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¢ Polylogarithms @)

® lLarge classes of loop integrals can be expressed in terms of

polylogarithms.
G(0;z) = log z
©dt
L) — . z
G(at,...,an;2) /o t_alG(ag,...,an,t) G(al;z)zlog(l—a—1>
weight n

G(0,1;2z) = —Lig(2)

[ Goncharov; Brown; Poincaré; Euler; Nielsenl Lappo-Danilevski; ... ]

® Not all Feynman integrals can be expressed in terms of MPLs!

® Most prominent example: Two-loop sunset integral.

[ Broadhurst; Bauberger, Berends, Bohm,
Buza; Laporta, Remiddi; Bloch, Vanhove;

mi
@ Remiddi, Tancredi; Adams, Bogner,
m

p
>
Schweitzer, Weinzierl; Hidding, Moriello;

> Brodel, CD, Dulat, Penante, Tancredi]



(¢ Elliptic Feynman integrals @
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(¢ Elliptic Feynman integrals @
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No complete analytic results
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@ The elliptic sunset @

® Integral has the form (dispersion integral):

>C dx

m :2/ : /R 2 MR :
’U (ma2+m3) \/ 2($7m27m3) 2(37$7m1)

< log (x—l—m% — 5+ \/Rg(s,x,m%)>

T+mi—s— \/Rg(s,x,m%)

1
= Flliptic integral of the 1st kind: K()\) = / 7a j)azl )
0 — X — AL

® Bloch & Vanhove: Sunset integral can be expressed in terms of
an elliptic dilogarithm:

Lo(z,7) ~ Y Lis(zq")  q=¢€""
n=1

® Also iterated integrals of modular forms. [Adams, Weinzierl]



& Outline @)

® Aim of this talk:

= Define a class of elliptic generalisations of poylogarithms.

X

= Show how integrals like | o log (1 - _) are
related to e M PLs. /0 \/513($ —1)(z —a)

® QOutline:

= FElliptic polylogarithms ... or how to integrate on an elliptic
curve.

= Further applications ... or what happens after the sunset.



Elliptic polylogarithms

... or how to integrate on
an elliptic curve




(7 Elliptic polylogarithms  [@]

® [irst goal: generalise notion of polylogarithms to elliptic curves.

= MPLs = iterated integrals with logarithrnic singularities.

® Definition:

o dt
Genus 0: G(aq,...,an;2) :/ Glas,...,an;t) a; € C
0

t—CLl



(7 Elliptic polylogarithms  [@]

® [irst goal: generalise notion of polylogarithms to elliptic curves.

= MPLs = iterated integrals with logarithmic singularities.

® Definition:

o dt
Genus 0: G(aq,...,an;2) :/ Glas,...,an;t) a; € C
0

If—CLl

) ) N n;, € N
Genus 1: I‘(gll Z’I/’:;Z’T):/O dzlg(nl)(zf_zl,’]')r(gs ZZ;Z 7') 2 c <C

[~ Brown, Levin; Brédel, Mafra, Matthes, Schlotterer]
® Eisenstein-Kronecker series:

9’ (0, 7)01(2 + a,T)
(n)
(2,0,7) Zg %) 0, (2, 7) 01 (cx, 7)

n>0

= Kach g(n) has (at most) simple poles atz=m-—+n7t, m,n c i .



(7 Elliptic polylogarithms  [@]

What 1s the relation..?



¢ The carcle @)

® How to describe a circle?

0 o R »
; \/

(z,y) with v? =1— 22




@ The circle

® How to describe a circle?

= (Can rescale ‘circumference’ to 1.

= Trigonometric function: cos@

(cos’0)* =1 — (cos 6)? cos(f + 2m) = cos O

- I xT dCE/
nverse map: 0= —
0 \/1 — 513/2



@ Elliptic curves @

® [Elliptic curves are the same as tori!

=i 0.4
02"
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N/ ?

2 z,y,1] with ¢? = 423 — g — g5



& Elliptic curves

® [Elliptic curves are the same as tori!
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& Elliptic curves

® [Elliptic curves are the same as tori!

. . . : 0, 1.0 15
/ _02 B
- 04!
y // w1 !

2 | z,y,1] with ¢? = 423 — g — g5

= Can always rescale one ‘radius’ to 1: 7T=wa2/w1  Im 7 >0

= Weierstrass ©-function:

(onw) =+ Y : :
Ziwl,wy) = — N
P <y W1, W2 ~2 (z—|—mw1—|—’nw2)2 (mwl‘l‘nWQ)Q

(m,n)#(0,0)
" =4p° — gap — g3 (2 + wiswi,w2) = P(z;wi, ws)
- I . /CE d.flj/
nverse map: o
s /413 — gox’ — g3



(? Elliptic polylogarithms

® Relation to integrals like /O 1 Ve _df)(x — log (1 - g) ?

= They are the same thlng ! [Brodel, CD, Dulat, Tancredi]

0.4 ,
] /A /W3 = w1 + w2
Y S e — =
- S - ’ E 0. 1.0 1.5 ///
_02 B //
i : //ﬂwl




(7 Elliptic polylogarithms  [@]

® Relation to integrals like / = df ) log (1 _ %) ?
33 r — .CU — a

= They are the same thlng ! [Brodel, CD, Dulat, Tancredi]

/
, _
) W3 = Wy + w2

= /4¢3 — gac — g3
Ye dx

y(r—c)

= dz W~ 20) — gDz + 20) + 29Pz0)]

= There 1s a 1-to-1 map between linearly independent 1-forms

in (z,y)-space and z-space.



(7 Various guises of eMPLs (@]

In general (for quartic polynomial with zeroes a;)

~

Ey ('L ok ) m; € L D% %52,7)  n;eN  T=uw/w
€T
Z o~
:/o dz" P, (x,c1) By (07 7 'oF s ) =/ dz' g™ (2 — 21, )T (R %52, 7)
0



(7 Various guises of eMPLs (@]

In general (for quartic polynomial with zeroes a;)

Ey(0r ok ) m; € 7, T(P%2,7)  mneN  T=uw/w
:/o dx' P, (T, 01) By (767 708 5 T) :/ dz' g™ (2" — 21, )T ("2 o %5 2, 7)
0
.................................................................. pr
Aj5 — Ui — Ay Cq4 = 5\/6113@24
ca dx
dx o(xz,c) = 4y dz ¢ (z,7) = dz
o dz [gM (2 = 2e,7) + 90 (2 + 26, 7)
dil?%(ﬂfac)_ 1 1
r—=c — ¢W(2 — 200, 7) — g )(Z—ZOO,T)}
. dx dz{ (1)Z—ZC,T — (1)Z—|—ZC,T
(o) — 0D (2 = 20, 7) — 602 + 20,7)
y(z —c)



@ Some properties @

® Direct connection between E; and eMPLs of Brown and Levin.

® Integration kernels are linearly independent (w.r.t. IBP).

® Space of eMPLs and rational functions on an elliptic curve 1s

closed under taking primitives.

® Ordinary MPLs can be written in terms of e MPLs.
G(cry. .- epx) =Ey (4 7 & o)
® All classical elliptic integrals are part of e MPLs.

2

L dx 0.
R~ :/0 JO -1 a2 1+ﬁE4(0’1)

(a1 ...a4) = (=1/VX,—1,1,1/VA)



¢ The sunset @)

® Sunset integral can be computed 1n a similar way:

. m _ 2/oo dx
w (ma2+ms3)? \/R2($7m37m§)R2(37$7m%)
3

< log T+ m? — s+ \/Rg(s,x,m%)
T+ m?—s— \/Rg(s,m,m%)




¢ The sunset @)

® Sunset integral can be computed 1n a similar way:

mi
. m _ 2/oo dx
w (ma2+ms3)? \/R2(x7m%7m§)R2(Samvm%)
3

< log (af—I—m% — s+ \/Rg(s,x,m%)>

T+ m?—s— \/Rz(s,%m%)

42
VP !

F( )(s m%,m%,mg)

(1) 2 92 9
F (s,ml,mQ,mB)

=E4(35;Q2) + Ea(g 1/an2) Ea(g 24;Q2) —IngEs(9;Q2)

= b and )2 are complicated algebraic function of the

kinematics.
[ Brodel, CD, Dulat, Tancredi]



¢ The sunset @)

® Can write sunset 1n terms of T.
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¢ The sunset @)

® Can write sunset 1n terms of T.

(A | S

= [nteresting feature: all arguments have the form 19 " 19"

® How do iterated integrals of Eisenstein series fit into this
picture? [Adams, Weinzierl]



¢ The sunset @)

® Can write sunset 1n terms of T.

(A | S

= [nteresting feature: all arguments have the form 19 " 19"

® How do iterated integrals of Eisenstein series fit into this
picture? [Adams, Weinzierl]

® At rational points % + % r eMPLs reduce to iterated integrals of
Fisensteln series. [Brodel, CD, Dulat, Penante, Tancredi]

= Sunset can be written 1n terms of iterated integrals of
Fisenstein series with N = 12.

- Explains the ﬁndings of [Adams, Weinzierl].

= Also show that this 1s very special, and will not be true in
general



Further applications

... or what happens
after the sunset?




@ Some applications @

[ Brodel, CD, Dulat,

Penante, Tancredi]

® Some hypergeometric functions give rise to e MPLs.

® Remiddi & Tancredi have introduced a class of ‘elliptic
generalisations of polylogarithms’.

R4(b7 u, m) — b(b - 42)(b _ (\/_ - m)z)(b _ (\/a + m)2)

G(4m?;b)

/4m2 db
0 \/R4(b7 u, m)



Some applications
& pp 2

[ Brodel, CD, Dulat,

Penante, Tancredi]

® Some hypergeometric functions give rise to e MPLs.

® Remiddi & Tancredi have introduced a class of ‘elliptic
generalisations of polylogarithms’.

Ra(b,u,m) =b(b—4%)(b - (Vu—m)*)(b— (Vu+m)?)

Am 2 (3m—+/u) (m+u)®
db G(4m2; b) _ 4K ((3m+\/ﬂ)(m—\/ﬂ)3) [f (0 1 7T T)
o +/Ra(b,u,m) VBm vy (Vu—myps |\

~ T ~ 1 ~ T
T (3 2 ger) T (Behaigor) T (8 dsi )]

= (Can always be written 1n terms of eMPLs with arguments

of the form r -+ 7-f :

6 6
= (Can always be written 1n terms of 1terated integrals of
Eisenstein series.



& Beyond the sunset @)

® We are currently looking for applications beyond the sunset
graph (and the kite).

= A 4-point master integral for Bhabha scattering

........ [Henn, Smirnov, Smirnov; Brﬁdel; CD’

.......... Dulat, Penante, Tancredi to appear]

= Some three-points functions for the electroweak form factor
and t-tbar:

........................... /
......................... m
‘e, m "S-
[Aglietti, Bonciani, Grassi, Remiddi; Brédel, [ Tancredi, von Manteuftel; Brodel, CD,

CD, Dulat, Penante, Tancreds, in progress| Dulat, Penante, Tancredi, in progress]



@ Bhabha scattering @

® The planar two-loop integrals considered by Henn, Smirnov?

= Kinematics parametrised by [Landau variables:

—s5 (1 —x)? -t (11— 7)?

m?2 :c m2 oy
® All integrals but one are expressed in terms of polylogarithms.

= Dhfferential equation for remaining integral:

118l = graton (122 s gt tog (LD EAZDT) 1oy (A0 202000

1+@Q 14+2z)—(1—-2)Q 1+y)-1-9Q
91, 92, g2 = ‘simple’ polylogarithms 0 - (z +y)(1 +ay)
3 {72 xr+ vy — dxy + 22y + xy?
g2 = _§ G(O’;U)S — T G(O,LU)

= Solution only known as ‘Chen iterated integrals’ (equivalent to

symbol plus boundary condition).



@ Bhabha scattering @

1 — d 1 d 1
d log <1+g) = ?x (5 —x) + ?y (5 —y) g & = (x+y)(z+1/y) (x2+a:y—4a:—|—az/y—|—1)
Rational function on elliptic curve Defines an elliptic curve

= Differential equation can be solved in terms of e MPLs!

= N.B.: This does NOT mean that there 1s no way to write the
solution 1n terms of ordinary polylogarithms!

= Solution 1s a pure function of eMPLs of uniform weight.
32T (1}2 1}4 3}8 1}83Z — 1/477') + 321 (1}2 1}4 3}8 3}8§Z — 1/4,7')

‘|‘64f (1}2 1}4 7}2 1}832 — 1/477) — 641 (1}2 1}4 7}2 3}83’2 - 1/4’7)
+[O(700) more terms]



@ Bhabha scattering @

32F(1}2 1}4 3}8 1}832_1/477) +32F(1}2 1}4 3}8 3}832_1/477) LEEE

® Change of variables: (z,y) « (2, 7)

Z

_ /13024 /13j dx CK(1—X) \ — 214423

4K Jo, € TR a13024

E=x+y)x+1/y) (X +xy—4x+x/y+1) =(x—ai)...(x —as)

4 :
T ;
Lz
T 1 7 ¢ : .
2 23 = Singularities all located at
P P SN ’ ......... T S
s
1 1: 3 <=7 T g7
0 1 3 1 8 8
—T—o—o—o—q—o—o—o——>



& Conclusions @)

® [Elliptic polylogarithms are a natural generalisation of ordinary
polylogarithms, and share many of their properties:

= Shuttle algebra

= (Closure under integration

= Admit a definition of symbols, etc.

® Closely related to other objects, like modular forms.

® Seem to be applicable to a wide range of problems beyond the
sunset integral.

® We are just at the beginning of uncovering the mathematics of
these objects!

Stay tuned!



