RUBQzkpWcRJIY4QHqkY6WHIVEuun4Fxk81k4XBpHQhys4dv/eSFEo5Sj0dWeIVF/OZ7n5X9ZJVHDlppTHiSIcTxYFCYMqgjkS2KWCYMVGWiAsqH4rxH2kQSgNbmZLPlvIQGYljcaeB7EomudV26radxflWu1xAqkIDsARqAAbXIIauAV10AAYPIEX8ArejGfj3fgwPietBWMKdh/MlPH1C4+noX0=</latexit>

dx
<latexit sha1_base64="evgpWsO1dwO0XrFZey+GxLyAmro=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUASwuzsbDJkdnaZ6RXDEtC7V/0Fb+LVT/EP/AxnkxxMYkFDUdU93VN+IoVB1/12VlbX1jc2C1vF7Z3dvf3SwWHDxKlmvM5iGeuWTw2XQvE6CpS8lWhOI1/ypj+8zv3mA9dGxOoeRwnvRrSvRCgYRSvdBY+9UtmtuBOQZeLNSBlmqPVKP50gZmnEFTJJjWl7boLdjGoUTPJxsZManlA2pH3etlTRiJtuNrl0TE6tEpAw1rYUkon6dyKjkTGjyLedEcWBWfRy8T+vnWJ41c2ESlLkik0XhakkGJP82yQQmjOUI0so08LeStiAasrQhjO3JX9bm9CMizYabzGIZdI4r3huxbu9KFerT9OQCnAMJ3AGHlxCFW6gBnVgEMILvMKb8+y8Ox/O57R1xZkFewRzcL5+AWxPl0s=</latexit><latexit sha1_base64="evgpWsO1dwO0XrFZey+GxLyAmro=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUASwuzsbDJkdnaZ6RXDEtC7V/0Fb+LVT/EP/AxnkxxMYkFDUdU93VN+IoVB1/12VlbX1jc2C1vF7Z3dvf3SwWHDxKlmvM5iGeuWTw2XQvE6CpS8lWhOI1/ypj+8zv3mA9dGxOoeRwnvRrSvRCgYRSvdBY+9UtmtuBOQZeLNSBlmqPVKP50gZmnEFTJJjWl7boLdjGoUTPJxsZManlA2pH3etlTRiJtuNrl0TE6tEpAw1rYUkon6dyKjkTGjyLedEcWBWfRy8T+vnWJ41c2ESlLkik0XhakkGJP82yQQmjOUI0so08LeStiAasrQhjO3JX9bm9CMizYabzGIZdI4r3huxbu9KFerT9OQCnAMJ3AGHlxCFW6gBnVgEMILvMKb8+y8Ox/O57R1xZkFewRzcL5+AWxPl0s=</latexit><latexit sha1_base64="evgpWsO1dwO0XrFZey+GxLyAmro=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUASwuzsbDJkdnaZ6RXDEtC7V/0Fb+LVT/EP/AxnkxxMYkFDUdU93VN+IoVB1/12VlbX1jc2C1vF7Z3dvf3SwWHDxKlmvM5iGeuWTw2XQvE6CpS8lWhOI1/ypj+8zv3mA9dGxOoeRwnvRrSvRCgYRSvdBY+9UtmtuBOQZeLNSBlmqPVKP50gZmnEFTJJjWl7boLdjGoUTPJxsZManlA2pH3etlTRiJtuNrl0TE6tEpAw1rYUkon6dyKjkTGjyLedEcWBWfRy8T+vnWJ41c2ESlLkik0XhakkGJP82yQQmjOUI0so08LeStiAasrQhjO3JX9bm9CMizYabzGIZdI4r3huxbu9KFerT9OQCnAMJ3AGHlxCFW6gBnVgEMILvMKb8+y8Ox/O57R1xZkFewRzcL5+AWxPl0s=</latexit><latexit sha1_base64="evgpWsO1dwO0XrFZey+GxLyAmro=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUASwuzsbDJkdnaZ6RXDEtC7V/0Fb+LVT/EP/AxnkxxMYkFDUdU93VN+IoVB1/12VlbX1jc2C1vF7Z3dvf3SwWHDxKlmvM5iGeuWTw2XQvE6CpS8lWhOI1/ypj+8zv3mA9dGxOoeRwnvRrSvRCgYRSvdBY+9UtmtuBOQZeLNSBlmqPVKP50gZmnEFTJJjWl7boLdjGoUTPJxsZManlA2pH3etlTRiJtuNrl0TE6tEpAw1rYUkon6dyKjkTGjyLedEcWBWfRy8T+vnWJ41c2ESlLkik0XhakkGJP82yQQmjOUI0so08LeStiAasrQhjO3JX9bm9CMizYabzGIZdI4r3huxbu9KFerT9OQCnAMJ3AGHlxCFW6gBnVgEMILvMKb8+y8Ox/O57R1xZkFewRzcL5+AWxPl0s=</latexit>

 �1(x, c) =
yc dx

y(x� c)
<latexit sha1_base64="IYFWc3tFCvkg8z8LYyczt6ytP10="></latexit><latexit sha1_base64="IYFWc3tFCvkg8z8LYyczt6ytP10="></latexit><latexit sha1_base64="IYFWc3tFCvkg8z8LYyczt6ytP10="></latexit><latexit sha1_base64="IYFWc3tFCvkg8z8LYyczt6ytP10="></latexit>

dx
<latexit sha1_base64="evgpWsO1dwO0XrFZey+GxLyAmro=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUASwuzsbDJkdnaZ6RXDEtC7V/0Fb+LVT/EP/AxnkxxMYkFDUdU93VN+IoVB1/12VlbX1jc2C1vF7Z3dvf3SwWHDxKlmvM5iGeuWTw2XQvE6CpS8lWhOI1/ypj+8zv3mA9dGxOoeRwnvRrSvRCgYRSvdBY+9UtmtuBOQZeLNSBlmqPVKP50gZmnEFTJJjWl7boLdjGoUTPJxsZManlA2pH3etlTRiJtuNrl0TE6tEpAw1rYUkon6dyKjkTGjyLedEcWBWfRy8T+vnWJ41c2ESlLkik0XhakkGJP82yQQmjOUI0so08LeStiAasrQhjO3JX9bm9CMizYabzGIZdI4r3huxbu9KFerT9OQCnAMJ3AGHlxCFW6gBnVgEMILvMKb8+y8Ox/O57R1xZkFewRzcL5+AWxPl0s=</latexit><latexit sha1_base64="evgpWsO1dwO0XrFZey+GxLyAmro=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUASwuzsbDJkdnaZ6RXDEtC7V/0Fb+LVT/EP/AxnkxxMYkFDUdU93VN+IoVB1/12VlbX1jc2C1vF7Z3dvf3SwWHDxKlmvM5iGeuWTw2XQvE6CpS8lWhOI1/ypj+8zv3mA9dGxOoeRwnvRrSvRCgYRSvdBY+9UtmtuBOQZeLNSBlmqPVKP50gZmnEFTJJjWl7boLdjGoUTPJxsZManlA2pH3etlTRiJtuNrl0TE6tEpAw1rYUkon6dyKjkTGjyLedEcWBWfRy8T+vnWJ41c2ESlLkik0XhakkGJP82yQQmjOUI0so08LeStiAasrQhjO3JX9bm9CMizYabzGIZdI4r3huxbu9KFerT9OQCnAMJ3AGHlxCFW6gBnVgEMILvMKb8+y8Ox/O57R1xZkFewRzcL5+AWxPl0s=</latexit><latexit sha1_base64="evgpWsO1dwO0XrFZey+GxLyAmro=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUASwuzsbDJkdnaZ6RXDEtC7V/0Fb+LVT/EP/AxnkxxMYkFDUdU93VN+IoVB1/12VlbX1jc2C1vF7Z3dvf3SwWHDxKlmvM5iGeuWTw2XQvE6CpS8lWhOI1/ypj+8zv3mA9dGxOoeRwnvRrSvRCgYRSvdBY+9UtmtuBOQZeLNSBlmqPVKP50gZmnEFTJJjWl7boLdjGoUTPJxsZManlA2pH3etlTRiJtuNrl0TE6tEpAw1rYUkon6dyKjkTGjyLedEcWBWfRy8T+vnWJ41c2ESlLkik0XhakkGJP82yQQmjOUI0so08LeStiAasrQhjO3JX9bm9CMizYabzGIZdI4r3huxbu9KFerT9OQCnAMJ3AGHlxCFW6gBnVgEMILvMKb8+y8Ox/O57R1xZkFewRzcL5+AWxPl0s=</latexit><latexit sha1_base64="evgpWsO1dwO0XrFZey+GxLyAmro=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUASwuzsbDJkdnaZ6RXDEtC7V/0Fb+LVT/EP/AxnkxxMYkFDUdU93VN+IoVB1/12VlbX1jc2C1vF7Z3dvf3SwWHDxKlmvM5iGeuWTw2XQvE6CpS8lWhOI1/ypj+8zv3mA9dGxOoeRwnvRrSvRCgYRSvdBY+9UtmtuBOQZeLNSBlmqPVKP50gZmnEFTJJjWl7boLdjGoUTPJxsZManlA2pH3etlTRiJtuNrl0TE6tEpAw1rYUkon6dyKjkTGjyLedEcWBWfRy8T+vnWJ41c2ESlLkik0XhakkGJP82yQQmjOUI0so08LeStiAasrQhjO3JX9bm9CMizYabzGIZdI4r3huxbu9KFerT9OQCnAMJ3AGHlxCFW6gBnVgEMILvMKb8+y8Ox/O57R1xZkFewRzcL5+AWxPl0s=</latexit>

dz g(0)(z, ⌧) = dz
<latexit sha1_base64="FztzjHT/+5eiC1Z3u76BDHCChIY=">AAACF3icbZDLSgMxFIYz9VbrbdSN4CZYhBZKmRFBN0LBjcsK9gLtWDKZTBuayQxJRmiHEV/DvVt9BXfi1qVv4GOYabuwrQcCP/9/ck7yuRGjUlnWt5FbWV1b38hvFra2d3b3zP2DpgxjgUkDhywUbRdJwignDUUVI+1IEBS4jLTc4XWWtx6IkDTkd2oUESdAfU59ipHSVs888sbdSv8+KVnltDSudBWKy/AKeuOeWbSq1qTgsrBnoghmVe+ZP10vxHFAuMIMSdmxrUg5CRKKYkbSQjeWJEJ4iPqkoyVHAZFOMvlBCk+140E/FPpwBSfu3xsJCqQcBa7uDJAayMUsM//LOrHyL52E8ihWhOPpIj9mUIUwwwE9KghWbKQFwoLqt0I8QAJhpaHNbclmC+nLtKDR2IsglkXzrGpbVfv2vFirPU0h5cExOAElYIMLUAM3oA4aAINH8AJewZvxbLwbH8bntDVnzMAegrkyvn4BQb6fGA==</latexit><latexit sha1_base64="FztzjHT/+5eiC1Z3u76BDHCChIY=">AAACF3icbZDLSgMxFIYz9VbrbdSN4CZYhBZKmRFBN0LBjcsK9gLtWDKZTBuayQxJRmiHEV/DvVt9BXfi1qVv4GOYabuwrQcCP/9/ck7yuRGjUlnWt5FbWV1b38hvFra2d3b3zP2DpgxjgUkDhywUbRdJwignDUUVI+1IEBS4jLTc4XWWtx6IkDTkd2oUESdAfU59ipHSVs888sbdSv8+KVnltDSudBWKy/AKeuOeWbSq1qTgsrBnoghmVe+ZP10vxHFAuMIMSdmxrUg5CRKKYkbSQjeWJEJ4iPqkoyVHAZFOMvlBCk+140E/FPpwBSfu3xsJCqQcBa7uDJAayMUsM//LOrHyL52E8ihWhOPpIj9mUIUwwwE9KghWbKQFwoLqt0I8QAJhpaHNbclmC+nLtKDR2IsglkXzrGpbVfv2vFirPU0h5cExOAElYIMLUAM3oA4aAINH8AJewZvxbLwbH8bntDVnzMAegrkyvn4BQb6fGA==</latexit><latexit sha1_base64="FztzjHT/+5eiC1Z3u76BDHCChIY=">AAACF3icbZDLSgMxFIYz9VbrbdSN4CZYhBZKmRFBN0LBjcsK9gLtWDKZTBuayQxJRmiHEV/DvVt9BXfi1qVv4GOYabuwrQcCP/9/ck7yuRGjUlnWt5FbWV1b38hvFra2d3b3zP2DpgxjgUkDhywUbRdJwignDUUVI+1IEBS4jLTc4XWWtx6IkDTkd2oUESdAfU59ipHSVs888sbdSv8+KVnltDSudBWKy/AKeuOeWbSq1qTgsrBnoghmVe+ZP10vxHFAuMIMSdmxrUg5CRKKYkbSQjeWJEJ4iPqkoyVHAZFOMvlBCk+140E/FPpwBSfu3xsJCqQcBa7uDJAayMUsM//LOrHyL52E8ihWhOPpIj9mUIUwwwE9KghWbKQFwoLqt0I8QAJhpaHNbclmC+nLtKDR2IsglkXzrGpbVfv2vFirPU0h5cExOAElYIMLUAM3oA4aAINH8AJewZvxbLwbH8bntDVnzMAegrkyvn4BQb6fGA==</latexit><latexit sha1_base64="FztzjHT/+5eiC1Z3u76BDHCChIY=">AAACF3icbZDLSgMxFIYz9VbrbdSN4CZYhBZKmRFBN0LBjcsK9gLtWDKZTBuayQxJRmiHEV/DvVt9BXfi1qVv4GOYabuwrQcCP/9/ck7yuRGjUlnWt5FbWV1b38hvFra2d3b3zP2DpgxjgUkDhywUbRdJwignDUUVI+1IEBS4jLTc4XWWtx6IkDTkd2oUESdAfU59ipHSVs888sbdSv8+KVnltDSudBWKy/AKeuOeWbSq1qTgsrBnoghmVe+ZP10vxHFAuMIMSdmxrUg5CRKKYkbSQjeWJEJ4iPqkoyVHAZFOMvlBCk+140E/FPpwBSfu3xsJCqQcBa7uDJAayMUsM//LOrHyL52E8ihWhOPpIj9mUIUwwwE9KghWbKQFwoLqt0I8QAJhpaHNbclmC+nLtKDR2IsglkXzrGpbVfv2vFirPU0h5cExOAElYIMLUAM3oA4aAINH8AJewZvxbLwbH8bntDVnzMAegrkyvn4BQb6fGA==</latexit>

dz
h
g(1)(z � zc, ⌧) + g(1)(z + zc, ⌧)� g(1)(z � z1, ⌧)� g(1)(z � z1, ⌧)

i

<latexit sha1_base64="tPLjiK5L9XJOZXFMGJyr5Z6n3O8="></latexit><latexit sha1_base64="tPLjiK5L9XJOZXFMGJyr5Z6n3O8="></latexit><latexit sha1_base64="tPLjiK5L9XJOZXFMGJyr5Z6n3O8="></latexit><latexit sha1_base64="tPLjiK5L9XJOZXFMGJyr5Z6n3O8="></latexit>

dz
h
g(1)(z � zc, ⌧) + g(1)(z + zc, ⌧)� g(1)(z � z1, ⌧)� g(1)(z � z1, ⌧)

i

<latexit sha1_base64="tPLjiK5L9XJOZXFMGJyr5Z6n3O8="></latexit><latexit sha1_base64="tPLjiK5L9XJOZXFMGJyr5Z6n3O8="></latexit><latexit sha1_base64="tPLjiK5L9XJOZXFMGJyr5Z6n3O8="></latexit><latexit sha1_base64="tPLjiK5L9XJOZXFMGJyr5Z6n3O8="></latexit>

dz
h
g(1)(z � zc, ⌧)� g(1)(z + zc, ⌧) + g(1)(zc � z1, ⌧) + g(1)(zc � z1, ⌧)

i

<latexit sha1_base64="x64h3QNZ+TE6NzWSV6Adg+k6VAM="></latexit><latexit sha1_base64="x64h3QNZ+TE6NzWSV6Adg+k6VAM="></latexit><latexit sha1_base64="x64h3QNZ+TE6NzWSV6Adg+k6VAM="></latexit><latexit sha1_base64="x64h3QNZ+TE6NzWSV6Adg+k6VAM="></latexit>

dz
h
g(1)(z � zc, ⌧)� g(1)(z + zc, ⌧) + g(1)(zc � z1, ⌧) + g(1)(zc � z1, ⌧)

i

<latexit sha1_base64="x64h3QNZ+TE6NzWSV6Adg+k6VAM="></latexit><latexit sha1_base64="x64h3QNZ+TE6NzWSV6Adg+k6VAM="></latexit><latexit sha1_base64="x64h3QNZ+TE6NzWSV6Adg+k6VAM="></latexit><latexit sha1_base64="x64h3QNZ+TE6NzWSV6Adg+k6VAM="></latexit>

c4 =
1

2

p
a13a24

<latexit sha1_base64="smbbSZGxe7dHDR9KIymvOlMgAPw=">AAACIXicbZDLSgMxFIYz9VbrbdSlm9AiuCqTWtCNUHDjsoK9QKcMmTTThmYyY5IRyjDg0vdw71ZfwZ24E1/AxzDTdmFbDyT8/P9JTvL5MWdKO86XVVhb39jcKm6Xdnb39g/sw6O2ihJJaItEPJJdHyvKmaAtzTSn3VhSHPqcdvzxdZ53HqhULBJ3ehLTfoiHggWMYG0szy4Tr37lBhKTFGVpLXPVvdQp9lJ0npm9Vs8yz644VWdacFWguaiAeTU9+8cdRCQJqdCEY6V6yIl1P8VSM8JpVnITRWNMxnhIe0YKHFLVT6d/yeCpcQYwiKRZQsOp+/dEikOlJqFvOkOsR2o5y83/sl6ig8t+ykScaCrIbFCQcKgjmIOBAyYp0XxiBCaSmbdCMsIGjDb4Fqbkd0sVqKxk0KBlEKuiXasip4pu65VG43EGqQhOQBmcAQQuQAPcgCZoAQKewAt4BW/Ws/VufVifs9aCNQd7DBbK+v4FjRyktg==</latexit><latexit sha1_base64="smbbSZGxe7dHDR9KIymvOlMgAPw=">AAACIXicbZDLSgMxFIYz9VbrbdSlm9AiuCqTWtCNUHDjsoK9QKcMmTTThmYyY5IRyjDg0vdw71ZfwZ24E1/AxzDTdmFbDyT8/P9JTvL5MWdKO86XVVhb39jcKm6Xdnb39g/sw6O2ihJJaItEPJJdHyvKmaAtzTSn3VhSHPqcdvzxdZ53HqhULBJ3ehLTfoiHggWMYG0szy4Tr37lBhKTFGVpLXPVvdQp9lJ0npm9Vs8yz644VWdacFWguaiAeTU9+8cdRCQJqdCEY6V6yIl1P8VSM8JpVnITRWNMxnhIe0YKHFLVT6d/yeCpcQYwiKRZQsOp+/dEikOlJqFvOkOsR2o5y83/sl6ig8t+ykScaCrIbFCQcKgjmIOBAyYp0XxiBCaSmbdCMsIGjDb4Fqbkd0sVqKxk0KBlEKuiXasip4pu65VG43EGqQhOQBmcAQQuQAPcgCZoAQKewAt4BW/Ws/VufVifs9aCNQd7DBbK+v4FjRyktg==</latexit><latexit sha1_base64="smbbSZGxe7dHDR9KIymvOlMgAPw=">AAACIXicbZDLSgMxFIYz9VbrbdSlm9AiuCqTWtCNUHDjsoK9QKcMmTTThmYyY5IRyjDg0vdw71ZfwZ24E1/AxzDTdmFbDyT8/P9JTvL5MWdKO86XVVhb39jcKm6Xdnb39g/sw6O2ihJJaItEPJJdHyvKmaAtzTSn3VhSHPqcdvzxdZ53HqhULBJ3ehLTfoiHggWMYG0szy4Tr37lBhKTFGVpLXPVvdQp9lJ0npm9Vs8yz644VWdacFWguaiAeTU9+8cdRCQJqdCEY6V6yIl1P8VSM8JpVnITRWNMxnhIe0YKHFLVT6d/yeCpcQYwiKRZQsOp+/dEikOlJqFvOkOsR2o5y83/sl6ig8t+ykScaCrIbFCQcKgjmIOBAyYp0XxiBCaSmbdCMsIGjDb4Fqbkd0sVqKxk0KBlEKuiXasip4pu65VG43EGqQhOQBmcAQQuQAPcgCZoAQKewAt4BW/Ws/VufVifs9aCNQd7DBbK+v4FjRyktg==</latexit><latexit sha1_base64="smbbSZGxe7dHDR9KIymvOlMgAPw=">AAACIXicbZDLSgMxFIYz9VbrbdSlm9AiuCqTWtCNUHDjsoK9QKcMmTTThmYyY5IRyjDg0vdw71ZfwZ24E1/AxzDTdmFbDyT8/P9JTvL5MWdKO86XVVhb39jcKm6Xdnb39g/sw6O2ihJJaItEPJJdHyvKmaAtzTSn3VhSHPqcdvzxdZ53HqhULBJ3ehLTfoiHggWMYG0szy4Tr37lBhKTFGVpLXPVvdQp9lJ0npm9Vs8yz644VWdacFWguaiAeTU9+8cdRCQJqdCEY6V6yIl1P8VSM8JpVnITRWNMxnhIe0YKHFLVT6d/yeCpcQYwiKRZQsOp+/dEikOlJqFvOkOsR2o5y83/sl6ig8t+ykScaCrIbFCQcKgjmIOBAyYp0XxiBCaSmbdCMsIGjDb4Fqbkd0sVqKxk0KBlEKuiXasip4pu65VG43EGqQhOQBmcAQQuQAPcgCZoAQKewAt4BW/Ws/VufVifs9aCNQd7DBbK+v4FjRyktg==</latexit>

aij = ai � aj
<latexit sha1_base64="1Pt/ZjNblXTawPJIAJI77C8V7S8=">AAACD3icbZDLSsNAFIYn9VbrLerSzWAR3FgSEXQjFNy4rGAv0IZwMp20004mYWZSKKHgK7h3q6/gTtz6CL6Bj+Gk7cK2/jDw858z5xy+IOFMacf5tgpr6xubW8Xt0s7u3v6BfXjUUHEqCa2TmMeyFYCinAla10xz2kokhSjgtBkM7/J6c0SlYrF41OOEehH0BAsZAW0i37bBz9hggm8x+OwC/IFvl52KMxVeNe7clNFcNd/+6XRjkkZUaMJBqbbrJNrLQGpGOJ2UOqmiCZAh9GjbWAERVV42vXyCz0zSxWEszRMaT9O/PzKIlBpHgemMQPfVci0P/6u1Ux3eeBkTSaqpILNFYcqxjnGOAXeZpETzsTFAJDO3YtIHCUQbWAtb8tlShWpSMmjcZRCrpnFZcZ2K+3BVrlafZpCK6ASdonPkomtURfeohuqIoBF6Qa/ozXq23q0P63PWWrDmYI/RgqyvX5PGnLQ=</latexit><latexit sha1_base64="1Pt/ZjNblXTawPJIAJI77C8V7S8=">AAACD3icbZDLSsNAFIYn9VbrLerSzWAR3FgSEXQjFNy4rGAv0IZwMp20004mYWZSKKHgK7h3q6/gTtz6CL6Bj+Gk7cK2/jDw858z5xy+IOFMacf5tgpr6xubW8Xt0s7u3v6BfXjUUHEqCa2TmMeyFYCinAla10xz2kokhSjgtBkM7/J6c0SlYrF41OOEehH0BAsZAW0i37bBz9hggm8x+OwC/IFvl52KMxVeNe7clNFcNd/+6XRjkkZUaMJBqbbrJNrLQGpGOJ2UOqmiCZAh9GjbWAERVV42vXyCz0zSxWEszRMaT9O/PzKIlBpHgemMQPfVci0P/6u1Ux3eeBkTSaqpILNFYcqxjnGOAXeZpETzsTFAJDO3YtIHCUQbWAtb8tlShWpSMmjcZRCrpnFZcZ2K+3BVrlafZpCK6ASdonPkomtURfeohuqIoBF6Qa/ozXq23q0P63PWWrDmYI/RgqyvX5PGnLQ=</latexit><latexit sha1_base64="1Pt/ZjNblXTawPJIAJI77C8V7S8=">AAACD3icbZDLSsNAFIYn9VbrLerSzWAR3FgSEXQjFNy4rGAv0IZwMp20004mYWZSKKHgK7h3q6/gTtz6CL6Bj+Gk7cK2/jDw858z5xy+IOFMacf5tgpr6xubW8Xt0s7u3v6BfXjUUHEqCa2TmMeyFYCinAla10xz2kokhSjgtBkM7/J6c0SlYrF41OOEehH0BAsZAW0i37bBz9hggm8x+OwC/IFvl52KMxVeNe7clNFcNd/+6XRjkkZUaMJBqbbrJNrLQGpGOJ2UOqmiCZAh9GjbWAERVV42vXyCz0zSxWEszRMaT9O/PzKIlBpHgemMQPfVci0P/6u1Ux3eeBkTSaqpILNFYcqxjnGOAXeZpETzsTFAJDO3YtIHCUQbWAtb8tlShWpSMmjcZRCrpnFZcZ2K+3BVrlafZpCK6ASdonPkomtURfeohuqIoBF6Qa/ozXq23q0P63PWWrDmYI/RgqyvX5PGnLQ=</latexit><latexit sha1_base64="1Pt/ZjNblXTawPJIAJI77C8V7S8=">AAACD3icbZDLSsNAFIYn9VbrLerSzWAR3FgSEXQjFNy4rGAv0IZwMp20004mYWZSKKHgK7h3q6/gTtz6CL6Bj+Gk7cK2/jDw858z5xy+IOFMacf5tgpr6xubW8Xt0s7u3v6BfXjUUHEqCa2TmMeyFYCinAla10xz2kokhSjgtBkM7/J6c0SlYrF41OOEehH0BAsZAW0i37bBz9hggm8x+OwC/IFvl52KMxVeNe7clNFcNd/+6XRjkkZUaMJBqbbrJNrLQGpGOJ2UOqmiCZAh9GjbWAERVV42vXyCz0zSxWEszRMaT9O/PzKIlBpHgemMQPfVci0P/6u1Ux3eeBkTSaqpILNFYcqxjnGOAXeZpETzsTFAJDO3YtIHCUQbWAtb8tlShWpSMmjcZRCrpnFZcZ2K+3BVrlafZpCK6ASdonPkomtURfeohuqIoBF6Qa/ozXq23q0P63PWWrDmYI/RgqyvX5PGnLQ=</latexit>

In general (for quartic polynomial with zeroes     )ai
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• Integration kernels are linearly independent (w.r.t. IBP).

• Space of eMPLs and rational functions on an elliptic curve is 
closed under taking primitives.

• Ordinary MPLs can be written in terms of eMPLs.

• All classical elliptic integrals are part of eMPLs.



The sunset

• Sunset integral can be computed in a similar way:

3

in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ≠ 2‘ dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di�erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,
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where the integration measure is defined as
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“E = ≠�Õ(1) is the Euler-Mascheroni constant and ‹i œ Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ≠2‘ dimensions, where d0 is even. We define S = ≠s = ≠p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.
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Upon inspecting eq. (VI.12), since the integral over u contains only one quadratic square root, it is
obvious that this integral can easily be performed in terms of multiple polylogarithms at every order in ‘.
The result can then be integrated over t in terms of our E4 functions. For simplicity, we limit ourselves
to the leading order in ‘, though we stress that there is no conceptual obstacle to extend the result to
higher orders. Furthermore, we assume without loss of generality that the masses are ordered according
to m3 < m2 < m1, and we work below threshold to deal with real quantities only, i.e., 0 < s < m2

123. We
find
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We can now perform explicitly the integral over u and we find
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Finally, we change of variables according to

t = b3 + (b4 ≠ b3)
4

(1 + x)2

x
, (VI.15)

where the four roots b1, b2, b3, b4 are defined in eq. (VI.6), and we are left with
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It is now entirely straightforward to integrate eq. (VI.16) in terms of our E4 functions. We recast the
logarithms in the form of eMPLs functions, and we obtain
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with the definitions
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C. The second master integral from a dispersion relation

In this section we extend the results of the previous section to the second master integral of the sunrise
integrals with di�erent masses. Without loss of generality, we discuss S121, and the other cases are

17

◊

⁄ Œ

(
Ô

t+m1)2

du

u ≠ s

1
R2(u, t, m2

1)

3
R2(u, t, m2

1)
u

4(d≠2)/2
. (VI.12)

Upon inspecting eq. (VI.12), since the integral over u contains only one quadratic square root, it is
obvious that this integral can easily be performed in terms of multiple polylogarithms at every order in ‘.
The result can then be integrated over t in terms of our E4 functions. For simplicity, we limit ourselves
to the leading order in ‘, though we stress that there is no conceptual obstacle to extend the result to
higher orders. Furthermore, we assume without loss of generality that the masses are ordered according
to m3 < m2 < m1, and we work below threshold to deal with real quantities only, i.e., 0 < s < m2

123. We
find

S111(s, m2
1, m2

2, m2
3) = 4

⁄ Œ

(m2+m3)2

dt
R2(t, m2

2, m2
3)

⁄ Œ

(
Ô

t+m1)2

du

u ≠ s

1
R2(u, t, m2

1)
. (VI.13)

We can now perform explicitly the integral over u and we find

S111(s, m2
1, m2

2, m2
3) = 2

⁄ Œ

(m2+m3)2

dt
R2(t, m2

2, m2
3)R2(s, t, m2

1)
ln

A
t + m2

1 ≠ s +


R2(s, t, m2
1)

t + m2
1 ≠ s ≠


R2(s, t, m2

1)

B
. (VI.14)

Finally, we change of variables according to

t = b3 + (b4 ≠ b3)
4

(1 + x)2

x
, (VI.15)

where the four roots b1, b2, b3, b4 are defined in eq. (VI.6), and we are left with

S111(s, m2
1, m2

2, m2
3) = 2

Ô
s m1

⁄ Q2

0

dx
(x ≠ Q1)(x ≠ 1/Q1)(x ≠ Q2)(x ≠ 1/Q2)

ln
3

q + x

x( 1 + x q)

4
, (VI.16)

where we defined

q =
Ô

s

m1
, Q1 =

Ô
a1 ≠ a3 ≠

Ô
a1 ≠ a4

Ô
a1 ≠ a3 +

Ô
a1 ≠ a4

, Q2 =
Ô

a2 ≠ a3 ≠
Ô

a2 ≠ a4
Ô

a2 ≠ a3 +
Ô

a2 ≠ a4
. (VI.17)

It is now entirely straightforward to integrate eq. (VI.16) in terms of our E4 functions. We recast the
logarithms in the form of eMPLs functions, and we obtain

ln
3

q + x

x( 1 + x q)

4
= ln q + ln (1 + x/q) ≠ ln x ≠ ln (1 + x q)

= ln q + E4
! 1

≠q ; x
"

≠ E4( 1
0 ; x) ≠ E4

! 1
≠1/q ; x

"
, (VI.18)

which immediately yields

S111(s, m2
1, m2

2, m2
3) = 4

Ô
2

Ô
P0

F (1)
1 (s, m2

1, m2
2, m2

3) (VI.19)

with the definitions

P0 = 2m2
1m2

2 + 2m2
1m2

3 + 2m2
2m2

3 + 2 (m2
1 + m2

2 + m2
3) s ≠ (m4

1 + m4
2 + m4

3) ≠ s2

≠
Ô

a1 ≠ a3
Ô

a1 ≠ a4
Ô

a2 ≠ a3
Ô

a2 ≠ a4 , (VI.20)

and

F (1)
1 (s, m2

1, m2
2, m2

3) = E4( 0 1
0 0 ; Q2) + E4

! 0 1
0 ≠1/q ; Q2

"
≠ E4

! 0 1
0 ≠q ; Q2

"
≠ ln q E4( 0

0 ; Q2) . (VI.21)

C. The second master integral from a dispersion relation

In this section we extend the results of the previous section to the second master integral of the sunrise
integrals with di�erent masses. Without loss of generality, we discuss S121, and the other cases are

17

◊

⁄ Œ

(
Ô

t+m1)2

du

u ≠ s

1
R2(u, t, m2

1)

3
R2(u, t, m2

1)
u

4(d≠2)/2
. (VI.12)

Upon inspecting eq. (VI.12), since the integral over u contains only one quadratic square root, it is
obvious that this integral can easily be performed in terms of multiple polylogarithms at every order in ‘.
The result can then be integrated over t in terms of our E4 functions. For simplicity, we limit ourselves
to the leading order in ‘, though we stress that there is no conceptual obstacle to extend the result to
higher orders. Furthermore, we assume without loss of generality that the masses are ordered according
to m3 < m2 < m1, and we work below threshold to deal with real quantities only, i.e., 0 < s < m2

123. We
find

S111(s, m2
1, m2

2, m2
3) = 4

⁄ Œ

(m2+m3)2

dt
R2(t, m2

2, m2
3)

⁄ Œ

(
Ô

t+m1)2

du

u ≠ s

1
R2(u, t, m2

1)
. (VI.13)

We can now perform explicitly the integral over u and we find

S111(s, m2
1, m2

2, m2
3) = 2

⁄ Œ

(m2+m3)2

dt
R2(t, m2

2, m2
3)R2(s, t, m2

1)
ln

A
t + m2

1 ≠ s +


R2(s, t, m2
1)

t + m2
1 ≠ s ≠


R2(s, t, m2

1)

B
. (VI.14)

Finally, we change of variables according to

t = b3 + (b4 ≠ b3)
4

(1 + x)2

x
, (VI.15)

where the four roots b1, b2, b3, b4 are defined in eq. (VI.6), and we are left with

S111(s, m2
1, m2

2, m2
3) = 2

Ô
s m1

⁄ Q2

0

dx
(x ≠ Q1)(x ≠ 1/Q1)(x ≠ Q2)(x ≠ 1/Q2)

ln
3

q + x

x( 1 + x q)

4
, (VI.16)

where we defined

q =
Ô

s

m1
, Q1 =

Ô
a1 ≠ a3 ≠

Ô
a1 ≠ a4

Ô
a1 ≠ a3 +

Ô
a1 ≠ a4

, Q2 =
Ô

a2 ≠ a3 ≠
Ô

a2 ≠ a4
Ô

a2 ≠ a3 +
Ô

a2 ≠ a4
. (VI.17)

It is now entirely straightforward to integrate eq. (VI.16) in terms of our E4 functions. We recast the
logarithms in the form of eMPLs functions, and we obtain

ln
3

q + x

x( 1 + x q)

4
= ln q + ln (1 + x/q) ≠ ln x ≠ ln (1 + x q)

= ln q + E4
! 1

≠q ; x
"

≠ E4( 1
0 ; x) ≠ E4

! 1
≠1/q ; x

"
, (VI.18)

which immediately yields

S111(s, m2
1, m2

2, m2
3) = 4

Ô
2

Ô
P0

F (1)
1 (s, m2

1, m2
2, m2

3) (VI.19)

with the definitions

P0 = 2m2
1m2

2 + 2m2
1m2

3 + 2m2
2m2

3 + 2 (m2
1 + m2

2 + m2
3) s ≠ (m4

1 + m4
2 + m4

3) ≠ s2

≠
Ô

a1 ≠ a3
Ô

a1 ≠ a4
Ô

a2 ≠ a3
Ô

a2 ≠ a4 , (VI.20)

and

F (1)
1 (s, m2

1, m2
2, m2

3) = E4( 0 1
0 0 ; Q2) + E4

! 0 1
0 ≠1/q ; Q2

"
≠ E4

! 0 1
0 ≠q ; Q2

"
≠ ln q E4( 0

0 ; Q2) . (VI.21)

C. The second master integral from a dispersion relation

In this section we extend the results of the previous section to the second master integral of the sunrise
integrals with di�erent masses. Without loss of generality, we discuss S121, and the other cases are

[Brödel, CD, Dulat, Tancredi]

➡       and       are complicated algebraic function of the 
kinematics.
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• How do iterated integrals of Eisenstein series fit into this 
picture?

The sunset
• Can write sunset in terms of    . e�
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[Adams, Weinzierl]



• How do iterated integrals of Eisenstein series fit into this 
picture?

The sunset
• Can write sunset in terms of    . e�
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<latexit sha1_base64="b/Wzud1oJ0T4KLR5d8dgfTLkguw=">AAACHnicbZDNSsNAEMc39avWr6hHDwaLICglKYIeC148VrAf0ISy2W7apZtN2J0IJQS8+B7eveoreBOv+gY+hpu0B9s6sPCf/8zs7P78mDMFtv1tlFZW19Y3ypuVre2d3T1z/6CtokQS2iIRj2TXx4pyJmgLGHDajSXFoc9pxx/f5PXOA5WKReIeJjH1QjwULGAEg7b65rEbSExSmaVOPTufJqpI3AsXcNI3q3bNLsJaFs5MVNEsmn3zxx1EJAmpAMKxUj3HjsFLsQRGOM0qbqJojMkYD2lPS4FDqry0+EhmnWpnYAWR1EeAVbh/J1IcKjUJfd0ZYhipxVpu/lfrJRBceykTcQJUkOmiIOEWRFZOxRowSQnwiRaYSKbfapER1jBAs5vbkt8tVaCyikbjLIJYFu16zbFrzt1ltdF4nEIqoyN0gs6Qg65QA92iJmohgp7QC3pFb8az8W58GJ/T1pIxA3uI5sL4+gViYqOW</latexit><latexit sha1_base64="b/Wzud1oJ0T4KLR5d8dgfTLkguw=">AAACHnicbZDNSsNAEMc39avWr6hHDwaLICglKYIeC148VrAf0ISy2W7apZtN2J0IJQS8+B7eveoreBOv+gY+hpu0B9s6sPCf/8zs7P78mDMFtv1tlFZW19Y3ypuVre2d3T1z/6CtokQS2iIRj2TXx4pyJmgLGHDajSXFoc9pxx/f5PXOA5WKReIeJjH1QjwULGAEg7b65rEbSExSmaVOPTufJqpI3AsXcNI3q3bNLsJaFs5MVNEsmn3zxx1EJAmpAMKxUj3HjsFLsQRGOM0qbqJojMkYD2lPS4FDqry0+EhmnWpnYAWR1EeAVbh/J1IcKjUJfd0ZYhipxVpu/lfrJRBceykTcQJUkOmiIOEWRFZOxRowSQnwiRaYSKbfapER1jBAs5vbkt8tVaCyikbjLIJYFu16zbFrzt1ltdF4nEIqoyN0gs6Qg65QA92iJmohgp7QC3pFb8az8W58GJ/T1pIxA3uI5sL4+gViYqOW</latexit><latexit sha1_base64="b/Wzud1oJ0T4KLR5d8dgfTLkguw=">AAACHnicbZDNSsNAEMc39avWr6hHDwaLICglKYIeC148VrAf0ISy2W7apZtN2J0IJQS8+B7eveoreBOv+gY+hpu0B9s6sPCf/8zs7P78mDMFtv1tlFZW19Y3ypuVre2d3T1z/6CtokQS2iIRj2TXx4pyJmgLGHDajSXFoc9pxx/f5PXOA5WKReIeJjH1QjwULGAEg7b65rEbSExSmaVOPTufJqpI3AsXcNI3q3bNLsJaFs5MVNEsmn3zxx1EJAmpAMKxUj3HjsFLsQRGOM0qbqJojMkYD2lPS4FDqry0+EhmnWpnYAWR1EeAVbh/J1IcKjUJfd0ZYhipxVpu/lfrJRBceykTcQJUkOmiIOEWRFZOxRowSQnwiRaYSKbfapER1jBAs5vbkt8tVaCyikbjLIJYFu16zbFrzt1ltdF4nEIqoyN0gs6Qg65QA92iJmohgp7QC3pFb8az8W58GJ/T1pIxA3uI5sL4+gViYqOW</latexit><latexit sha1_base64="b/Wzud1oJ0T4KLR5d8dgfTLkguw=">AAACHnicbZDNSsNAEMc39avWr6hHDwaLICglKYIeC148VrAf0ISy2W7apZtN2J0IJQS8+B7eveoreBOv+gY+hpu0B9s6sPCf/8zs7P78mDMFtv1tlFZW19Y3ypuVre2d3T1z/6CtokQS2iIRj2TXx4pyJmgLGHDajSXFoc9pxx/f5PXOA5WKReIeJjH1QjwULGAEg7b65rEbSExSmaVOPTufJqpI3AsXcNI3q3bNLsJaFs5MVNEsmn3zxx1EJAmpAMKxUj3HjsFLsQRGOM0qbqJojMkYD2lPS4FDqry0+EhmnWpnYAWR1EeAVbh/J1IcKjUJfd0ZYhipxVpu/lfrJRBceykTcQJUkOmiIOEWRFZOxRowSQnwiRaYSKbfapER1jBAs5vbkt8tVaCyikbjLIJYFu16zbFrzt1ltdF4nEIqoyN0gs6Qg65QA92iJmohgp7QC3pFb8az8W58GJ/T1pIxA3uI5sL4+gViYqOW</latexit>

[Adams, Weinzierl]

• At rational points                eMPLs reduce to iterated integrals of 
Eisenstein series.
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<latexit sha1_base64="8sgbcBluelCnp89UyFq+UhMwqFk=">AAACHHicbZDLSgMxFIYz9VbrbdSlCMEiCEqZEUGXBTeupIK9QGcomTTThmYuJGeEMgwIvod7t/oK7sSt4Bv4GGY6XdjWA4GP/yQ5yefFgiuwrG+jtLS8srpWXq9sbG5t75i7ey0VJZKyJo1EJDseUUzwkDWBg2CdWDISeIK1vdF13m8/MKl4FN7DOGZuQAYh9zkloKOeeej4ktBUZultdlqwytk5c4AkPbNq1axJ4UWwp1BF02r0zB+nH9EkYCFQQZTq2lYMbkokcCpYVnESxWJCR2TAuhpDEjDlppNvZPhYJ33sR1KvEPAk/XsiJYFS48DTOwMCQzXfy8P/et0E/Cs35WGcAAtpMchPBIYI505wn0tGQYw1ECq5fiumQ6JdgDY3MyW/WypfZRWtxp4XsQit85pt1ey7i2q9/lhIKqMDdIROkI0uUR3doAZqIoqe0At6RW/Gs/FufBifxdaSMRW7j2bK+PoFxUSjWA==</latexit><latexit sha1_base64="8sgbcBluelCnp89UyFq+UhMwqFk=">AAACHHicbZDLSgMxFIYz9VbrbdSlCMEiCEqZEUGXBTeupIK9QGcomTTThmYuJGeEMgwIvod7t/oK7sSt4Bv4GGY6XdjWA4GP/yQ5yefFgiuwrG+jtLS8srpWXq9sbG5t75i7ey0VJZKyJo1EJDseUUzwkDWBg2CdWDISeIK1vdF13m8/MKl4FN7DOGZuQAYh9zkloKOeeej4ktBUZultdlqwytk5c4AkPbNq1axJ4UWwp1BF02r0zB+nH9EkYCFQQZTq2lYMbkokcCpYVnESxWJCR2TAuhpDEjDlppNvZPhYJ33sR1KvEPAk/XsiJYFS48DTOwMCQzXfy8P/et0E/Cs35WGcAAtpMchPBIYI505wn0tGQYw1ECq5fiumQ6JdgDY3MyW/WypfZRWtxp4XsQit85pt1ey7i2q9/lhIKqMDdIROkI0uUR3doAZqIoqe0At6RW/Gs/FufBifxdaSMRW7j2bK+PoFxUSjWA==</latexit><latexit sha1_base64="8sgbcBluelCnp89UyFq+UhMwqFk=">AAACHHicbZDLSgMxFIYz9VbrbdSlCMEiCEqZEUGXBTeupIK9QGcomTTThmYuJGeEMgwIvod7t/oK7sSt4Bv4GGY6XdjWA4GP/yQ5yefFgiuwrG+jtLS8srpWXq9sbG5t75i7ey0VJZKyJo1EJDseUUzwkDWBg2CdWDISeIK1vdF13m8/MKl4FN7DOGZuQAYh9zkloKOeeej4ktBUZultdlqwytk5c4AkPbNq1axJ4UWwp1BF02r0zB+nH9EkYCFQQZTq2lYMbkokcCpYVnESxWJCR2TAuhpDEjDlppNvZPhYJ33sR1KvEPAk/XsiJYFS48DTOwMCQzXfy8P/et0E/Cs35WGcAAtpMchPBIYI505wn0tGQYw1ECq5fiumQ6JdgDY3MyW/WypfZRWtxp4XsQit85pt1ey7i2q9/lhIKqMDdIROkI0uUR3doAZqIoqe0At6RW/Gs/FufBifxdaSMRW7j2bK+PoFxUSjWA==</latexit><latexit sha1_base64="8sgbcBluelCnp89UyFq+UhMwqFk=">AAACHHicbZDLSgMxFIYz9VbrbdSlCMEiCEqZEUGXBTeupIK9QGcomTTThmYuJGeEMgwIvod7t/oK7sSt4Bv4GGY6XdjWA4GP/yQ5yefFgiuwrG+jtLS8srpWXq9sbG5t75i7ey0VJZKyJo1EJDseUUzwkDWBg2CdWDISeIK1vdF13m8/MKl4FN7DOGZuQAYh9zkloKOeeej4ktBUZultdlqwytk5c4AkPbNq1axJ4UWwp1BF02r0zB+nH9EkYCFQQZTq2lYMbkokcCpYVnESxWJCR2TAuhpDEjDlppNvZPhYJ33sR1KvEPAk/XsiJYFS48DTOwMCQzXfy8P/et0E/Cs35WGcAAtpMchPBIYI505wn0tGQYw1ECq5fiumQ6JdgDY3MyW/WypfZRWtxp4XsQit85pt1ey7i2q9/lhIKqMDdIROkI0uUR3doAZqIoqe0At6RW/Gs/FufBifxdaSMRW7j2bK+PoFxUSjWA==</latexit>

[Brödel, CD, Dulat, Penante, Tancredi]

➡ Sunset can be written in terms of iterated integrals of 
Eisenstein series with             . N = 12

<latexit sha1_base64="VN+sjrTxoerop2t4RJYZcXzBY0E=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKewGQS9CwIsniWAekCxhdjKbDJmdXWZ6hRACgnev+gvexKtf4h/4Gc4mOZjEgoaiqnu6p4JECoOu++3k1tY3Nrfy24Wd3b39g+LhUcPEqWa8zmIZ61ZADZdC8ToKlLyVaE6jQPJmMLzJ/OYj10bE6gFHCfcj2lciFIxiJt1de5VuseSW3SnIKvHmpARz1LrFn04vZmnEFTJJjWl7boL+mGoUTPJJoZManlA2pH3etlTRiBt/PL11Qs6s0iNhrG0pJFP178SYRsaMosB2RhQHZtnLxP+8dorhlT8WKkmRKzZbFKaSYEyyj5Oe0JyhHFlCmRb2VsIGVFOGNp6FLdnb2oRmUrDReMtBrJJGpey5Ze/+olStPs1CysMJnMI5eHAJVbiFGtSBwQBe4BXenGfn3flwPmetOWce7DEswPn6BdROl3E=</latexit><latexit sha1_base64="VN+sjrTxoerop2t4RJYZcXzBY0E=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKewGQS9CwIsniWAekCxhdjKbDJmdXWZ6hRACgnev+gvexKtf4h/4Gc4mOZjEgoaiqnu6p4JECoOu++3k1tY3Nrfy24Wd3b39g+LhUcPEqWa8zmIZ61ZADZdC8ToKlLyVaE6jQPJmMLzJ/OYj10bE6gFHCfcj2lciFIxiJt1de5VuseSW3SnIKvHmpARz1LrFn04vZmnEFTJJjWl7boL+mGoUTPJJoZManlA2pH3etlTRiBt/PL11Qs6s0iNhrG0pJFP178SYRsaMosB2RhQHZtnLxP+8dorhlT8WKkmRKzZbFKaSYEyyj5Oe0JyhHFlCmRb2VsIGVFOGNp6FLdnb2oRmUrDReMtBrJJGpey5Ze/+olStPs1CysMJnMI5eHAJVbiFGtSBwQBe4BXenGfn3flwPmetOWce7DEswPn6BdROl3E=</latexit><latexit sha1_base64="VN+sjrTxoerop2t4RJYZcXzBY0E=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKewGQS9CwIsniWAekCxhdjKbDJmdXWZ6hRACgnev+gvexKtf4h/4Gc4mOZjEgoaiqnu6p4JECoOu++3k1tY3Nrfy24Wd3b39g+LhUcPEqWa8zmIZ61ZADZdC8ToKlLyVaE6jQPJmMLzJ/OYj10bE6gFHCfcj2lciFIxiJt1de5VuseSW3SnIKvHmpARz1LrFn04vZmnEFTJJjWl7boL+mGoUTPJJoZManlA2pH3etlTRiBt/PL11Qs6s0iNhrG0pJFP178SYRsaMosB2RhQHZtnLxP+8dorhlT8WKkmRKzZbFKaSYEyyj5Oe0JyhHFlCmRb2VsIGVFOGNp6FLdnb2oRmUrDReMtBrJJGpey5Ze/+olStPs1CysMJnMI5eHAJVbiFGtSBwQBe4BXenGfn3flwPmetOWce7DEswPn6BdROl3E=</latexit><latexit sha1_base64="VN+sjrTxoerop2t4RJYZcXzBY0E=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKewGQS9CwIsniWAekCxhdjKbDJmdXWZ6hRACgnev+gvexKtf4h/4Gc4mOZjEgoaiqnu6p4JECoOu++3k1tY3Nrfy24Wd3b39g+LhUcPEqWa8zmIZ61ZADZdC8ToKlLyVaE6jQPJmMLzJ/OYj10bE6gFHCfcj2lciFIxiJt1de5VuseSW3SnIKvHmpARz1LrFn04vZmnEFTJJjWl7boL+mGoUTPJJoZManlA2pH3etlTRiBt/PL11Qs6s0iNhrG0pJFP178SYRsaMosB2RhQHZtnLxP+8dorhlT8WKkmRKzZbFKaSYEyyj5Oe0JyhHFlCmRb2VsIGVFOGNp6FLdnb2oRmUrDReMtBrJJGpey5Ze/+olStPs1CysMJnMI5eHAJVbiFGtSBwQBe4BXenGfn3flwPmetOWce7DEswPn6BdROl3E=</latexit>

➡ Explains the findings of [Adams, Weinzierl].

➡ Also show that this is very special, and will not be true in 
general!



Further applications

… or what happens 
after the sunset?



Some applications
• Some hypergeometric functions give rise to eMPLs.
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G(4m2; b)
<latexit sha1_base64="h0Ygfqnss6TY+eUWjKmmtGpdPLs="></latexit><latexit sha1_base64="h0Ygfqnss6TY+eUWjKmmtGpdPLs="></latexit><latexit sha1_base64="h0Ygfqnss6TY+eUWjKmmtGpdPLs="></latexit><latexit sha1_base64="h0Ygfqnss6TY+eUWjKmmtGpdPLs="></latexit>

• Remiddi & Tancredi have introduced a class of ‘elliptic 
generalisations of polylogarithms’.

R4(b, u,m) = b(b� 42)(b� (
p
u�m)2)(b� (

p
u+m)2)

<latexit sha1_base64="JDDHTwJkIOdEzbuhO+iXu8QVyL0="></latexit><latexit sha1_base64="JDDHTwJkIOdEzbuhO+iXu8QVyL0="></latexit><latexit sha1_base64="JDDHTwJkIOdEzbuhO+iXu8QVyL0="></latexit><latexit sha1_base64="JDDHTwJkIOdEzbuhO+iXu8QVyL0="></latexit>

[Brödel, CD, Dulat, 
Penante, Tancredi]



Some applications
• Some hypergeometric functions give rise to eMPLs.
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<latexit sha1_base64="h0Ygfqnss6TY+eUWjKmmtGpdPLs="></latexit><latexit sha1_base64="h0Ygfqnss6TY+eUWjKmmtGpdPLs="></latexit><latexit sha1_base64="h0Ygfqnss6TY+eUWjKmmtGpdPLs="></latexit><latexit sha1_base64="h0Ygfqnss6TY+eUWjKmmtGpdPLs="></latexit>
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<latexit sha1_base64="s1/WumoyRR2ObkwQqHj/OUZQpfs="></latexit><latexit sha1_base64="s1/WumoyRR2ObkwQqHj/OUZQpfs="></latexit><latexit sha1_base64="s1/WumoyRR2ObkwQqHj/OUZQpfs="></latexit><latexit sha1_base64="s1/WumoyRR2ObkwQqHj/OUZQpfs="></latexit>
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<latexit sha1_base64="s1/WumoyRR2ObkwQqHj/OUZQpfs="></latexit><latexit sha1_base64="s1/WumoyRR2ObkwQqHj/OUZQpfs="></latexit><latexit sha1_base64="s1/WumoyRR2ObkwQqHj/OUZQpfs="></latexit><latexit sha1_base64="s1/WumoyRR2ObkwQqHj/OUZQpfs="></latexit>

=<latexit sha1_base64="ZrFZLbWUtm1px992nLvp7RVpsZI=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBFclRkRdKMU3LhswT6gHUomvdOGZjJDkhFKKbh3q7/gTtz6K/6Bn2GmnYVtPRA4nHNfOUEiuDau++2srW9sbm0Xdoq7e/sHh6Wj46aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRveZ33pCpXksH804QT+iA8lDzqixUv22Vyq7FXcGskq8nJQhR61X+un2Y5ZGKA0TVOuO5ybGn1BlOBM4LXZTjQllIzrAjqWSRqj9yezQKTm3Sp+EsbJPGjJT/3ZMaKT1OApsZUTNUC97mfif10lNeONPuExSg5LNF4WpICYm2a9JnytkRowtoUxxeythQ6ooMzabhS3ZbKVDPS3aaLzlIFZJ87LiuRWvflWu3uUhFeAUzuACPLiGKjxADRrAAOEFXuHNeXbenQ/nc1665uQ9J7AA5+sXIaKWIA==</latexit><latexit sha1_base64="ZrFZLbWUtm1px992nLvp7RVpsZI=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBFclRkRdKMU3LhswT6gHUomvdOGZjJDkhFKKbh3q7/gTtz6K/6Bn2GmnYVtPRA4nHNfOUEiuDau++2srW9sbm0Xdoq7e/sHh6Wj46aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRveZ33pCpXksH804QT+iA8lDzqixUv22Vyq7FXcGskq8nJQhR61X+un2Y5ZGKA0TVOuO5ybGn1BlOBM4LXZTjQllIzrAjqWSRqj9yezQKTm3Sp+EsbJPGjJT/3ZMaKT1OApsZUTNUC97mfif10lNeONPuExSg5LNF4WpICYm2a9JnytkRowtoUxxeythQ6ooMzabhS3ZbKVDPS3aaLzlIFZJ87LiuRWvflWu3uUhFeAUzuACPLiGKjxADRrAAOEFXuHNeXbenQ/nc1665uQ9J7AA5+sXIaKWIA==</latexit><latexit sha1_base64="ZrFZLbWUtm1px992nLvp7RVpsZI=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBFclRkRdKMU3LhswT6gHUomvdOGZjJDkhFKKbh3q7/gTtz6K/6Bn2GmnYVtPRA4nHNfOUEiuDau++2srW9sbm0Xdoq7e/sHh6Wj46aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRveZ33pCpXksH804QT+iA8lDzqixUv22Vyq7FXcGskq8nJQhR61X+un2Y5ZGKA0TVOuO5ybGn1BlOBM4LXZTjQllIzrAjqWSRqj9yezQKTm3Sp+EsbJPGjJT/3ZMaKT1OApsZUTNUC97mfif10lNeONPuExSg5LNF4WpICYm2a9JnytkRowtoUxxeythQ6ooMzabhS3ZbKVDPS3aaLzlIFZJ87LiuRWvflWu3uUhFeAUzuACPLiGKjxADRrAAOEFXuHNeXbenQ/nc1665uQ9J7AA5+sXIaKWIA==</latexit><latexit sha1_base64="ZrFZLbWUtm1px992nLvp7RVpsZI=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBFclRkRdKMU3LhswT6gHUomvdOGZjJDkhFKKbh3q7/gTtz6K/6Bn2GmnYVtPRA4nHNfOUEiuDau++2srW9sbm0Xdoq7e/sHh6Wj46aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRveZ33pCpXksH804QT+iA8lDzqixUv22Vyq7FXcGskq8nJQhR61X+un2Y5ZGKA0TVOuO5ybGn1BlOBM4LXZTjQllIzrAjqWSRqj9yezQKTm3Sp+EsbJPGjJT/3ZMaKT1OApsZUTNUC97mfif10lNeONPuExSg5LNF4WpICYm2a9JnytkRowtoUxxeythQ6ooMzabhS3ZbKVDPS3aaLzlIFZJ87LiuRWvflWu3uUhFeAUzuACPLiGKjxADRrAAOEFXuHNeXbenQ/nc1665uQ9J7AA5+sXIaKWIA==</latexit>

• Remiddi & Tancredi have introduced a class of ‘elliptic 
generalisations of polylogarithms’.

R4(b, u,m) = b(b� 42)(b� (
p
u�m)2)(b� (

p
u+m)2)

<latexit sha1_base64="JDDHTwJkIOdEzbuhO+iXu8QVyL0="></latexit><latexit sha1_base64="JDDHTwJkIOdEzbuhO+iXu8QVyL0="></latexit><latexit sha1_base64="JDDHTwJkIOdEzbuhO+iXu8QVyL0="></latexit><latexit sha1_base64="JDDHTwJkIOdEzbuhO+iXu8QVyL0="></latexit>

➡ Can always be written in terms of eMPLs with arguments 
of the form             . r
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<latexit sha1_base64="elEu7xFaGA2BGldhBUoOdMAFfL4=">AAACGnicbVDLSgMxFM34rPU16rKbYBEEocyIqCspuHFZwT6gU0omzbShmcyQ3BHKMAv/w71b/QV34taNf+BnmGlnYVsPBM49597c5Pix4Boc59taWV1b39gsbZW3d3b39u2Dw5aOEkVZk0YiUh2faCa4ZE3gIFgnVoyEvmBtf3yb++1HpjSP5ANMYtYLyVDygFMCRurbFS9QhKYqSy+zMw9IMqt1XvftqlNzpsDLxC1IFRVo9O0fbxDRJGQSqCBad10nhl5KFHAqWFb2Es1iQsdkyLqGShIy3Uunn8jwiVEGOIiUORLwVP07kZJQ60nom86QwEgvern4n9dNILjupVzGCTBJZ4uCRGCIcJ4IHnDFKIiJIYQqbt6K6YiYFMDkNrclv1vpQGdlE427GMQyaZ3XXKfm3l9U6zdFSCVUQcfoFLnoCtXRHWqgJqLoCb2gV/RmPVvv1of1OWtdsYqZIzQH6+sXFamiCg==</latexit><latexit sha1_base64="elEu7xFaGA2BGldhBUoOdMAFfL4=">AAACGnicbVDLSgMxFM34rPU16rKbYBEEocyIqCspuHFZwT6gU0omzbShmcyQ3BHKMAv/w71b/QV34taNf+BnmGlnYVsPBM49597c5Pix4Boc59taWV1b39gsbZW3d3b39u2Dw5aOEkVZk0YiUh2faCa4ZE3gIFgnVoyEvmBtf3yb++1HpjSP5ANMYtYLyVDygFMCRurbFS9QhKYqSy+zMw9IMqt1XvftqlNzpsDLxC1IFRVo9O0fbxDRJGQSqCBad10nhl5KFHAqWFb2Es1iQsdkyLqGShIy3Uunn8jwiVEGOIiUORLwVP07kZJQ60nom86QwEgvern4n9dNILjupVzGCTBJZ4uCRGCIcJ4IHnDFKIiJIYQqbt6K6YiYFMDkNrclv1vpQGdlE427GMQyaZ3XXKfm3l9U6zdFSCVUQcfoFLnoCtXRHWqgJqLoCb2gV/RmPVvv1of1OWtdsYqZIzQH6+sXFamiCg==</latexit><latexit sha1_base64="elEu7xFaGA2BGldhBUoOdMAFfL4=">AAACGnicbVDLSgMxFM34rPU16rKbYBEEocyIqCspuHFZwT6gU0omzbShmcyQ3BHKMAv/w71b/QV34taNf+BnmGlnYVsPBM49597c5Pix4Boc59taWV1b39gsbZW3d3b39u2Dw5aOEkVZk0YiUh2faCa4ZE3gIFgnVoyEvmBtf3yb++1HpjSP5ANMYtYLyVDygFMCRurbFS9QhKYqSy+zMw9IMqt1XvftqlNzpsDLxC1IFRVo9O0fbxDRJGQSqCBad10nhl5KFHAqWFb2Es1iQsdkyLqGShIy3Uunn8jwiVEGOIiUORLwVP07kZJQ60nom86QwEgvern4n9dNILjupVzGCTBJZ4uCRGCIcJ4IHnDFKIiJIYQqbt6K6YiYFMDkNrclv1vpQGdlE427GMQyaZ3XXKfm3l9U6zdFSCVUQcfoFLnoCtXRHWqgJqLoCb2gV/RmPVvv1of1OWtdsYqZIzQH6+sXFamiCg==</latexit><latexit sha1_base64="elEu7xFaGA2BGldhBUoOdMAFfL4=">AAACGnicbVDLSgMxFM34rPU16rKbYBEEocyIqCspuHFZwT6gU0omzbShmcyQ3BHKMAv/w71b/QV34taNf+BnmGlnYVsPBM49597c5Pix4Boc59taWV1b39gsbZW3d3b39u2Dw5aOEkVZk0YiUh2faCa4ZE3gIFgnVoyEvmBtf3yb++1HpjSP5ANMYtYLyVDygFMCRurbFS9QhKYqSy+zMw9IMqt1XvftqlNzpsDLxC1IFRVo9O0fbxDRJGQSqCBad10nhl5KFHAqWFb2Es1iQsdkyLqGShIy3Uunn8jwiVEGOIiUORLwVP07kZJQ60nom86QwEgvern4n9dNILjupVzGCTBJZ4uCRGCIcJ4IHnDFKIiJIYQqbt6K6YiYFMDkNrclv1vpQGdlE427GMQyaZ3XXKfm3l9U6zdFSCVUQcfoFLnoCtXRHWqgJqLoCb2gV/RmPVvv1of1OWtdsYqZIzQH6+sXFamiCg==</latexit>

➡ Can always be written in terms of iterated integrals of 
Eisenstein series. 

[Brödel, CD, Dulat, 
Penante, Tancredi]



Beyond the sunset
• We are currently looking for applications beyond the sunset 

graph (and the kite).

➡ A 4-point master integral for Bhabha scattering
m

<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

➡ Some three-points functions for the electroweak form factor 
and t-tbar:

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>
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Bhabha scattering
• The planar two-loop integrals considered by Henn, Smirnov.

➡ Kinematics parametrised by Landau variables:

follow from simple physical considerations, such as the absence of certain branch cuts in

unphysical channels, and are straightforward to implement in this approach.

Our results show that, contrary to common belief, two-loop integrals involving masses

need not be complicated, if thought about in the right way. We present the results up to

degree four for all except one integrals in terms of a subset of Goncharov polylogarithms,

which one may call two-dimensional harmonic polylogarithms. For one integral, and more

generally for higher degree, the solution is written in terms of Chen iterated integrals.

We discuss one degree four example in detail and explain how to evaluate this integral

numerically. For the Goncharov polylogarithms, standard tools for numerical evaluation

are available [33].

This paper is organized as follows. In section 2 we discuss the one-loop case in detail

within our method. The reason is that with small changes the two-loop case can be treated

in the same way. Also, this allows to expand results for one-loop integrals to any order in

ϵ, if they are needed for future computations. We discuss in detail several different analytic

representations of the answer, using Chen iterated integrals, Goncharov polylogarithms,

and multiple polylogarithms. In section 3, we apply the same technique to two loops. We

discuss the class of functions needed and give an explicit analytic solution for all integrals up

to transcendental weight four. For reasons of brevity, we only show explicitly the result for

two of the most complicated integrals, and provide the formulas for the remaining integrals

in electronic form in an ancillary file. In section 4, we conclude and discuss future directions.

Technical details are delegated to the appendix.

2 Master integrals and differential equations at one loop

Here we discuss the one-loop case as a useful pedagogical example and as a preparation for

the two-loop analysis. As we will see, most of the analysis can be directly carried over to the

two-loop case. We start by defining the family of one-loop integrals, as well as convenient

variables. We then discuss the choice of integral basis, the expected analytic structure of

the integrals, and the differential equations they satisfy. We explain how to solve the latter

to all orders in the ϵ expansion and discuss various possibilities for representing the answer

in analytic form.

2.1 Definitions

We will discuss the family of one-loop integrals displayed in Fig. 1(1). In other words, we

have

Ga1,...,a4 =

∫
dDk

[−k2 +m2]a1 [−(k + p1)2]a2 [−(k + p1 + p2)2 +m2]a3 [−(k − p3)2]a4
, (2.1)

for any integer values of the ai. We can always make integrals dimensionless by multiplying

them by appropriate factors. Therefore we can parametrize them by following dimensionless

variables, which we choose as

−s

m2
=

(1− x)2

x
,

−t

m2
=

(1− y)2

y
. (2.2)
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• All integrals but one are expressed in terms of polylogarithms.
➡ Differential equation for remaining integral:

We checked our results against various formulas available in the literature, e.g. [10].

A particularly non-trivial test the agreement with the result of [8] for integral f22, since

the differential equations for this integral involve most other integrals. We also performed

numerical checks in the Euclidean region by the implementation of sector decomposition

[41, 42] in FIESTA [43, 44], and analytic checks in asymptotic limits that were obtained

from Mellin-Barnes representations.

3.5 Explicit parametrization for Chen iterated integral

In the previous paragraph, we have written down an explicit solution for all integrals except

for f11 up to degree four. We also explained, in section 2.6, how to write the general solution

to the two-loop problem in terms of Chen iterated integrals.

Let us exemplify this using f11. The basis integral is finite as ϵ → 0, which explains

why it first appears at order ϵ4 in our normalization.

Using the explicit results for all other integrals, and expanding eq. (3.24) to fourth

order in ϵ, we find that f (4)
11 satisfies the following differential equation,

d f (4)
11 = g1 d log

(
1−Q

1 +Q

)

+ g2 d log

(
(1 + x) + (1− x)Q

(1 + x)− (1− x)Q

)

+ g3 d log

(
(1 + y) + (1− y)Q

(1 + y)− (1− y)Q

)

,

(3.29)

where the three functions g1, g2, g3 are given explicitly by

g1 =− 16G0(y)H0,0(x) + 32G1(y)H0,0(x) + 8G0,0,0(y)− 16G0,0,1(y)− 32H−2,0(x)

+ 8H0,0,0(x)− 16H1,0,0(x) +
8

3
π2G0(y) +

16

3
π2G1(y)−

8

3
π2H0(x)− 32ζ3 , (3.30)

g2 =− 16H0,0,0(x)−
8

3
π2H0(x) , (3.31)

g3 =8H0(x)G− 1

x
,0(y)− 16H0(x)G− 1

x
,1(y)− 8H0(x)G−x,0(y) + 16H0(x)G−x,1(y)

+ 16H−1,0(x)G− 1

x

(y)− 16H−1,0(x)G−x(y)− 8G0(y)H0,0(x)− 8H0,0(x)G− 1

x

(y)

+ 8H0,0(x)G−x(y) + 8G− 1

x
,0,0(y)− 16G− 1

x
,0,1(y) + 8G−x,0,0(y)− 16G−x,0,1(y)

− 16G−1,0,0(y) + 32G−1,0,1(y)− 16H−2,0(x) + 8H0,0,0(x) +
20

3
π2G− 1

x

(y)

+ 4π2G−x(y)−
32

3
π2G−1(y)−

4

3
π2H0(x)− 24ζ3 . (3.32)

They can also be written in terms of classical polylogarithms, in a form that is manifestly

real-valued in the region 0 < x < 1, 0 < y < 1.

At x = 1, equation (3.29) simplifies, and integrating back we find

f (4)
11 (x = 1, y) =

8

3
π2H0,0(y) + 8H0,0,0,0(y)−

16

3
π2H2(y) + 16H4(y) +

32π4

45
. (3.33)

Note that in particular, at y = 1, we have f (4)
11 (x = 1, y = 1) = 0. We may also note that

f (4) vanishes for x = −y.
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g1, g2, g2 = ‘simple’ polylogarithms
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3.2 System of differential equations

We find that the basis choice of eqs. (3.1)–(3.23) puts the differential equations into canon-

ical form, i.e.

d f = ϵ dÃ f . (3.24)

Here f contains 23 integrals, and Ã is a 23× 23 matrix. The matrix Ã can be put into the

following form,

Ã =B1 log(x) +B2 log(1 + x) +B3 log(1− x) +B4 log(y) +B5 log(1 + y)

+B6 log(1− y) +B7 log(x+ y) +B8 log(1 + xy)

+B9 log(x+ y − 4xy + x2y + xy2) +B10 log

(
1 +Q

1−Q

)

+B11 log

(
(1 + x) + (1− x)Q

(1 + x)− (1− x)Q

)

+B12 log

(
(1 + y) + (1− y)Q

(1 + y)− (1− y)Q

)

, (3.25)

Here

Q =

√

(x+ y)(1 + xy)

x+ y − 4xy + x2y + xy2
, (3.26)

and the Bi are constant matrices, see Appendix B.

It is important to note that the matrix Ã only contains logarithmic singularities, so

that we can expect the answer to be expressed in terms of iterated integrals.

We see that w.r.t. the one-loop case, the four terms in the last two lines of eq. (3.25)

are new. Analyzing the arguments of the logarithms we find that most of them only have

singularities at x = 0, y = 0, x = 1, y = 1. However, the coefficient of B9 has additional

singularities that take a more complicated form in terms of x and y. In they original

variables, they correspond to s = −t. It is worth pointing out that the matrix B9 only has

one non-zero entry, see eq. (B.9), and this symbol entry will appear first at degree five for

integral 11, and at higher degrees for other integrals.

3.3 Solution at symbol level

We find that we can determine all integration constants from physical conditions, up to

a few trivial propagator-type integrals. In particular, we find for the first order in the ϵ

expansion

f (0) = {1,−1,−1/2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−1/2, 0, 0, 0,−1, 0, 0, 0, 0, 0} . (3.27)

This, together with the differential equation (3.24) and (3.25), completely specifies the

symbol.

Before writing down the explicit solution for the basis integrals, we find it useful to

analyze the symbols of the functions. The reason is that although one would expect that

all terms appearing in eq. (3.25) eventually enter the r.h.s. of the differential equations for

the integrals with many propagators, the matrices Bi are sparse matrices with many zero

– 14 –

g2 = �8

3
G(0, x)3 � 8⇡2

3
G(0, x)
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➡ Solution only known as ‘Chen iterated integrals’ (equivalent to 

symbol plus boundary condition).
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Rational function on elliptic curve Defines an elliptic curve

➡ Differential equation can be solved in terms of eMPLs!

➡ N.B.: This does NOT mean that there is no way to write the 
solution in terms of ordinary polylogarithms!

➡ Solution is a pure function of eMPLs of uniform weight.
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⇠2 = (x+ y)(x+ 1/y)
�
x2 + xy � 4x+ x/y + 1

�
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Bhabha scattering
32 e�

� 1 1 1 1
1/2 1/4 3/8 1/8 ; z � 1/4, ⌧

�
+ 32 e�

� 1 1 1 1
1/2 1/4 3/8 3/8 ; z � 1/4, ⌧

�
+ 64 e�

� 1 1 1 1
1/2 1/4 ⌧/2 1/8 ; z � 1/4, ⌧

�
� 64 e�

� 1 1 1 1
1/2 1/4 ⌧/2 3/8 ; z � 1/4, ⌧

�
<latexit sha1_base64="EEITHFQiy3hHRjHKu7f4Bobx1sg="></latexit><latexit sha1_base64="EEITHFQiy3hHRjHKu7f4Bobx1sg="></latexit><latexit sha1_base64="EEITHFQiy3hHRjHKu7f4Bobx1sg="></latexit><latexit sha1_base64="EEITHFQiy3hHRjHKu7f4Bobx1sg="></latexit>

+ . . .
<latexit sha1_base64="9ag5RkIajqT7P6Uk+Ry/2gOxGMQ=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIeyKoMeAF48RzAOSJczOTpIhszPrTK8QloDf4MWDIl79HW/+jZPHQRMLGoqqbrq7olQKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNbyZ+85EbK7S6x1HKw4T2legJRtFJrXPSkbFG2y2V/Yo/BVkmwZyUYY5at/TViTXLEq6QSWptO/BTDHNqUDDJx8VOZnlK2ZD2edtRRRNuw3x675icOiUmPW1cKSRT9fdEThNrR0nkOhOKA7voTcT/vHaGveswFyrNkCs2W9TLJEFNJs+TWBjOUI4cocwIdythA2ooQxdR0YUQLL68TBoXlcCvBHeX5Wr1aRZHAY7hBM4ggCuowi3UoA4MJDzDK7x5D96L9+59zFpXvHmER/AH3ucPnwuQFQ==</latexit><latexit sha1_base64="9ag5RkIajqT7P6Uk+Ry/2gOxGMQ=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIeyKoMeAF48RzAOSJczOTpIhszPrTK8QloDf4MWDIl79HW/+jZPHQRMLGoqqbrq7olQKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNbyZ+85EbK7S6x1HKw4T2legJRtFJrXPSkbFG2y2V/Yo/BVkmwZyUYY5at/TViTXLEq6QSWptO/BTDHNqUDDJx8VOZnlK2ZD2edtRRRNuw3x675icOiUmPW1cKSRT9fdEThNrR0nkOhOKA7voTcT/vHaGveswFyrNkCs2W9TLJEFNJs+TWBjOUI4cocwIdythA2ooQxdR0YUQLL68TBoXlcCvBHeX5Wr1aRZHAY7hBM4ggCuowi3UoA4MJDzDK7x5D96L9+59zFpXvHmER/AH3ucPnwuQFQ==</latexit><latexit sha1_base64="9ag5RkIajqT7P6Uk+Ry/2gOxGMQ=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIeyKoMeAF48RzAOSJczOTpIhszPrTK8QloDf4MWDIl79HW/+jZPHQRMLGoqqbrq7olQKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNbyZ+85EbK7S6x1HKw4T2legJRtFJrXPSkbFG2y2V/Yo/BVkmwZyUYY5at/TViTXLEq6QSWptO/BTDHNqUDDJx8VOZnlK2ZD2edtRRRNuw3x675icOiUmPW1cKSRT9fdEThNrR0nkOhOKA7voTcT/vHaGveswFyrNkCs2W9TLJEFNJs+TWBjOUI4cocwIdythA2ooQxdR0YUQLL68TBoXlcCvBHeX5Wr1aRZHAY7hBM4ggCuowi3UoA4MJDzDK7x5D96L9+59zFpXvHmER/AH3ucPnwuQFQ==</latexit><latexit sha1_base64="9ag5RkIajqT7P6Uk+Ry/2gOxGMQ=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIeyKoMeAF48RzAOSJczOTpIhszPrTK8QloDf4MWDIl79HW/+jZPHQRMLGoqqbrq7olQKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNbyZ+85EbK7S6x1HKw4T2legJRtFJrXPSkbFG2y2V/Yo/BVkmwZyUYY5at/TViTXLEq6QSWptO/BTDHNqUDDJx8VOZnlK2ZD2edtRRRNuw3x675icOiUmPW1cKSRT9fdEThNrR0nkOhOKA7voTcT/vHaGveswFyrNkCs2W9TLJEFNJs+TWBjOUI4cocwIdythA2ooQxdR0YUQLL68TBoXlcCvBHeX5Wr1aRZHAY7hBM4ggCuowi3UoA4MJDzDK7x5D96L9+59zFpXvHmER/AH3ucPnwuQFQ==</latexit>

• Change of variables: (x, y) $ (z, ⌧)
<latexit sha1_base64="rqJyDJx5SciOmA+4BOEA9XWc0CM=">AAACB3icbZBLSwMxFIUz9VXra9SlIMEitFDKjAi6LLhxWcE+oDOUTJppQzMPkjvqOBRcuPGvuHGhiFv/gjv/jeljoa0HAh/n3JDc48WCK7CsbyO3tLyyupZfL2xsbm3vmLt7TRUlkrIGjUQk2x5RTPCQNYCDYO1YMhJ4grW84cU4b90wqXgUXkMaMzcg/ZD7nBLQVtc8LN1V0jJ2BPNB8v4AiJTRLS7dVxwgSblrFq2qNRFeBHsGRTRTvWt+Ob2IJgELgQqiVMe2YnAzIoFTwUYFJ1EsJnRI+qyjMSQBU2422WOEj7XTw34k9QkBT9zfNzISKJUGnp4MCAzUfDY2/8s6CfjnbsbDOAEW0ulDfiIwRHhcCu5xySiIVAOhkuu/YjogklDQ1RV0Cfb8yovQPKnaVtW+Oi3Wag/TOvLoAB2hErLRGaqhS1RHDUTRI3pGr+jNeDJejHfjYzqaM2YV7qM/Mj5/AKvMmPA=</latexit><latexit sha1_base64="rqJyDJx5SciOmA+4BOEA9XWc0CM=">AAACB3icbZBLSwMxFIUz9VXra9SlIMEitFDKjAi6LLhxWcE+oDOUTJppQzMPkjvqOBRcuPGvuHGhiFv/gjv/jeljoa0HAh/n3JDc48WCK7CsbyO3tLyyupZfL2xsbm3vmLt7TRUlkrIGjUQk2x5RTPCQNYCDYO1YMhJ4grW84cU4b90wqXgUXkMaMzcg/ZD7nBLQVtc8LN1V0jJ2BPNB8v4AiJTRLS7dVxwgSblrFq2qNRFeBHsGRTRTvWt+Ob2IJgELgQqiVMe2YnAzIoFTwUYFJ1EsJnRI+qyjMSQBU2422WOEj7XTw34k9QkBT9zfNzISKJUGnp4MCAzUfDY2/8s6CfjnbsbDOAEW0ulDfiIwRHhcCu5xySiIVAOhkuu/YjogklDQ1RV0Cfb8yovQPKnaVtW+Oi3Wag/TOvLoAB2hErLRGaqhS1RHDUTRI3pGr+jNeDJejHfjYzqaM2YV7qM/Mj5/AKvMmPA=</latexit><latexit sha1_base64="rqJyDJx5SciOmA+4BOEA9XWc0CM=">AAACB3icbZBLSwMxFIUz9VXra9SlIMEitFDKjAi6LLhxWcE+oDOUTJppQzMPkjvqOBRcuPGvuHGhiFv/gjv/jeljoa0HAh/n3JDc48WCK7CsbyO3tLyyupZfL2xsbm3vmLt7TRUlkrIGjUQk2x5RTPCQNYCDYO1YMhJ4grW84cU4b90wqXgUXkMaMzcg/ZD7nBLQVtc8LN1V0jJ2BPNB8v4AiJTRLS7dVxwgSblrFq2qNRFeBHsGRTRTvWt+Ob2IJgELgQqiVMe2YnAzIoFTwUYFJ1EsJnRI+qyjMSQBU2422WOEj7XTw34k9QkBT9zfNzISKJUGnp4MCAzUfDY2/8s6CfjnbsbDOAEW0ulDfiIwRHhcCu5xySiIVAOhkuu/YjogklDQ1RV0Cfb8yovQPKnaVtW+Oi3Wag/TOvLoAB2hErLRGaqhS1RHDUTRI3pGr+jNeDJejHfjYzqaM2YV7qM/Mj5/AKvMmPA=</latexit><latexit sha1_base64="rqJyDJx5SciOmA+4BOEA9XWc0CM=">AAACB3icbZBLSwMxFIUz9VXra9SlIMEitFDKjAi6LLhxWcE+oDOUTJppQzMPkjvqOBRcuPGvuHGhiFv/gjv/jeljoa0HAh/n3JDc48WCK7CsbyO3tLyyupZfL2xsbm3vmLt7TRUlkrIGjUQk2x5RTPCQNYCDYO1YMhJ4grW84cU4b90wqXgUXkMaMzcg/ZD7nBLQVtc8LN1V0jJ2BPNB8v4AiJTRLS7dVxwgSblrFq2qNRFeBHsGRTRTvWt+Ob2IJgELgQqiVMe2YnAzIoFTwUYFJ1EsJnRI+qyjMSQBU2422WOEj7XTw34k9QkBT9zfNzISKJUGnp4MCAzUfDY2/8s6CfjnbsbDOAEW0ulDfiIwRHhcCu5xySiIVAOhkuu/YjogklDQ1RV0Cfb8yovQPKnaVtW+Oi3Wag/TOvLoAB2hErLRGaqhS1RHDUTRI3pGr+jNeDJejHfjYzqaM2YV7qM/Mj5/AKvMmPA=</latexit>

z =

p
a13a24
4K(�)

Z 1�x

a1

d�

⇠
<latexit sha1_base64="L+kFa+HB3mnHVwdO6cn5SBN1EBY="></latexit><latexit sha1_base64="L+kFa+HB3mnHVwdO6cn5SBN1EBY="></latexit><latexit sha1_base64="L+kFa+HB3mnHVwdO6cn5SBN1EBY="></latexit><latexit sha1_base64="L+kFa+HB3mnHVwdO6cn5SBN1EBY="></latexit>

⌧ = i
K(1� �)

K(�)
<latexit sha1_base64="4uERuxKJRFJCczoxyy9X00j4AaI=">AAACInicbZDLSsNAFIYn9VbrLerSTbAIFbQkIqgLoeBGcFPBXqAJZTKdtENnkjBzIpYQ8E3c+CpuXCjqSvBhnF6QWv1h4Oc7Z87M+f2YMwW2/Wnk5uYXFpfyy4WV1bX1DXNzq66iRBJaIxGPZNPHinIW0how4LQZS4qFz2nD718M641bKhWLwhsYxNQTuBuygBEMGrXNMxdwcs7cAzeQmKQu0DuQIr3KSs6hy/WcDt7PpvEPbJtFu2yPZP01zsQU0UTVtvnudiKSCBoC4ViplmPH4KVYAiOcZgU3UTTGpI+7tKVtiAVVXjpaMbP2NOlYQST1CcEa0ekbKRZKDYSvOwWGnpqtDeF/tVYCwamXsjBOgIZk/FCQcAsia5iX1WGSEuADbTCRTP/VIj2sswKdakGH4Myu/NfUj8qOXXauj4uVyv04jjzaQbuohBx0giroElVRDRH0gJ7QC3o1Ho1n4834GLfmjEmE2+iXjK9vQ+elHw==</latexit><latexit sha1_base64="4uERuxKJRFJCczoxyy9X00j4AaI=">AAACInicbZDLSsNAFIYn9VbrLerSTbAIFbQkIqgLoeBGcFPBXqAJZTKdtENnkjBzIpYQ8E3c+CpuXCjqSvBhnF6QWv1h4Oc7Z87M+f2YMwW2/Wnk5uYXFpfyy4WV1bX1DXNzq66iRBJaIxGPZNPHinIW0how4LQZS4qFz2nD718M641bKhWLwhsYxNQTuBuygBEMGrXNMxdwcs7cAzeQmKQu0DuQIr3KSs6hy/WcDt7PpvEPbJtFu2yPZP01zsQU0UTVtvnudiKSCBoC4ViplmPH4KVYAiOcZgU3UTTGpI+7tKVtiAVVXjpaMbP2NOlYQST1CcEa0ekbKRZKDYSvOwWGnpqtDeF/tVYCwamXsjBOgIZk/FCQcAsia5iX1WGSEuADbTCRTP/VIj2sswKdakGH4Myu/NfUj8qOXXauj4uVyv04jjzaQbuohBx0giroElVRDRH0gJ7QC3o1Ho1n4834GLfmjEmE2+iXjK9vQ+elHw==</latexit><latexit sha1_base64="4uERuxKJRFJCczoxyy9X00j4AaI=">AAACInicbZDLSsNAFIYn9VbrLerSTbAIFbQkIqgLoeBGcFPBXqAJZTKdtENnkjBzIpYQ8E3c+CpuXCjqSvBhnF6QWv1h4Oc7Z87M+f2YMwW2/Wnk5uYXFpfyy4WV1bX1DXNzq66iRBJaIxGPZNPHinIW0how4LQZS4qFz2nD718M641bKhWLwhsYxNQTuBuygBEMGrXNMxdwcs7cAzeQmKQu0DuQIr3KSs6hy/WcDt7PpvEPbJtFu2yPZP01zsQU0UTVtvnudiKSCBoC4ViplmPH4KVYAiOcZgU3UTTGpI+7tKVtiAVVXjpaMbP2NOlYQST1CcEa0ekbKRZKDYSvOwWGnpqtDeF/tVYCwamXsjBOgIZk/FCQcAsia5iX1WGSEuADbTCRTP/VIj2sswKdakGH4Myu/NfUj8qOXXauj4uVyv04jjzaQbuohBx0giroElVRDRH0gJ7QC3o1Ho1n4834GLfmjEmE2+iXjK9vQ+elHw==</latexit><latexit sha1_base64="4uERuxKJRFJCczoxyy9X00j4AaI=">AAACInicbZDLSsNAFIYn9VbrLerSTbAIFbQkIqgLoeBGcFPBXqAJZTKdtENnkjBzIpYQ8E3c+CpuXCjqSvBhnF6QWv1h4Oc7Z87M+f2YMwW2/Wnk5uYXFpfyy4WV1bX1DXNzq66iRBJaIxGPZNPHinIW0how4LQZS4qFz2nD718M641bKhWLwhsYxNQTuBuygBEMGrXNMxdwcs7cAzeQmKQu0DuQIr3KSs6hy/WcDt7PpvEPbJtFu2yPZP01zsQU0UTVtvnudiKSCBoC4ViplmPH4KVYAiOcZgU3UTTGpI+7tKVtiAVVXjpaMbP2NOlYQST1CcEa0ekbKRZKDYSvOwWGnpqtDeF/tVYCwamXsjBOgIZk/FCQcAsia5iX1WGSEuADbTCRTP/VIj2sswKdakGH4Myu/NfUj8qOXXauj4uVyv04jjzaQbuohBx0giroElVRDRH0gJ7QC3o1Ho1n4834GLfmjEmE2+iXjK9vQ+elHw==</latexit>

� ⌘ a14a23
a13a24

<latexit sha1_base64="f4laHmtaGxgn/O5R9C6LpqR/i9k=">AAACF3icbVBNS8MwGE79nPOr6tFLcAieSrsN9Djw4nGC+4C1lDRNt7A0rUk6GKXgj/DiX/HiQRGvevPfmHU76OYDCc/7vM9L8j5ByqhUtv1trK1vbG5tV3aqu3v7B4fm0XFXJpnApIMTloh+gCRhlJOOooqRfioIigNGesH4etbvTYiQNOF3apoSL0ZDTiOKkdKSb1ou0+YQueQ+oxM3EgjnyM+dZqHveqMoyqpRVs2i8M2abdkl4CpxFqQGFmj75pcbJjiLCVeYISkHjp0qL0dCUcxIUXUzSVKEx2hIBppyFBPp5eVeBTzXSgijROjDFSzV3xM5iqWcxoF2xkiN5HJvJv7XG2QquvJyytNMEY7nD0UZgyqBs5BgSAXBik01QVhQ/VeIR0hno3SUVR2Cs7zyKunWLce2nNtmrdV6mMdRAafgDFwAB1yCFrgBbdABGDyCZ/AK3own48V4Nz7m1jVjEeEJ+APj8wegCaCU</latexit><latexit sha1_base64="f4laHmtaGxgn/O5R9C6LpqR/i9k=">AAACF3icbVBNS8MwGE79nPOr6tFLcAieSrsN9Djw4nGC+4C1lDRNt7A0rUk6GKXgj/DiX/HiQRGvevPfmHU76OYDCc/7vM9L8j5ByqhUtv1trK1vbG5tV3aqu3v7B4fm0XFXJpnApIMTloh+gCRhlJOOooqRfioIigNGesH4etbvTYiQNOF3apoSL0ZDTiOKkdKSb1ou0+YQueQ+oxM3EgjnyM+dZqHveqMoyqpRVs2i8M2abdkl4CpxFqQGFmj75pcbJjiLCVeYISkHjp0qL0dCUcxIUXUzSVKEx2hIBppyFBPp5eVeBTzXSgijROjDFSzV3xM5iqWcxoF2xkiN5HJvJv7XG2QquvJyytNMEY7nD0UZgyqBs5BgSAXBik01QVhQ/VeIR0hno3SUVR2Cs7zyKunWLce2nNtmrdV6mMdRAafgDFwAB1yCFrgBbdABGDyCZ/AK3own48V4Nz7m1jVjEeEJ+APj8wegCaCU</latexit><latexit sha1_base64="f4laHmtaGxgn/O5R9C6LpqR/i9k=">AAACF3icbVBNS8MwGE79nPOr6tFLcAieSrsN9Djw4nGC+4C1lDRNt7A0rUk6GKXgj/DiX/HiQRGvevPfmHU76OYDCc/7vM9L8j5ByqhUtv1trK1vbG5tV3aqu3v7B4fm0XFXJpnApIMTloh+gCRhlJOOooqRfioIigNGesH4etbvTYiQNOF3apoSL0ZDTiOKkdKSb1ou0+YQueQ+oxM3EgjnyM+dZqHveqMoyqpRVs2i8M2abdkl4CpxFqQGFmj75pcbJjiLCVeYISkHjp0qL0dCUcxIUXUzSVKEx2hIBppyFBPp5eVeBTzXSgijROjDFSzV3xM5iqWcxoF2xkiN5HJvJv7XG2QquvJyytNMEY7nD0UZgyqBs5BgSAXBik01QVhQ/VeIR0hno3SUVR2Cs7zyKunWLce2nNtmrdV6mMdRAafgDFwAB1yCFrgBbdABGDyCZ/AK3own48V4Nz7m1jVjEeEJ+APj8wegCaCU</latexit><latexit sha1_base64="f4laHmtaGxgn/O5R9C6LpqR/i9k=">AAACF3icbVBNS8MwGE79nPOr6tFLcAieSrsN9Djw4nGC+4C1lDRNt7A0rUk6GKXgj/DiX/HiQRGvevPfmHU76OYDCc/7vM9L8j5ByqhUtv1trK1vbG5tV3aqu3v7B4fm0XFXJpnApIMTloh+gCRhlJOOooqRfioIigNGesH4etbvTYiQNOF3apoSL0ZDTiOKkdKSb1ou0+YQueQ+oxM3EgjnyM+dZqHveqMoyqpRVs2i8M2abdkl4CpxFqQGFmj75pcbJjiLCVeYISkHjp0qL0dCUcxIUXUzSVKEx2hIBppyFBPp5eVeBTzXSgijROjDFSzV3xM5iqWcxoF2xkiN5HJvJv7XG2QquvJyytNMEY7nD0UZgyqBs5BgSAXBik01QVhQ/VeIR0hno3SUVR2Cs7zyKunWLce2nNtmrdV6mMdRAafgDFwAB1yCFrgBbdABGDyCZ/AK3own48V4Nz7m1jVjEeEJ+APj8wegCaCU</latexit>

⇠2 = (�+ y)(�+ 1/y)
�
�2 + �y � 4�+ �/y + 1

�
<latexit sha1_base64="K1pmqexW+BgKWq8//SaVvQJF/sw="></latexit><latexit sha1_base64="K1pmqexW+BgKWq8//SaVvQJF/sw="></latexit><latexit sha1_base64="K1pmqexW+BgKWq8//SaVvQJF/sw="></latexit><latexit sha1_base64="K1pmqexW+BgKWq8//SaVvQJF/sw="></latexit>

= (�� a1) . . . (�� a4)
<latexit sha1_base64="3Qj/d9yp7M5Qh7JN2qDVy9wkgfY=">AAACBHicbVDLSgMxFM34rPU16rKbYBHahWVGCroRCm5cVrAP6AxDJpNpQzPJkGSEMhR046+4caGIWz/CnX9j+hC09cCFk3PuJfeeMGVUacf5slZW19Y3Ngtbxe2d3b19++CwrUQmMWlhwYTshkgRRjlpaaoZ6aaSoCRkpBMOryZ+545IRQW/1aOU+AnqcxpTjLSRArt0WfHwgJ6iwK16LBJa/bzr1cAuOzVnCrhM3Dkpgzmagf3pRQJnCeEaM6RUz3VS7edIaooZGRe9TJEU4SHqk56hHCVE+fn0iDE8MUoEYyFNcQ2n6u+JHCVKjZLQdCZID9SiNxH/83qZji/8nPI004Tj2UdxxqAWcJIIjKgkWLORIQhLanaFeIAkwtrkVjQhuIsnL5P2Wc11au5Nvdxo3M/iKIASOAYV4IJz0ADXoAlaAIMH8ARewKv1aD1bb9b7rHXFmkd4BP7A+vgGRluW9w==</latexit><latexit sha1_base64="3Qj/d9yp7M5Qh7JN2qDVy9wkgfY=">AAACBHicbVDLSgMxFM34rPU16rKbYBHahWVGCroRCm5cVrAP6AxDJpNpQzPJkGSEMhR046+4caGIWz/CnX9j+hC09cCFk3PuJfeeMGVUacf5slZW19Y3Ngtbxe2d3b19++CwrUQmMWlhwYTshkgRRjlpaaoZ6aaSoCRkpBMOryZ+545IRQW/1aOU+AnqcxpTjLSRArt0WfHwgJ6iwK16LBJa/bzr1cAuOzVnCrhM3Dkpgzmagf3pRQJnCeEaM6RUz3VS7edIaooZGRe9TJEU4SHqk56hHCVE+fn0iDE8MUoEYyFNcQ2n6u+JHCVKjZLQdCZID9SiNxH/83qZji/8nPI004Tj2UdxxqAWcJIIjKgkWLORIQhLanaFeIAkwtrkVjQhuIsnL5P2Wc11au5Nvdxo3M/iKIASOAYV4IJz0ADXoAlaAIMH8ARewKv1aD1bb9b7rHXFmkd4BP7A+vgGRluW9w==</latexit><latexit sha1_base64="3Qj/d9yp7M5Qh7JN2qDVy9wkgfY=">AAACBHicbVDLSgMxFM34rPU16rKbYBHahWVGCroRCm5cVrAP6AxDJpNpQzPJkGSEMhR046+4caGIWz/CnX9j+hC09cCFk3PuJfeeMGVUacf5slZW19Y3Ngtbxe2d3b19++CwrUQmMWlhwYTshkgRRjlpaaoZ6aaSoCRkpBMOryZ+545IRQW/1aOU+AnqcxpTjLSRArt0WfHwgJ6iwK16LBJa/bzr1cAuOzVnCrhM3Dkpgzmagf3pRQJnCeEaM6RUz3VS7edIaooZGRe9TJEU4SHqk56hHCVE+fn0iDE8MUoEYyFNcQ2n6u+JHCVKjZLQdCZID9SiNxH/83qZji/8nPI004Tj2UdxxqAWcJIIjKgkWLORIQhLanaFeIAkwtrkVjQhuIsnL5P2Wc11au5Nvdxo3M/iKIASOAYV4IJz0ADXoAlaAIMH8ARewKv1aD1bb9b7rHXFmkd4BP7A+vgGRluW9w==</latexit><latexit sha1_base64="3Qj/d9yp7M5Qh7JN2qDVy9wkgfY=">AAACBHicbVDLSgMxFM34rPU16rKbYBHahWVGCroRCm5cVrAP6AxDJpNpQzPJkGSEMhR046+4caGIWz/CnX9j+hC09cCFk3PuJfeeMGVUacf5slZW19Y3Ngtbxe2d3b19++CwrUQmMWlhwYTshkgRRjlpaaoZ6aaSoCRkpBMOryZ+545IRQW/1aOU+AnqcxpTjLSRArt0WfHwgJ6iwK16LBJa/bzr1cAuOzVnCrhM3Dkpgzmagf3pRQJnCeEaM6RUz3VS7edIaooZGRe9TJEU4SHqk56hHCVE+fn0iDE8MUoEYyFNcQ2n6u+JHCVKjZLQdCZID9SiNxH/83qZji/8nPI004Tj2UdxxqAWcJIIjKgkWLORIQhLanaFeIAkwtrkVjQhuIsnL5P2Wc11au5Nvdxo3M/iKIASOAYV4IJz0ADXoAlaAIMH8ARewKv1aD1bb9b7rHXFmkd4BP7A+vgGRluW9w==</latexit>

0
<latexit sha1_base64="uKd9vUCVc0ptyBs+gl9KEJrJAC8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz9044ym</latexit><latexit sha1_base64="uKd9vUCVc0ptyBs+gl9KEJrJAC8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz9044ym</latexit><latexit sha1_base64="uKd9vUCVc0ptyBs+gl9KEJrJAC8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz9044ym</latexit><latexit sha1_base64="uKd9vUCVc0ptyBs+gl9KEJrJAC8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz9044ym</latexit>

1

2
<latexit sha1_base64="fQRoeypd8TbOAkDiJZztE1YILwU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2A9IQ9lsN+3SzSbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWNUmmGe+wRCa6H1LDpVC8gwIl76ea0ziUvBdO7xZ+74lrIxL1iLOUBzEdKxEJRtFK/iDSlOXePG/Mh9WaW3eXIJvEK0gNCrSH1a/BKGFZzBUySY3xPTfFIKcaBZN8XhlkhqeUTemY+5YqGnMT5MuT5+TKKiMSJdqWQrJUf0/kNDZmFoe2M6Y4MeveQvzP8zOMboNcqDRDrthqUZRJgglZ/E9GQnOGcmYJZVrYWwmbUJsC2pQqNgRv/eVN0m3UPbfuPTRrrWYRRxku4BKuwYMbaME9tKEDDBJ4hld4c9B5cd6dj1VrySlmzuEPnM8fNQqRJQ==</latexit><latexit sha1_base64="fQRoeypd8TbOAkDiJZztE1YILwU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2A9IQ9lsN+3SzSbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWNUmmGe+wRCa6H1LDpVC8gwIl76ea0ziUvBdO7xZ+74lrIxL1iLOUBzEdKxEJRtFK/iDSlOXePG/Mh9WaW3eXIJvEK0gNCrSH1a/BKGFZzBUySY3xPTfFIKcaBZN8XhlkhqeUTemY+5YqGnMT5MuT5+TKKiMSJdqWQrJUf0/kNDZmFoe2M6Y4MeveQvzP8zOMboNcqDRDrthqUZRJgglZ/E9GQnOGcmYJZVrYWwmbUJsC2pQqNgRv/eVN0m3UPbfuPTRrrWYRRxku4BKuwYMbaME9tKEDDBJ4hld4c9B5cd6dj1VrySlmzuEPnM8fNQqRJQ==</latexit><latexit sha1_base64="fQRoeypd8TbOAkDiJZztE1YILwU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2A9IQ9lsN+3SzSbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWNUmmGe+wRCa6H1LDpVC8gwIl76ea0ziUvBdO7xZ+74lrIxL1iLOUBzEdKxEJRtFK/iDSlOXePG/Mh9WaW3eXIJvEK0gNCrSH1a/BKGFZzBUySY3xPTfFIKcaBZN8XhlkhqeUTemY+5YqGnMT5MuT5+TKKiMSJdqWQrJUf0/kNDZmFoe2M6Y4MeveQvzP8zOMboNcqDRDrthqUZRJgglZ/E9GQnOGcmYJZVrYWwmbUJsC2pQqNgRv/eVN0m3UPbfuPTRrrWYRRxku4BKuwYMbaME9tKEDDBJ4hld4c9B5cd6dj1VrySlmzuEPnM8fNQqRJQ==</latexit><latexit sha1_base64="fQRoeypd8TbOAkDiJZztE1YILwU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2A9IQ9lsN+3SzSbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWNUmmGe+wRCa6H1LDpVC8gwIl76ea0ziUvBdO7xZ+74lrIxL1iLOUBzEdKxEJRtFK/iDSlOXePG/Mh9WaW3eXIJvEK0gNCrSH1a/BKGFZzBUySY3xPTfFIKcaBZN8XhlkhqeUTemY+5YqGnMT5MuT5+TKKiMSJdqWQrJUf0/kNDZmFoe2M6Y4MeveQvzP8zOMboNcqDRDrthqUZRJgglZ/E9GQnOGcmYJZVrYWwmbUJsC2pQqNgRv/eVN0m3UPbfuPTRrrWYRRxku4BKuwYMbaME9tKEDDBJ4hld4c9B5cd6dj1VrySlmzuEPnM8fNQqRJQ==</latexit>

1

4
<latexit sha1_base64="+N4ktLGqIHZpiXk9A5kWqhtYYDg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fjw4rGC/YA0lM120y7dbMLuRCghP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7G5tb2zW9mr7h8cHh3XTk67Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98Lp3dzvPXFtRKIecZbyIKZjJSLBKFrJH0Sastwr8mYxrNXdhrsAWSdeSepQoj2sfQ1GCctirpBJaozvuSkGOdUomORFdZAZnlI2pWPuW6pozE2QL04uyKVVRiRKtC2FZKH+nshpbMwsDm1nTHFiVr25+J/nZxjdBrlQaYZcseWiKJMEEzL/n4yE5gzlzBLKtLC3EjahNgW0KVVtCN7qy+uke93w3Ib30Ky3mmUcFTiHC7gCD26gBffQhg4wSOAZXuHNQefFeXc+lq0bTjlzBn/gfP4AOBSRJw==</latexit><latexit sha1_base64="+N4ktLGqIHZpiXk9A5kWqhtYYDg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fjw4rGC/YA0lM120y7dbMLuRCghP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7G5tb2zW9mr7h8cHh3XTk67Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98Lp3dzvPXFtRKIecZbyIKZjJSLBKFrJH0Sastwr8mYxrNXdhrsAWSdeSepQoj2sfQ1GCctirpBJaozvuSkGOdUomORFdZAZnlI2pWPuW6pozE2QL04uyKVVRiRKtC2FZKH+nshpbMwsDm1nTHFiVr25+J/nZxjdBrlQaYZcseWiKJMEEzL/n4yE5gzlzBLKtLC3EjahNgW0KVVtCN7qy+uke93w3Ib30Ky3mmUcFTiHC7gCD26gBffQhg4wSOAZXuHNQefFeXc+lq0bTjlzBn/gfP4AOBSRJw==</latexit><latexit sha1_base64="+N4ktLGqIHZpiXk9A5kWqhtYYDg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fjw4rGC/YA0lM120y7dbMLuRCghP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7G5tb2zW9mr7h8cHh3XTk67Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98Lp3dzvPXFtRKIecZbyIKZjJSLBKFrJH0Sastwr8mYxrNXdhrsAWSdeSepQoj2sfQ1GCctirpBJaozvuSkGOdUomORFdZAZnlI2pWPuW6pozE2QL04uyKVVRiRKtC2FZKH+nshpbMwsDm1nTHFiVr25+J/nZxjdBrlQaYZcseWiKJMEEzL/n4yE5gzlzBLKtLC3EjahNgW0KVVtCN7qy+uke93w3Ib30Ky3mmUcFTiHC7gCD26gBffQhg4wSOAZXuHNQefFeXc+lq0bTjlzBn/gfP4AOBSRJw==</latexit><latexit sha1_base64="+N4ktLGqIHZpiXk9A5kWqhtYYDg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fjw4rGC/YA0lM120y7dbMLuRCghP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7G5tb2zW9mr7h8cHh3XTk67Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98Lp3dzvPXFtRKIecZbyIKZjJSLBKFrJH0Sastwr8mYxrNXdhrsAWSdeSepQoj2sfQ1GCctirpBJaozvuSkGOdUomORFdZAZnlI2pWPuW6pozE2QL04uyKVVRiRKtC2FZKH+nshpbMwsDm1nTHFiVr25+J/nZxjdBrlQaYZcseWiKJMEEzL/n4yE5gzlzBLKtLC3EjahNgW0KVVtCN7qy+uke93w3Ib30Ky3mmUcFTiHC7gCD26gBffQhg4wSOAZXuHNQefFeXc+lq0bTjlzBn/gfP4AOBSRJw==</latexit>

3

4
<latexit sha1_base64="NpOgwfY2c/5Q46+R+zyrC9Wmqis=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48V7Ae0oWy2m3bpJht2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pGJVqxttMSaV7ATVcipi3UaDkvURzGgWSd4Pp3dzvPnFthIofcZZwP6LjWISCUbRSfxBqyrLrPGvkw2rNrbsLkHXiFaQGBVrD6tdgpFga8RiZpMb0PTdBP6MaBZM8rwxSwxPKpnTM+5bGNOLGzxYn5+TCKiMSKm0rRrJQf09kNDJmFgW2M6I4MaveXPzP66cY3vqZiJMUecyWi8JUElRk/j8ZCc0ZypkllGlhbyVsQm0KaFOq2BC81ZfXSeeq7rl176FRazaKOMpwBudwCR7cQBPuoQVtYKDgGV7hzUHnxXl3PpatJaeYOYU/cD5/ADskkSk=</latexit><latexit sha1_base64="NpOgwfY2c/5Q46+R+zyrC9Wmqis=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48V7Ae0oWy2m3bpJht2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pGJVqxttMSaV7ATVcipi3UaDkvURzGgWSd4Pp3dzvPnFthIofcZZwP6LjWISCUbRSfxBqyrLrPGvkw2rNrbsLkHXiFaQGBVrD6tdgpFga8RiZpMb0PTdBP6MaBZM8rwxSwxPKpnTM+5bGNOLGzxYn5+TCKiMSKm0rRrJQf09kNDJmFgW2M6I4MaveXPzP66cY3vqZiJMUecyWi8JUElRk/j8ZCc0ZypkllGlhbyVsQm0KaFOq2BC81ZfXSeeq7rl176FRazaKOMpwBudwCR7cQBPuoQVtYKDgGV7hzUHnxXl3PpatJaeYOYU/cD5/ADskkSk=</latexit><latexit sha1_base64="NpOgwfY2c/5Q46+R+zyrC9Wmqis=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48V7Ae0oWy2m3bpJht2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pGJVqxttMSaV7ATVcipi3UaDkvURzGgWSd4Pp3dzvPnFthIofcZZwP6LjWISCUbRSfxBqyrLrPGvkw2rNrbsLkHXiFaQGBVrD6tdgpFga8RiZpMb0PTdBP6MaBZM8rwxSwxPKpnTM+5bGNOLGzxYn5+TCKiMSKm0rRrJQf09kNDJmFgW2M6I4MaveXPzP66cY3vqZiJMUecyWi8JUElRk/j8ZCc0ZypkllGlhbyVsQm0KaFOq2BC81ZfXSeeq7rl176FRazaKOMpwBudwCR7cQBPuoQVtYKDgGV7hzUHnxXl3PpatJaeYOYU/cD5/ADskkSk=</latexit><latexit sha1_base64="NpOgwfY2c/5Q46+R+zyrC9Wmqis=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48V7Ae0oWy2m3bpJht2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pGJVqxttMSaV7ATVcipi3UaDkvURzGgWSd4Pp3dzvPnFthIofcZZwP6LjWISCUbRSfxBqyrLrPGvkw2rNrbsLkHXiFaQGBVrD6tdgpFga8RiZpMb0PTdBP6MaBZM8rwxSwxPKpnTM+5bGNOLGzxYn5+TCKiMSKm0rRrJQf09kNDJmFgW2M6I4MaveXPzP66cY3vqZiJMUecyWi8JUElRk/j8ZCc0ZypkllGlhbyVsQm0KaFOq2BC81ZfXSeeq7rl176FRazaKOMpwBudwCR7cQBPuoQVtYKDgGV7hzUHnxXl3PpatJaeYOYU/cD5/ADskkSk=</latexit>

⌧

2
<latexit sha1_base64="dze6Hlwg8BSBSP4/+MI/IW9r220=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA/IrmF2MpsMmX0w06uEZf/DiwdFvPov3vwbJ8keNLGgoajqprvLT6TQaNvfVmljc2t7p7xb2ds/ODyqHp90dZwqxjsslrHq+1RzKSLeQYGS9xPFaehL3vOnN3O/98iVFnF0j7OEeyEdRyIQjKKRHtxAUZa5SNM8a+TDas2u2wuQdeIUpAYF2sPqlzuKWRryCJmkWg8cO0EvowoFkzyvuKnmCWVTOuYDQyMacu1li6tzcmGUEQliZSpCslB/T2Q01HoW+qYzpDjRq95c/M8bpBhce5mIkhR5xJaLglQSjMk8AjISijOUM0MoU8LcStiEmiDQBFUxITirL6+TbqPu2HXnrllrNYs4ynAG53AJDlxBC26hDR1goOAZXuHNerJerHfrY9lasoqZU/gD6/MH6PSSuA==</latexit><latexit sha1_base64="dze6Hlwg8BSBSP4/+MI/IW9r220=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA/IrmF2MpsMmX0w06uEZf/DiwdFvPov3vwbJ8keNLGgoajqprvLT6TQaNvfVmljc2t7p7xb2ds/ODyqHp90dZwqxjsslrHq+1RzKSLeQYGS9xPFaehL3vOnN3O/98iVFnF0j7OEeyEdRyIQjKKRHtxAUZa5SNM8a+TDas2u2wuQdeIUpAYF2sPqlzuKWRryCJmkWg8cO0EvowoFkzyvuKnmCWVTOuYDQyMacu1li6tzcmGUEQliZSpCslB/T2Q01HoW+qYzpDjRq95c/M8bpBhce5mIkhR5xJaLglQSjMk8AjISijOUM0MoU8LcStiEmiDQBFUxITirL6+TbqPu2HXnrllrNYs4ynAG53AJDlxBC26hDR1goOAZXuHNerJerHfrY9lasoqZU/gD6/MH6PSSuA==</latexit><latexit sha1_base64="dze6Hlwg8BSBSP4/+MI/IW9r220=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA/IrmF2MpsMmX0w06uEZf/DiwdFvPov3vwbJ8keNLGgoajqprvLT6TQaNvfVmljc2t7p7xb2ds/ODyqHp90dZwqxjsslrHq+1RzKSLeQYGS9xPFaehL3vOnN3O/98iVFnF0j7OEeyEdRyIQjKKRHtxAUZa5SNM8a+TDas2u2wuQdeIUpAYF2sPqlzuKWRryCJmkWg8cO0EvowoFkzyvuKnmCWVTOuYDQyMacu1li6tzcmGUEQliZSpCslB/T2Q01HoW+qYzpDjRq95c/M8bpBhce5mIkhR5xJaLglQSjMk8AjISijOUM0MoU8LcStiEmiDQBFUxITirL6+TbqPu2HXnrllrNYs4ynAG53AJDlxBC26hDR1goOAZXuHNerJerHfrY9lasoqZU/gD6/MH6PSSuA==</latexit><latexit sha1_base64="dze6Hlwg8BSBSP4/+MI/IW9r220=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA/IrmF2MpsMmX0w06uEZf/DiwdFvPov3vwbJ8keNLGgoajqprvLT6TQaNvfVmljc2t7p7xb2ds/ODyqHp90dZwqxjsslrHq+1RzKSLeQYGS9xPFaehL3vOnN3O/98iVFnF0j7OEeyEdRyIQjKKRHtxAUZa5SNM8a+TDas2u2wuQdeIUpAYF2sPqlzuKWRryCJmkWg8cO0EvowoFkzyvuKnmCWVTOuYDQyMacu1li6tzcmGUEQliZSpCslB/T2Q01HoW+qYzpDjRq95c/M8bpBhce5mIkhR5xJaLglQSjMk8AjISijOUM0MoU8LcStiEmiDQBFUxITirL6+TbqPu2HXnrllrNYs4ynAG53AJDlxBC26hDR1goOAZXuHNerJerHfrY9lasoqZU/gD6/MH6PSSuA==</latexit>

1

2
+

⌧

2
<latexit sha1_base64="xEL8h+BCKJzm8+IoKfFYB6ombIE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLIAglKQVdFty4rGAv0IQymU7aoZNJmJkIJRTc+CpuXCji1pdw59s4abPQ1h8GvvnPOcycP0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8edVScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG7yeveBSsVica+nCfUjPBIsZARrYw3sEy+UmGTuLKvPLhfsaZzm14FddWrOXGgV3AKqUKg1sL+8YUzSiApNOFaq7zqJ9jMsNSOczipeqmiCyQSPaN+gwBFVfjbfYYbOjTNEYSzNERrN3d8TGY6UmkaB6YywHqvlWm7+V+unOrz2MyaSVFNBFg+FKUc6RnkgaMgkJZpPDWAimfkrImNsgtAmtooJwV1eeRU69Zrr1Ny7RrXZKOIowymcwQW4cAVNuIUWtIHAIzzDK7xZT9aL9W59LFpLVjFzDH9kff4AOhiX1w==</latexit><latexit sha1_base64="xEL8h+BCKJzm8+IoKfFYB6ombIE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLIAglKQVdFty4rGAv0IQymU7aoZNJmJkIJRTc+CpuXCji1pdw59s4abPQ1h8GvvnPOcycP0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8edVScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG7yeveBSsVica+nCfUjPBIsZARrYw3sEy+UmGTuLKvPLhfsaZzm14FddWrOXGgV3AKqUKg1sL+8YUzSiApNOFaq7zqJ9jMsNSOczipeqmiCyQSPaN+gwBFVfjbfYYbOjTNEYSzNERrN3d8TGY6UmkaB6YywHqvlWm7+V+unOrz2MyaSVFNBFg+FKUc6RnkgaMgkJZpPDWAimfkrImNsgtAmtooJwV1eeRU69Zrr1Ny7RrXZKOIowymcwQW4cAVNuIUWtIHAIzzDK7xZT9aL9W59LFpLVjFzDH9kff4AOhiX1w==</latexit><latexit sha1_base64="xEL8h+BCKJzm8+IoKfFYB6ombIE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLIAglKQVdFty4rGAv0IQymU7aoZNJmJkIJRTc+CpuXCji1pdw59s4abPQ1h8GvvnPOcycP0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8edVScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG7yeveBSsVica+nCfUjPBIsZARrYw3sEy+UmGTuLKvPLhfsaZzm14FddWrOXGgV3AKqUKg1sL+8YUzSiApNOFaq7zqJ9jMsNSOczipeqmiCyQSPaN+gwBFVfjbfYYbOjTNEYSzNERrN3d8TGY6UmkaB6YywHqvlWm7+V+unOrz2MyaSVFNBFg+FKUc6RnkgaMgkJZpPDWAimfkrImNsgtAmtooJwV1eeRU69Zrr1Ny7RrXZKOIowymcwQW4cAVNuIUWtIHAIzzDK7xZT9aL9W59LFpLVjFzDH9kff4AOhiX1w==</latexit><latexit sha1_base64="xEL8h+BCKJzm8+IoKfFYB6ombIE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLIAglKQVdFty4rGAv0IQymU7aoZNJmJkIJRTc+CpuXCji1pdw59s4abPQ1h8GvvnPOcycP0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8edVScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG7yeveBSsVica+nCfUjPBIsZARrYw3sEy+UmGTuLKvPLhfsaZzm14FddWrOXGgV3AKqUKg1sL+8YUzSiApNOFaq7zqJ9jMsNSOczipeqmiCyQSPaN+gwBFVfjbfYYbOjTNEYSzNERrN3d8TGY6UmkaB6YywHqvlWm7+V+unOrz2MyaSVFNBFg+FKUc6RnkgaMgkJZpPDWAimfkrImNsgtAmtooJwV1eeRU69Zrr1Ny7RrXZKOIowymcwQW4cAVNuIUWtIHAIzzDK7xZT9aL9W59LFpLVjFzDH9kff4AOhiX1w==</latexit>

⌧
<latexit sha1_base64="Dk1kSmpn8/yAFc/1TZ8TK1W+hyU=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOZpMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzjLdYIhPTjajlUmjeQoGSd1PDqYok70STu9zvPHFjRaIfcZryUNGRFrFgFHOpjzQbVGt+3V+ArJOgIDUo0BxUv/rDhGWKa2SSWtsL/BTDGTUomOTzSj+zPKVsQke856imittwtrh1Ti6cMiRxYlxpJAv198SMKmunKnKdiuLYrnq5+J/XyzC+DWdCpxlyzZaL4kwSTEj+OBkKwxnKqSOUGeFuJWxMDWXo4qm4EILVl9dJ+6oe+PXg4brWuC7iKMMZnMMlBHADDbiHJrSAwRie4RXePOW9eO/ex7K15BUzp/AH3ucPHPeOOg==</latexit><latexit sha1_base64="Dk1kSmpn8/yAFc/1TZ8TK1W+hyU=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOZpMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzjLdYIhPTjajlUmjeQoGSd1PDqYok70STu9zvPHFjRaIfcZryUNGRFrFgFHOpjzQbVGt+3V+ArJOgIDUo0BxUv/rDhGWKa2SSWtsL/BTDGTUomOTzSj+zPKVsQke856imittwtrh1Ti6cMiRxYlxpJAv198SMKmunKnKdiuLYrnq5+J/XyzC+DWdCpxlyzZaL4kwSTEj+OBkKwxnKqSOUGeFuJWxMDWXo4qm4EILVl9dJ+6oe+PXg4brWuC7iKMMZnMMlBHADDbiHJrSAwRie4RXePOW9eO/ex7K15BUzp/AH3ucPHPeOOg==</latexit><latexit sha1_base64="Dk1kSmpn8/yAFc/1TZ8TK1W+hyU=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOZpMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzjLdYIhPTjajlUmjeQoGSd1PDqYok70STu9zvPHFjRaIfcZryUNGRFrFgFHOpjzQbVGt+3V+ArJOgIDUo0BxUv/rDhGWKa2SSWtsL/BTDGTUomOTzSj+zPKVsQke856imittwtrh1Ti6cMiRxYlxpJAv198SMKmunKnKdiuLYrnq5+J/XyzC+DWdCpxlyzZaL4kwSTEj+OBkKwxnKqSOUGeFuJWxMDWXo4qm4EILVl9dJ+6oe+PXg4brWuC7iKMMZnMMlBHADDbiHJrSAwRie4RXePOW9eO/ex7K15BUzp/AH3ucPHPeOOg==</latexit><latexit sha1_base64="Dk1kSmpn8/yAFc/1TZ8TK1W+hyU=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOZpMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzjLdYIhPTjajlUmjeQoGSd1PDqYok70STu9zvPHFjRaIfcZryUNGRFrFgFHOpjzQbVGt+3V+ArJOgIDUo0BxUv/rDhGWKa2SSWtsL/BTDGTUomOTzSj+zPKVsQke856imittwtrh1Ti6cMiRxYlxpJAv198SMKmunKnKdiuLYrnq5+J/XyzC+DWdCpxlyzZaL4kwSTEj+OBkKwxnKqSOUGeFuJWxMDWXo4qm4EILVl9dJ+6oe+PXg4brWuC7iKMMZnMMlBHADDbiHJrSAwRie4RXePOW9eO/ex7K15BUzp/AH3ucPHPeOOg==</latexit>

➡ Singularities all located at

z =
r

8
+

s

8
⌧

<latexit sha1_base64="uK1ye5upMzHHvU8B4AxAPRg/70I=">AAACBnicbZDLSsNAFIZP6q3WW9SlCMEiCEJJpGA3QsGNywr2Ak0ok+mkHTqZhJmJUENWbnwVNy4UceszuPNtnLRZaOsPAx//OYcz5/djRqWy7W+jtLK6tr5R3qxsbe/s7pn7Bx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pPrvN69J0LSiN+paUy8EI04DShGSlsD8/jhyg0EwqnI0kZ2PmeZs6tQMjCrds2eyVoGp4AqFGoNzC93GOEkJFxhhqTsO3asvBQJRTEjWcVNJIkRnqAR6WvkKCTSS2dnZNapdoZWEAn9uLJm7u+JFIVSTkNfd4ZIjeViLTf/q/UTFTS8lPI4UYTj+aIgYZaKrDwTa0gFwYpNNSAsqP6rhcdIJ6F0chUdgrN48jJ0LmqOXXNu69VmvYijDEdwAmfgwCU04QZa0AYMj/AMr/BmPBkvxrvxMW8tGcXMIfyR8fkDBiqZbA==</latexit><latexit sha1_base64="uK1ye5upMzHHvU8B4AxAPRg/70I=">AAACBnicbZDLSsNAFIZP6q3WW9SlCMEiCEJJpGA3QsGNywr2Ak0ok+mkHTqZhJmJUENWbnwVNy4UceszuPNtnLRZaOsPAx//OYcz5/djRqWy7W+jtLK6tr5R3qxsbe/s7pn7Bx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pPrvN69J0LSiN+paUy8EI04DShGSlsD8/jhyg0EwqnI0kZ2PmeZs6tQMjCrds2eyVoGp4AqFGoNzC93GOEkJFxhhqTsO3asvBQJRTEjWcVNJIkRnqAR6WvkKCTSS2dnZNapdoZWEAn9uLJm7u+JFIVSTkNfd4ZIjeViLTf/q/UTFTS8lPI4UYTj+aIgYZaKrDwTa0gFwYpNNSAsqP6rhcdIJ6F0chUdgrN48jJ0LmqOXXNu69VmvYijDEdwAmfgwCU04QZa0AYMj/AMr/BmPBkvxrvxMW8tGcXMIfyR8fkDBiqZbA==</latexit><latexit sha1_base64="uK1ye5upMzHHvU8B4AxAPRg/70I=">AAACBnicbZDLSsNAFIZP6q3WW9SlCMEiCEJJpGA3QsGNywr2Ak0ok+mkHTqZhJmJUENWbnwVNy4UceszuPNtnLRZaOsPAx//OYcz5/djRqWy7W+jtLK6tr5R3qxsbe/s7pn7Bx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pPrvN69J0LSiN+paUy8EI04DShGSlsD8/jhyg0EwqnI0kZ2PmeZs6tQMjCrds2eyVoGp4AqFGoNzC93GOEkJFxhhqTsO3asvBQJRTEjWcVNJIkRnqAR6WvkKCTSS2dnZNapdoZWEAn9uLJm7u+JFIVSTkNfd4ZIjeViLTf/q/UTFTS8lPI4UYTj+aIgYZaKrDwTa0gFwYpNNSAsqP6rhcdIJ6F0chUdgrN48jJ0LmqOXXNu69VmvYijDEdwAmfgwCU04QZa0AYMj/AMr/BmPBkvxrvxMW8tGcXMIfyR8fkDBiqZbA==</latexit><latexit sha1_base64="uK1ye5upMzHHvU8B4AxAPRg/70I=">AAACBnicbZDLSsNAFIZP6q3WW9SlCMEiCEJJpGA3QsGNywr2Ak0ok+mkHTqZhJmJUENWbnwVNy4UceszuPNtnLRZaOsPAx//OYcz5/djRqWy7W+jtLK6tr5R3qxsbe/s7pn7Bx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pPrvN69J0LSiN+paUy8EI04DShGSlsD8/jhyg0EwqnI0kZ2PmeZs6tQMjCrds2eyVoGp4AqFGoNzC93GOEkJFxhhqTsO3asvBQJRTEjWcVNJIkRnqAR6WvkKCTSS2dnZNapdoZWEAn9uLJm7u+JFIVSTkNfd4ZIjeViLTf/q/UTFTS8lPI4UYTj+aIgYZaKrDwTa0gFwYpNNSAsqP6rhcdIJ6F0chUdgrN48jJ0LmqOXXNu69VmvYijDEdwAmfgwCU04QZa0AYMj/AMr/BmPBkvxrvxMW8tGcXMIfyR8fkDBiqZbA==</latexit>

z
<latexit sha1_base64="oCAYtjJw99PyQ+7TjfQnEP3CphU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5QuM8A==</latexit><latexit sha1_base64="oCAYtjJw99PyQ+7TjfQnEP3CphU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5QuM8A==</latexit><latexit sha1_base64="oCAYtjJw99PyQ+7TjfQnEP3CphU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5QuM8A==</latexit><latexit sha1_base64="oCAYtjJw99PyQ+7TjfQnEP3CphU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5QuM8A==</latexit>



Conclusions

• Elliptic polylogarithms are a natural generalisation of ordinary 
polylogarithms, and share many of their properties:   

➡ Shuffle algebra

➡ Closure under integration

➡ Admit a definition of symbols, etc.

• Closely related to other objects, like modular forms.

• We are just at the beginning of uncovering the mathematics of 
these objects!

Stay tuned!

• Seem to be applicable to a wide range of problems beyond the 
sunset integral.


