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bedindungen      vorhersage

SM extrapolated to infinite energy in 
loop corrections >> MPlank UV Erdbeben

Quantum state with N partons not = 
quantum state with zero energy 
emission of extra partons

soft Nebel

partons emitted in exactly the  
same direction

not enough space  
for two, three …

 Quantum - Vorhersage - Station    
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d = 4� 2✏
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unsubtraction
in the IR (degenerate states together)
subtract the UV

  LTD: open loops to trees
 FDU: mapping of V ▶︎R kinematics

 local cancellation of singularities in d=4 space-time
 R+V simultaneous: 

more efficient event generators 
though can deal with amplitudes, focused on       d�
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The loop-tree duality theorem [Catani et al. 2008]

One-loop integrals (or scattering amplitudes in any relativistic, local and unitary 
QFT) represented by a linear combination of N single-cut phase-space integrals 

๏                                                     sets internal line on-shell, positive energy mode 

๏                                                          dual propagator,
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One-loop integrals (or scattering amplitudes in any relativistic, local and unitary 
QFT) represented as a linear combination of N single-cut phase-space integrals 

๏                                                     sets internal line on-shell, positive energy mode 

๏                                                          dual propagator,

๏ LTD realised by modifying the customary +i0 prescription of the Feynman 
propagators, it compensates for the absence of multiple-cut contributions that 
appear in the Feynman Tree Theorem
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The loop-tree duality theorem [Catani et al. 2008]

One-loop integrals (or scattering amplitudes in any relativistic, local and unitary 
QFT) represented as a linear combination of N single-cut phase-space integrals 

๏                                                     sets internal line on-shell, positive energy mode 

๏                                                          dual propagator,

๏ LTD realised by modifying the customary +i0 prescription of the Feynman 
propagators, it compensates for the absence of multiple-cut contributions that 
appear in the Feynman Tree Theorem 

๏ Lorentz-covariant dual prescription with     a future-like vector; only the sign matters
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The loop-tree duality theorem [Catani et al. 2008]

One-loop integrals (or scattering amplitudes in any relativistic, local and unitary 
QFT) represented as a linear combination of N single-cut phase-space integrals 

๏                                                     sets internal line on-shell, positive energy mode 

๏                                                          dual propagator,

๏ LTD realised by modifying the customary +i0 prescription of the Feynman 
propagators, it compensates for the absence of multiple-cut contributions that 
appear in the Feynman Tree Theorem 

๏ Lorentz-covariant dual prescription with     a future-like vector; only the sign matters 

๏ best choice                      : energy component integrated out, remaining integration in 
Euclidean space                                                         

�̃(qi) = i 2⇡ ✓(qi,0) �(q
2
i �m2
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set this propagator 
on-shell

๏ The dual loop integrand becomes 
singular when subsets (>=2) of internal 
propagators go on-shell
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energy of the on-shell 
propagator smaller than 

the energy of the emitted 
particles 

✦ Threshold singularities occur 
when a second propagator gets 
on-shell: consistent with 
Cutkosky



G. Rodrigo

energy of the on-shell 
propagator smaller than 

the energy of the emitted 
particles 

✦ Threshold singularities occur 
when a second propagator gets 
on-shell: consistent with 
Cutkosky

✦ It becomes collinear (soft) 
when a single massless particle 
is emitted
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energy of the on-shell 
propagator larger than 

the energy of the 
emitted particles 

✦ Virtual particle emitted and 
absorbed 

✦ Indeed free of singularities

✦ Expected to be suppressed 

✦ If it is not sufficiently 
suppressed, we renormalise

✦ The bulk of the physics is in 
the “low” energy region of the 
loop momentum
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Momentum mapping: multi-leg

δ̃ (qi)

q̃i−1

pi

p′r

p′i

p̃ir′

๏ Motivated by the factorisation properties of QCD: assuming      on-shell, 
and close to collinear with       ,we define the momentum mapping  

๏ All the primed momenta (real process) on-shell and momentum conservation 
๏      is the emitter,       the spectator needed to absorb momentum recoil

qi,0 < pi,0

p0µr = qµi ,

p0µi = pµi � qµi + ↵i p
µ
j , ↵i =

(qi � pi)2

2pj · (qi � pi)
,

p0µj = (1� ↵i) p
µ
j , p0µk = pµk , k 6= i, j

qµi
pµi

pµjpµi
๏ Quasi-collinear configurations can also be conveniently mapped such that 

the massless limit is smooth 
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UV renormalisation: local subtraction
๏ Expand propagators and numerators around a UV propagator [Weinzierl et al.] 

๏ and adjust subleading terms to subtract only the pole (         scheme), or to 
define any other renormalisation scheme. For the scalar two point function

IcntUV =

Z

`

1

(q2UV � µ2
UV + i0)2

MS

๏ Integration on the UV on-shell hyperboloid: loop three-momentum 
unconstrained, but loop contributions suppressed for loop 
energies larger than µUV
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Hernández-Pinto, Sborlini, GR, JHEP 1602, 044 
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๏ Dual representation needs to deal with multiple poles [Bierenbaum et al.] 

GF (qi) =
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LTD unsubtraction: multi-leg

๏ The dual representation of the renormalised loop cross-section: one single 
integral in the loop three-momentum  

๏ A partition of the real phase-space 

๏ The real contribution mapped to the Born kinematics + loop three-momentum 

Sborlini, Driencourt-Mangin, Hernández-Pinto, GR, JHEP 1608, 160

Z
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<latexit sha1_base64="c4q7IX8qcxxULKFw/QNBJJs3DJw="></latexit><latexit sha1_base64="c4q7IX8qcxxULKFw/QNBJJs3DJw="></latexit><latexit sha1_base64="c4q7IX8qcxxULKFw/QNBJJs3DJw="></latexit><latexit sha1_base64="c4q7IX8qcxxULKFw/QNBJJs3DJw="></latexit>

Z

N
d�(1,R)

V =

Z

N

Z

~̀
1

2Re hM(0)
N |

✓X

i

M(1)
N (�̃(qi))

◆
�M(1)

UV(�̃(qUV))i
<latexit sha1_base64="/t/0DFrzwcZyw177XfQrlZM4RCg="></latexit><latexit sha1_base64="/t/0DFrzwcZyw177XfQrlZM4RCg="></latexit><latexit sha1_base64="/t/0DFrzwcZyw177XfQrlZM4RCg="></latexit><latexit sha1_base64="/t/0DFrzwcZyw177XfQrlZM4RCg="></latexit>

X

i

Ri({p0j}N+1) = 1
<latexit sha1_base64="UF/bE566p2SeIMLyK7+X9X0IGDA=">AAACC3icbVDLSsNAFJ34rPUVdelmsIgVpWSkoBuh4MaVVLEPaEKYTKft2JkkzEyEEvIJ+jO6EnXnzh/wb5zWLLT1rM6951y45wQxZ0o7zpc1N7+wuLRcWCmurq1vbNpb200VJZLQBol4JNsBVpSzkDY005y2Y0mxCDhtBcOLsd66p1KxKLzVo5h6AvdD1mMEa7Py7bKrEuEz6B7D1CWYw5vMTGU3jf27Azfz06sjlB3Cc+TbJafiTABnCcpJCeSo+/an241IImioCcdKdZATay/FUjPCaVZ0E0VjTIa4TzuGhlhQ5aWTRBnc70US6gGFk/m3N8VCqZEIjEdgPVDT2nj5n9ZJdO/MS1kYJ5qGxFiM1ks41BEcFwO7TFKi+cgQTCQzX0IywBITbeormvhoOuwsaZ5UkFNB19VSrZoXUQC7YA+UAQKnoAYuQR00AAGP4Bm8gXfrwXqyXqzXH+ucld/sgD+wPr4By16Y0Q==</latexit><latexit sha1_base64="UF/bE566p2SeIMLyK7+X9X0IGDA=">AAACC3icbVDLSsNAFJ34rPUVdelmsIgVpWSkoBuh4MaVVLEPaEKYTKft2JkkzEyEEvIJ+jO6EnXnzh/wb5zWLLT1rM6951y45wQxZ0o7zpc1N7+wuLRcWCmurq1vbNpb200VJZLQBol4JNsBVpSzkDY005y2Y0mxCDhtBcOLsd66p1KxKLzVo5h6AvdD1mMEa7Py7bKrEuEz6B7D1CWYw5vMTGU3jf27Azfz06sjlB3Cc+TbJafiTABnCcpJCeSo+/an241IImioCcdKdZATay/FUjPCaVZ0E0VjTIa4TzuGhlhQ5aWTRBnc70US6gGFk/m3N8VCqZEIjEdgPVDT2nj5n9ZJdO/MS1kYJ5qGxFiM1ks41BEcFwO7TFKi+cgQTCQzX0IywBITbeormvhoOuwsaZ5UkFNB19VSrZoXUQC7YA+UAQKnoAYuQR00AAGP4Bm8gXfrwXqyXqzXH+ucld/sgD+wPr4By16Y0Q==</latexit><latexit sha1_base64="UF/bE566p2SeIMLyK7+X9X0IGDA=">AAACC3icbVDLSsNAFJ34rPUVdelmsIgVpWSkoBuh4MaVVLEPaEKYTKft2JkkzEyEEvIJ+jO6EnXnzh/wb5zWLLT1rM6951y45wQxZ0o7zpc1N7+wuLRcWCmurq1vbNpb200VJZLQBol4JNsBVpSzkDY005y2Y0mxCDhtBcOLsd66p1KxKLzVo5h6AvdD1mMEa7Py7bKrEuEz6B7D1CWYw5vMTGU3jf27Azfz06sjlB3Cc+TbJafiTABnCcpJCeSo+/an241IImioCcdKdZATay/FUjPCaVZ0E0VjTIa4TzuGhlhQ5aWTRBnc70US6gGFk/m3N8VCqZEIjEdgPVDT2nj5n9ZJdO/MS1kYJ5qGxFiM1ks41BEcFwO7TFKi+cgQTCQzX0IywBITbeormvhoOuwsaZ5UkFNB19VSrZoXUQC7YA+UAQKnoAYuQR00AAGP4Bm8gXfrwXqyXqzXH+ucld/sgD+wPr4By16Y0Q==</latexit><latexit sha1_base64="UF/bE566p2SeIMLyK7+X9X0IGDA=">AAACC3icbVDLSsNAFJ34rPUVdelmsIgVpWSkoBuh4MaVVLEPaEKYTKft2JkkzEyEEvIJ+jO6EnXnzh/wb5zWLLT1rM6951y45wQxZ0o7zpc1N7+wuLRcWCmurq1vbNpb200VJZLQBol4JNsBVpSzkDY005y2Y0mxCDhtBcOLsd66p1KxKLzVo5h6AvdD1mMEa7Py7bKrEuEz6B7D1CWYw5vMTGU3jf27Azfz06sjlB3Cc+TbJafiTABnCcpJCeSo+/an241IImioCcdKdZATay/FUjPCaVZ0E0VjTIa4TzuGhlhQ5aWTRBnc70US6gGFk/m3N8VCqZEIjEdgPVDT2nj5n9ZJdO/MS1kYJ5qGxFiM1ks41BEcFwO7TFKi+cgQTCQzX0IywBITbeormvhoOuwsaZ5UkFNB19VSrZoXUQC7YA+UAQKnoAYuQR00AAGP4Bm8gXfrwXqyXqzXH+ucld/sgD+wPr4By16Y0Q==</latexit>



G. Rodrigo

IR singularities and mapping regions:   1 ! 2

๏ physics is in a region of the loop momentum 
which is of the size of the hard scale

`µ =

p
s12
2

(⇠0, ⇠x, ⇠y, ⇠z)
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LTD unsubtraction: NNLO
๏ At NNLO

where the VV contribution reads

๏ Need the RV and RR contributions mapped to the Born kinematics + the 
two independent loop three-momenta 

๏ Known two-loop amplitudes not suitable: requires LTD unintegrated 
representation

�NNLO =

Z

N
d�(2,R)

VV +

Z

N+1

d�(2,R)
VR +

Z

N+2

d�(2)
RR
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LTD at two-loops and beyond
๏ Iterative application of LTD at higher orders 

๏ At one loop: 

GF (↵k) =
X

i2↵k

GF (qi) , GD(↵k) =
X

i2↵k

�̃(qi)
Y

j 6=i

GD(qi; qj) ,

Z

`1

GF (↵1) = �
Z

`1

GD(↵1)
<latexit sha1_base64="1AqWx9WuUhCWUM7MV/CcDozf7p0=">AAACHnicbZBLS8NAFIUnPmt9RV26GSxCXVgSESyIUFDUZQX7gCaEyfSmHTp5MDMRSuh/0T+jG0Xd6b9xWgNq612dud8ZuOf4CWdSWdanMTe/sLi0XFgprq6tb2yaW9tNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx+cj3nrDoRkcXSrhgm4IelFLGCUKL3yzFOHRcrLHODcs0f4yrssO4QnfeLZB/gMH+JpfvHDPbNkVazJ4Flh56KE8ql75rPTjWkaQqQoJ1J2bCtRbkaEYpTDqOikEhJCB6QHHS0jEoJ0s0nIEd4PYoFVH/Dk/dubkVDKYehrT0hUX06z8fI/1klVUHUzFiWpgohqi2ZByrGK8bgr3GUCqOJDLQgVTF+JaZ8IQpVutKjj29NhZ0XzqGJbFfvmuFSr5kUU0C7aQ2VkoxNUQ9eojhqIogf0hN7Qu3FvPBovxuu3dc7I/+ygP2N8fAG80qA4</latexit><latexit sha1_base64="1AqWx9WuUhCWUM7MV/CcDozf7p0=">AAACHnicbZBLS8NAFIUnPmt9RV26GSxCXVgSESyIUFDUZQX7gCaEyfSmHTp5MDMRSuh/0T+jG0Xd6b9xWgNq612dud8ZuOf4CWdSWdanMTe/sLi0XFgprq6tb2yaW9tNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx+cj3nrDoRkcXSrhgm4IelFLGCUKL3yzFOHRcrLHODcs0f4yrssO4QnfeLZB/gMH+JpfvHDPbNkVazJ4Flh56KE8ql75rPTjWkaQqQoJ1J2bCtRbkaEYpTDqOikEhJCB6QHHS0jEoJ0s0nIEd4PYoFVH/Dk/dubkVDKYehrT0hUX06z8fI/1klVUHUzFiWpgohqi2ZByrGK8bgr3GUCqOJDLQgVTF+JaZ8IQpVutKjj29NhZ0XzqGJbFfvmuFSr5kUU0C7aQ2VkoxNUQ9eojhqIogf0hN7Qu3FvPBovxuu3dc7I/+ygP2N8fAG80qA4</latexit><latexit sha1_base64="1AqWx9WuUhCWUM7MV/CcDozf7p0=">AAACHnicbZBLS8NAFIUnPmt9RV26GSxCXVgSESyIUFDUZQX7gCaEyfSmHTp5MDMRSuh/0T+jG0Xd6b9xWgNq612dud8ZuOf4CWdSWdanMTe/sLi0XFgprq6tb2yaW9tNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx+cj3nrDoRkcXSrhgm4IelFLGCUKL3yzFOHRcrLHODcs0f4yrssO4QnfeLZB/gMH+JpfvHDPbNkVazJ4Flh56KE8ql75rPTjWkaQqQoJ1J2bCtRbkaEYpTDqOikEhJCB6QHHS0jEoJ0s0nIEd4PYoFVH/Dk/dubkVDKYehrT0hUX06z8fI/1klVUHUzFiWpgohqi2ZByrGK8bgr3GUCqOJDLQgVTF+JaZ8IQpVutKjj29NhZ0XzqGJbFfvmuFSr5kUU0C7aQ2VkoxNUQ9eojhqIogf0hN7Qu3FvPBovxuu3dc7I/+ygP2N8fAG80qA4</latexit><latexit sha1_base64="1AqWx9WuUhCWUM7MV/CcDozf7p0=">AAACHnicbZBLS8NAFIUnPmt9RV26GSxCXVgSESyIUFDUZQX7gCaEyfSmHTp5MDMRSuh/0T+jG0Xd6b9xWgNq612dud8ZuOf4CWdSWdanMTe/sLi0XFgprq6tb2yaW9tNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx+cj3nrDoRkcXSrhgm4IelFLGCUKL3yzFOHRcrLHODcs0f4yrssO4QnfeLZB/gMH+JpfvHDPbNkVazJ4Flh56KE8ql75rPTjWkaQqQoJ1J2bCtRbkaEYpTDqOikEhJCB6QHHS0jEoJ0s0nIEd4PYoFVH/Dk/dubkVDKYehrT0hUX06z8fI/1klVUHUzFiWpgohqi2ZByrGK8bgr3GUCqOJDLQgVTF+JaZ8IQpVutKjj29NhZ0XzqGJbFfvmuFSr5kUU0C7aQ2VkoxNUQ9eojhqIogf0hN7Qu3FvPBovxuu3dc7I/+ygP2N8fAG80qA4</latexit>



G. Rodrigo

LTD at two-loops and beyond
๏ Iterative application of LTD at higher orders 

๏ At one loop:  

๏ At two-loops:

GF (↵k) =
X

i2↵k

GF (qi) , GD(↵k) =
X

i2↵k

�̃(qi)
Y

j 6=i

GD(qi; qj) ,

Z

`1

GF (↵1) = �
Z

`1

GD(↵1)
<latexit sha1_base64="1AqWx9WuUhCWUM7MV/CcDozf7p0=">AAACHnicbZBLS8NAFIUnPmt9RV26GSxCXVgSESyIUFDUZQX7gCaEyfSmHTp5MDMRSuh/0T+jG0Xd6b9xWgNq612dud8ZuOf4CWdSWdanMTe/sLi0XFgprq6tb2yaW9tNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx+cj3nrDoRkcXSrhgm4IelFLGCUKL3yzFOHRcrLHODcs0f4yrssO4QnfeLZB/gMH+JpfvHDPbNkVazJ4Flh56KE8ql75rPTjWkaQqQoJ1J2bCtRbkaEYpTDqOikEhJCB6QHHS0jEoJ0s0nIEd4PYoFVH/Dk/dubkVDKYehrT0hUX06z8fI/1klVUHUzFiWpgohqi2ZByrGK8bgr3GUCqOJDLQgVTF+JaZ8IQpVutKjj29NhZ0XzqGJbFfvmuFSr5kUU0C7aQ2VkoxNUQ9eojhqIogf0hN7Qu3FvPBovxuu3dc7I/+ygP2N8fAG80qA4</latexit><latexit sha1_base64="1AqWx9WuUhCWUM7MV/CcDozf7p0=">AAACHnicbZBLS8NAFIUnPmt9RV26GSxCXVgSESyIUFDUZQX7gCaEyfSmHTp5MDMRSuh/0T+jG0Xd6b9xWgNq612dud8ZuOf4CWdSWdanMTe/sLi0XFgprq6tb2yaW9tNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx+cj3nrDoRkcXSrhgm4IelFLGCUKL3yzFOHRcrLHODcs0f4yrssO4QnfeLZB/gMH+JpfvHDPbNkVazJ4Flh56KE8ql75rPTjWkaQqQoJ1J2bCtRbkaEYpTDqOikEhJCB6QHHS0jEoJ0s0nIEd4PYoFVH/Dk/dubkVDKYehrT0hUX06z8fI/1klVUHUzFiWpgohqi2ZByrGK8bgr3GUCqOJDLQgVTF+JaZ8IQpVutKjj29NhZ0XzqGJbFfvmuFSr5kUU0C7aQ2VkoxNUQ9eojhqIogf0hN7Qu3FvPBovxuu3dc7I/+ygP2N8fAG80qA4</latexit><latexit sha1_base64="1AqWx9WuUhCWUM7MV/CcDozf7p0=">AAACHnicbZBLS8NAFIUnPmt9RV26GSxCXVgSESyIUFDUZQX7gCaEyfSmHTp5MDMRSuh/0T+jG0Xd6b9xWgNq612dud8ZuOf4CWdSWdanMTe/sLi0XFgprq6tb2yaW9tNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx+cj3nrDoRkcXSrhgm4IelFLGCUKL3yzFOHRcrLHODcs0f4yrssO4QnfeLZB/gMH+JpfvHDPbNkVazJ4Flh56KE8ql75rPTjWkaQqQoJ1J2bCtRbkaEYpTDqOikEhJCB6QHHS0jEoJ0s0nIEd4PYoFVH/Dk/dubkVDKYehrT0hUX06z8fI/1klVUHUzFiWpgohqi2ZByrGK8bgr3GUCqOJDLQgVTF+JaZ8IQpVutKjj29NhZ0XzqGJbFfvmuFSr5kUU0C7aQ2VkoxNUQ9eojhqIogf0hN7Qu3FvPBovxuu3dc7I/+ygP2N8fAG80qA4</latexit><latexit sha1_base64="1AqWx9WuUhCWUM7MV/CcDozf7p0=">AAACHnicbZBLS8NAFIUnPmt9RV26GSxCXVgSESyIUFDUZQX7gCaEyfSmHTp5MDMRSuh/0T+jG0Xd6b9xWgNq612dud8ZuOf4CWdSWdanMTe/sLi0XFgprq6tb2yaW9tNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx+cj3nrDoRkcXSrhgm4IelFLGCUKL3yzFOHRcrLHODcs0f4yrssO4QnfeLZB/gMH+JpfvHDPbNkVazJ4Flh56KE8ql75rPTjWkaQqQoJ1J2bCtRbkaEYpTDqOikEhJCB6QHHS0jEoJ0s0nIEd4PYoFVH/Dk/dubkVDKYehrT0hUX06z8fI/1klVUHUzFiWpgohqi2ZByrGK8bgr3GUCqOJDLQgVTF+JaZ8IQpVutKjj29NhZ0XzqGJbFfvmuFSr5kUU0C7aQ2VkoxNUQ9eojhqIogf0hN7Qu3FvPBovxuu3dc7I/+ygP2N8fAG80qA4</latexit>

two cuts ✔ 

↵1
<latexit sha1_base64="1FXmzlNZAFGmSVn/OBCxqNgjtyk=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjWZJj0PunuEEPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KMim0cd0vp7SxubW9U96t7O0fHB5Vj086Os0VpzZPZap6AWqSIqG2EUZSL1OEcSCpG0xuF373kZQWafJgphn5MY4TEQqOxo56A5RZhENvWK25dXcptg5eATUo1BpWPwejlOcxJYZL1LrvuZnxZ6iM4JLmlUGuKUM+wTH1LSYYk/Zny33n7CJMFTMRseX7d3aGsdbTOLCZGE2kV73F8D+vn5vwxp+JJMsNJdxGrBfmkpmULWqzkVDEjZxaQK6E3ZLxCBVyY49TsfW91bLr0GnUPbfu3V/Vmo3iEGU4g3O4BA+uoQl30II2cJDwDG/w7kycJ+fFef2Jlpzizyn8kfPxDZX7jUE=</latexit><latexit sha1_base64="1FXmzlNZAFGmSVn/OBCxqNgjtyk=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjWZJj0PunuEEPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KMim0cd0vp7SxubW9U96t7O0fHB5Vj086Os0VpzZPZap6AWqSIqG2EUZSL1OEcSCpG0xuF373kZQWafJgphn5MY4TEQqOxo56A5RZhENvWK25dXcptg5eATUo1BpWPwejlOcxJYZL1LrvuZnxZ6iM4JLmlUGuKUM+wTH1LSYYk/Zny33n7CJMFTMRseX7d3aGsdbTOLCZGE2kV73F8D+vn5vwxp+JJMsNJdxGrBfmkpmULWqzkVDEjZxaQK6E3ZLxCBVyY49TsfW91bLr0GnUPbfu3V/Vmo3iEGU4g3O4BA+uoQl30II2cJDwDG/w7kycJ+fFef2Jlpzizyn8kfPxDZX7jUE=</latexit><latexit sha1_base64="1FXmzlNZAFGmSVn/OBCxqNgjtyk=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjWZJj0PunuEEPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KMim0cd0vp7SxubW9U96t7O0fHB5Vj086Os0VpzZPZap6AWqSIqG2EUZSL1OEcSCpG0xuF373kZQWafJgphn5MY4TEQqOxo56A5RZhENvWK25dXcptg5eATUo1BpWPwejlOcxJYZL1LrvuZnxZ6iM4JLmlUGuKUM+wTH1LSYYk/Zny33n7CJMFTMRseX7d3aGsdbTOLCZGE2kV73F8D+vn5vwxp+JJMsNJdxGrBfmkpmULWqzkVDEjZxaQK6E3ZLxCBVyY49TsfW91bLr0GnUPbfu3V/Vmo3iEGU4g3O4BA+uoQl30II2cJDwDG/w7kycJ+fFef2Jlpzizyn8kfPxDZX7jUE=</latexit><latexit sha1_base64="1FXmzlNZAFGmSVn/OBCxqNgjtyk=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjWZJj0PunuEEPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KMim0cd0vp7SxubW9U96t7O0fHB5Vj086Os0VpzZPZap6AWqSIqG2EUZSL1OEcSCpG0xuF373kZQWafJgphn5MY4TEQqOxo56A5RZhENvWK25dXcptg5eATUo1BpWPwejlOcxJYZL1LrvuZnxZ6iM4JLmlUGuKUM+wTH1LSYYk/Zny33n7CJMFTMRseX7d3aGsdbTOLCZGE2kV73F8D+vn5vwxp+JJMsNJdxGrBfmkpmULWqzkVDEjZxaQK6E3ZLxCBVyY49TsfW91bLr0GnUPbfu3V/Vmo3iEGU4g3O4BA+uoQl30II2cJDwDG/w7kycJ+fFef2Jlpzizyn8kfPxDZX7jUE=</latexit>

↵2
<latexit sha1_base64="/jPqUdBlsp61CE4I4pKa1JUoK78=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjVJk54H3T1CGPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KUim0cd0vp7SxubW9U96t7O0fHB5Vj086OskUpzZPZKJ6AWqSIqa2EUZSL1WEUSCpG0xvF373kZQWSfxgZin5EY5jEQqOxo56A5TpBIeNYbXm1t2l2Dp4BdSgUGtY/RyMEp5FFBsuUeu+56bGz1EZwSXNK4NMU4p8imPqW4wxIu3ny33n7CJMFDMTYsv372yOkdazKLCZCM1Er3qL4X9ePzPhjZ+LOM0MxdxGrBdmkpmELWqzkVDEjZxZQK6E3ZLxCSrkxh6nYut7q2XXodOoe27du7+qNRvFIcpwBudwCR5cQxPuoAVt4CDhGd7g3Zk6T86L8/oTLTnFn1P4I+fjG5d5jUI=</latexit><latexit sha1_base64="/jPqUdBlsp61CE4I4pKa1JUoK78=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjVJk54H3T1CGPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KUim0cd0vp7SxubW9U96t7O0fHB5Vj086OskUpzZPZKJ6AWqSIqa2EUZSL1WEUSCpG0xvF373kZQWSfxgZin5EY5jEQqOxo56A5TpBIeNYbXm1t2l2Dp4BdSgUGtY/RyMEp5FFBsuUeu+56bGz1EZwSXNK4NMU4p8imPqW4wxIu3ny33n7CJMFDMTYsv372yOkdazKLCZCM1Er3qL4X9ePzPhjZ+LOM0MxdxGrBdmkpmELWqzkVDEjZxZQK6E3ZLxCSrkxh6nYut7q2XXodOoe27du7+qNRvFIcpwBudwCR5cQxPuoAVt4CDhGd7g3Zk6T86L8/oTLTnFn1P4I+fjG5d5jUI=</latexit><latexit sha1_base64="/jPqUdBlsp61CE4I4pKa1JUoK78=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjVJk54H3T1CGPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KUim0cd0vp7SxubW9U96t7O0fHB5Vj086OskUpzZPZKJ6AWqSIqa2EUZSL1WEUSCpG0xvF373kZQWSfxgZin5EY5jEQqOxo56A5TpBIeNYbXm1t2l2Dp4BdSgUGtY/RyMEp5FFBsuUeu+56bGz1EZwSXNK4NMU4p8imPqW4wxIu3ny33n7CJMFDMTYsv372yOkdazKLCZCM1Er3qL4X9ePzPhjZ+LOM0MxdxGrBdmkpmELWqzkVDEjZxZQK6E3ZLxCSrkxh6nYut7q2XXodOoe27du7+qNRvFIcpwBudwCR5cQxPuoAVt4CDhGd7g3Zk6T86L8/oTLTnFn1P4I+fjG5d5jUI=</latexit><latexit sha1_base64="/jPqUdBlsp61CE4I4pKa1JUoK78=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjVJk54H3T1CGPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KUim0cd0vp7SxubW9U96t7O0fHB5Vj086OskUpzZPZKJ6AWqSIqa2EUZSL1WEUSCpG0xvF373kZQWSfxgZin5EY5jEQqOxo56A5TpBIeNYbXm1t2l2Dp4BdSgUGtY/RyMEp5FFBsuUeu+56bGz1EZwSXNK4NMU4p8imPqW4wxIu3ny33n7CJMFDMTYsv372yOkdazKLCZCM1Er3qL4X9ePzPhjZ+LOM0MxdxGrBdmkpmELWqzkVDEjZxZQK6E3ZLxCSrkxh6nYut7q2XXodOoe27du7+qNRvFIcpwBudwCR5cQxPuoAVt4CDhGd7g3Zk6T86L8/oTLTnFn1P4I+fjG5d5jUI=</latexit>

↵3
<latexit sha1_base64="CUbenSd0FHFfvR3xEPaxAzJtCFs=">AAAB6XicbZDLSgNBEEVrfMb4irp00xgEV2EmCroMuHEZwTwgGUJNpybTpOdBd48QQj5CV6Lu/B1/wL+xE2ehiXd1uu5tqFtBJoU2rvvlrK1vbG5tl3bKu3v7B4eVo+O2TnPFqcVTmapugJqkSKhlhJHUzRRhHEjqBOPbud95JKVFmjyYSUZ+jKNEhIKjsaNuH2UW4eByUKm6NXchtgpeAVUo1BxUPvvDlOcxJYZL1LrnuZnxp6iM4JJm5X6uKUM+xhH1LCYYk/ani31n7DxMFTMRscX7d3aKsdaTOLCZGE2kl7358D+vl5vwxp+KJMsNJdxGrBfmkpmUzWuzoVDEjZxYQK6E3ZLxCBVyY49TtvW95bKr0K7XPLfm3V9VG/XiECU4hTO4AA+uoQF30IQWcJDwDG/w7oydJ+fFef2JrjnFnxP4I+fjG5j3jUM=</latexit><latexit sha1_base64="CUbenSd0FHFfvR3xEPaxAzJtCFs=">AAAB6XicbZDLSgNBEEVrfMb4irp00xgEV2EmCroMuHEZwTwgGUJNpybTpOdBd48QQj5CV6Lu/B1/wL+xE2ehiXd1uu5tqFtBJoU2rvvlrK1vbG5tl3bKu3v7B4eVo+O2TnPFqcVTmapugJqkSKhlhJHUzRRhHEjqBOPbud95JKVFmjyYSUZ+jKNEhIKjsaNuH2UW4eByUKm6NXchtgpeAVUo1BxUPvvDlOcxJYZL1LrnuZnxp6iM4JJm5X6uKUM+xhH1LCYYk/ani31n7DxMFTMRscX7d3aKsdaTOLCZGE2kl7358D+vl5vwxp+KJMsNJdxGrBfmkpmUzWuzoVDEjZxYQK6E3ZLxCBVyY49TtvW95bKr0K7XPLfm3V9VG/XiECU4hTO4AA+uoQF30IQWcJDwDG/w7oydJ+fFef2JrjnFnxP4I+fjG5j3jUM=</latexit><latexit sha1_base64="CUbenSd0FHFfvR3xEPaxAzJtCFs=">AAAB6XicbZDLSgNBEEVrfMb4irp00xgEV2EmCroMuHEZwTwgGUJNpybTpOdBd48QQj5CV6Lu/B1/wL+xE2ehiXd1uu5tqFtBJoU2rvvlrK1vbG5tl3bKu3v7B4eVo+O2TnPFqcVTmapugJqkSKhlhJHUzRRhHEjqBOPbud95JKVFmjyYSUZ+jKNEhIKjsaNuH2UW4eByUKm6NXchtgpeAVUo1BxUPvvDlOcxJYZL1LrnuZnxp6iM4JJm5X6uKUM+xhH1LCYYk/ani31n7DxMFTMRscX7d3aKsdaTOLCZGE2kl7358D+vl5vwxp+KJMsNJdxGrBfmkpmUzWuzoVDEjZxYQK6E3ZLxCBVyY49TtvW95bKr0K7XPLfm3V9VG/XiECU4hTO4AA+uoQF30IQWcJDwDG/w7oydJ+fFef2JrjnFnxP4I+fjG5j3jUM=</latexit><latexit sha1_base64="CUbenSd0FHFfvR3xEPaxAzJtCFs=">AAAB6XicbZDLSgNBEEVrfMb4irp00xgEV2EmCroMuHEZwTwgGUJNpybTpOdBd48QQj5CV6Lu/B1/wL+xE2ehiXd1uu5tqFtBJoU2rvvlrK1vbG5tl3bKu3v7B4eVo+O2TnPFqcVTmapugJqkSKhlhJHUzRRhHEjqBOPbud95JKVFmjyYSUZ+jKNEhIKjsaNuH2UW4eByUKm6NXchtgpeAVUo1BxUPvvDlOcxJYZL1LrnuZnxp6iM4JJm5X6uKUM+xhH1LCYYk/ani31n7DxMFTMRscX7d3aKsdaTOLCZGE2kl7358D+vl5vwxp+KJMsNJdxGrBfmkpmUzWuzoVDEjZxYQK6E3ZLxCBVyY49TtvW95bKr0K7XPLfm3V9VG/XiECU4hTO4AA+uoQF30IQWcJDwDG/w7oydJ+fFef2JrjnFnxP4I+fjG5j3jUM=</latexit>

Z

`1

Z

`2

GF (↵1 [ ↵2 [ ↵3)

= �
Z

`1

Z

`2

GF (↵1)GD(↵2 [ ↵3)
<latexit sha1_base64="TX/UrVUmxufp0Ri9OXuzfeLI0io="></latexit><latexit sha1_base64="TX/UrVUmxufp0Ri9OXuzfeLI0io="></latexit><latexit sha1_base64="TX/UrVUmxufp0Ri9OXuzfeLI0io="></latexit><latexit sha1_base64="TX/UrVUmxufp0Ri9OXuzfeLI0io="></latexit>

GD(↵2)GD(↵3) +GD(↵2)GF (↵3) +GF (↵2)GD(↵3)
<latexit sha1_base64="8v0r4YpDFyaRoxaaXBcWVsv1klM=">AAACXXicdZFNTwIxEIa7qygiwqoHD14aiQlEQ3bRRI8kGvGIiXwkLNl0ywAN3Y+0XRPc8A/9A570p1iQRASd09t5n05npn7MmVS2/W6YW9uZnd3sXm4/f1AoWodHbRklgkKLRjwSXZ9I4CyElmKKQzcWQAKfQ8ef3M39zgsIyaLwWU1j6AdkFLIho0TplGe9Nrz7skt4PCZerYLdS7ySuKrgC7wBpO7i2VTAYNbwHn7gmab/MWvaXK/tWSW7ai8CbwpnKUpoGU3PenMHEU0CCBXlRMqeY8eqnxKhGOUwy7mJhJjQCRlBT8uQBCD76aKfGT4fRgKrMeDFeZVNSSDlNPA1ExA1luvePPmX10vU8LafsjBOFIRUI9obJhyrCM9XjQdMAFV8qgWhgukuMR0TQajSH5LT4zvrw26Kdq3q2FXn6bpUry0XkUWn6AyVkYNuUB09oiZqIYo+jR2jaFjGh5kx82bhGzWN5Z1j9CvMky+kDK+Q</latexit><latexit sha1_base64="8v0r4YpDFyaRoxaaXBcWVsv1klM=">AAACXXicdZFNTwIxEIa7qygiwqoHD14aiQlEQ3bRRI8kGvGIiXwkLNl0ywAN3Y+0XRPc8A/9A570p1iQRASd09t5n05npn7MmVS2/W6YW9uZnd3sXm4/f1AoWodHbRklgkKLRjwSXZ9I4CyElmKKQzcWQAKfQ8ef3M39zgsIyaLwWU1j6AdkFLIho0TplGe9Nrz7skt4PCZerYLdS7ySuKrgC7wBpO7i2VTAYNbwHn7gmab/MWvaXK/tWSW7ai8CbwpnKUpoGU3PenMHEU0CCBXlRMqeY8eqnxKhGOUwy7mJhJjQCRlBT8uQBCD76aKfGT4fRgKrMeDFeZVNSSDlNPA1ExA1luvePPmX10vU8LafsjBOFIRUI9obJhyrCM9XjQdMAFV8qgWhgukuMR0TQajSH5LT4zvrw26Kdq3q2FXn6bpUry0XkUWn6AyVkYNuUB09oiZqIYo+jR2jaFjGh5kx82bhGzWN5Z1j9CvMky+kDK+Q</latexit><latexit sha1_base64="8v0r4YpDFyaRoxaaXBcWVsv1klM=">AAACXXicdZFNTwIxEIa7qygiwqoHD14aiQlEQ3bRRI8kGvGIiXwkLNl0ywAN3Y+0XRPc8A/9A570p1iQRASd09t5n05npn7MmVS2/W6YW9uZnd3sXm4/f1AoWodHbRklgkKLRjwSXZ9I4CyElmKKQzcWQAKfQ8ef3M39zgsIyaLwWU1j6AdkFLIho0TplGe9Nrz7skt4PCZerYLdS7ySuKrgC7wBpO7i2VTAYNbwHn7gmab/MWvaXK/tWSW7ai8CbwpnKUpoGU3PenMHEU0CCBXlRMqeY8eqnxKhGOUwy7mJhJjQCRlBT8uQBCD76aKfGT4fRgKrMeDFeZVNSSDlNPA1ExA1luvePPmX10vU8LafsjBOFIRUI9obJhyrCM9XjQdMAFV8qgWhgukuMR0TQajSH5LT4zvrw26Kdq3q2FXn6bpUry0XkUWn6AyVkYNuUB09oiZqIYo+jR2jaFjGh5kx82bhGzWN5Z1j9CvMky+kDK+Q</latexit><latexit sha1_base64="8v0r4YpDFyaRoxaaXBcWVsv1klM=">AAACXXicdZFNTwIxEIa7qygiwqoHD14aiQlEQ3bRRI8kGvGIiXwkLNl0ywAN3Y+0XRPc8A/9A570p1iQRASd09t5n05npn7MmVS2/W6YW9uZnd3sXm4/f1AoWodHbRklgkKLRjwSXZ9I4CyElmKKQzcWQAKfQ8ef3M39zgsIyaLwWU1j6AdkFLIho0TplGe9Nrz7skt4PCZerYLdS7ySuKrgC7wBpO7i2VTAYNbwHn7gmab/MWvaXK/tWSW7ai8CbwpnKUpoGU3PenMHEU0CCBXlRMqeY8eqnxKhGOUwy7mJhJjQCRlBT8uQBCD76aKfGT4fRgKrMeDFeZVNSSDlNPA1ExA1luvePPmX10vU8LafsjBOFIRUI9obJhyrCM9XjQdMAFV8qgWhgukuMR0TQajSH5LT4zvrw26Kdq3q2FXn6bpUry0XkUWn6AyVkYNuUB09oiZqIYo+jR2jaFjGh5kx82bhGzWN5Z1j9CvMky+kDK+Q</latexit>

�GD(↵1 [ ↵3)
<latexit sha1_base64="6Nko7JTdyJIP1c5Qf3IUE/9f6+0=">AAACDHicbVDLSsNAFJ34rPVVdelmsAjtwpJUQZcFBV1WsA9oSphMb5qhk2SYmQgl9Bf0Z3Ql6s6VP+DfOK1ZaOtZnXvPuZd7jy84U9q2v6yl5ZXVtfXCRnFza3tnt7S331ZJKim0aMIT2fWJAs5iaGmmOXSFBBL5HDr+6HKqd+5BKpbEd3osoB+RYcwCRok2La9UPcnc2ZZMwmBy7V1VXMJFSDzHpanAeXFanWCvVLZr9gx4kTg5KaMcTa/06Q4SmkYQa8qJUj3HFrqfEakZ5TApuqkCQeiIDKFnaEwiUP1sdswEHweJxDoEPKt/ezMSKTWOfOOJiA7VvDZt/qf1Uh1c9DMWi1RDTI3FaEHKsU7wNBk8YBKo5mNDCJXMXIlpSCSh2uRXNO87888ukna95tg15/as3KjnQRTQITpCFeSgc9RAN6iJWoiiR/SM3tC79WA9WS/W6491ycpnDtAfWB/fw4Saog==</latexit><latexit sha1_base64="6Nko7JTdyJIP1c5Qf3IUE/9f6+0=">AAACDHicbVDLSsNAFJ34rPVVdelmsAjtwpJUQZcFBV1WsA9oSphMb5qhk2SYmQgl9Bf0Z3Ql6s6VP+DfOK1ZaOtZnXvPuZd7jy84U9q2v6yl5ZXVtfXCRnFza3tnt7S331ZJKim0aMIT2fWJAs5iaGmmOXSFBBL5HDr+6HKqd+5BKpbEd3osoB+RYcwCRok2La9UPcnc2ZZMwmBy7V1VXMJFSDzHpanAeXFanWCvVLZr9gx4kTg5KaMcTa/06Q4SmkYQa8qJUj3HFrqfEakZ5TApuqkCQeiIDKFnaEwiUP1sdswEHweJxDoEPKt/ezMSKTWOfOOJiA7VvDZt/qf1Uh1c9DMWi1RDTI3FaEHKsU7wNBk8YBKo5mNDCJXMXIlpSCSh2uRXNO87888ukna95tg15/as3KjnQRTQITpCFeSgc9RAN6iJWoiiR/SM3tC79WA9WS/W6491ycpnDtAfWB/fw4Saog==</latexit><latexit sha1_base64="6Nko7JTdyJIP1c5Qf3IUE/9f6+0=">AAACDHicbVDLSsNAFJ34rPVVdelmsAjtwpJUQZcFBV1WsA9oSphMb5qhk2SYmQgl9Bf0Z3Ql6s6VP+DfOK1ZaOtZnXvPuZd7jy84U9q2v6yl5ZXVtfXCRnFza3tnt7S331ZJKim0aMIT2fWJAs5iaGmmOXSFBBL5HDr+6HKqd+5BKpbEd3osoB+RYcwCRok2La9UPcnc2ZZMwmBy7V1VXMJFSDzHpanAeXFanWCvVLZr9gx4kTg5KaMcTa/06Q4SmkYQa8qJUj3HFrqfEakZ5TApuqkCQeiIDKFnaEwiUP1sdswEHweJxDoEPKt/ezMSKTWOfOOJiA7VvDZt/qf1Uh1c9DMWi1RDTI3FaEHKsU7wNBk8YBKo5mNDCJXMXIlpSCSh2uRXNO87888ukna95tg15/as3KjnQRTQITpCFeSgc9RAN6iJWoiiR/SM3tC79WA9WS/W6491ycpnDtAfWB/fw4Saog==</latexit><latexit sha1_base64="6Nko7JTdyJIP1c5Qf3IUE/9f6+0=">AAACDHicbVDLSsNAFJ34rPVVdelmsAjtwpJUQZcFBV1WsA9oSphMb5qhk2SYmQgl9Bf0Z3Ql6s6VP+DfOK1ZaOtZnXvPuZd7jy84U9q2v6yl5ZXVtfXCRnFza3tnt7S331ZJKim0aMIT2fWJAs5iaGmmOXSFBBL5HDr+6HKqd+5BKpbEd3osoB+RYcwCRok2La9UPcnc2ZZMwmBy7V1VXMJFSDzHpanAeXFanWCvVLZr9gx4kTg5KaMcTa/06Q4SmkYQa8qJUj3HFrqfEakZ5TApuqkCQeiIDKFnaEwiUP1sdswEHweJxDoEPKt/ezMSKTWOfOOJiA7VvDZt/qf1Uh1c9DMWi1RDTI3FaEHKsU7wNBk8YBKo5mNDCJXMXIlpSCSh2uRXNO87888ukna95tg15/as3KjnQRTQITpCFeSgc9RAN6iJWoiiR/SM3tC79WA9WS/W6491ycpnDtAfWB/fw4Saog==</latexit>

�GD(�↵2 [ ↵1)
<latexit sha1_base64="DkgbARddo4cC0kP0+fio+ZPab0A=">AAACDXicbVDLSsNAFJ34rPUVdelmsAhVaEmKoMuCgi4r2Ac0IUymN83QyYOZiVBCv0F/Rlei7tz4A/6N05qFtp7Vufece7n3+ClnUlnWl7G0vLK6tl7aKG9ube/smnv7HZlkgkKbJjwRPZ9I4CyGtmKKQy8VQCKfQ9cfXU717j0IyZL4To1TcCMyjFnAKFG65ZmntdyZbckFDCbX3lW15hCehsRrODRLcVHYJxPsmRWrbs2AF4ldkAoq0PLMT2eQ0CyCWFFOpOzbVqrcnAjFKIdJ2ckkpISOyBD6msYkAunms2sm+DhIBFYh4Fn925uTSMpx5GtPRFQo57Vp8z+tn6ngws1ZnGYKYqotWgsyjlWCp9HgARNAFR9rQqhg+kpMQyIIVTrAsn7fnn92kXQadduq27dnlWajCKKEDtERqiIbnaMmukEt1EYUPaJn9IbejQfjyXgxXn+sS0Yxc4D+wPj4BjUymtg=</latexit><latexit sha1_base64="DkgbARddo4cC0kP0+fio+ZPab0A=">AAACDXicbVDLSsNAFJ34rPUVdelmsAhVaEmKoMuCgi4r2Ac0IUymN83QyYOZiVBCv0F/Rlei7tz4A/6N05qFtp7Vufece7n3+ClnUlnWl7G0vLK6tl7aKG9ube/smnv7HZlkgkKbJjwRPZ9I4CyGtmKKQy8VQCKfQ9cfXU717j0IyZL4To1TcCMyjFnAKFG65ZmntdyZbckFDCbX3lW15hCehsRrODRLcVHYJxPsmRWrbs2AF4ldkAoq0PLMT2eQ0CyCWFFOpOzbVqrcnAjFKIdJ2ckkpISOyBD6msYkAunms2sm+DhIBFYh4Fn925uTSMpx5GtPRFQo57Vp8z+tn6ngws1ZnGYKYqotWgsyjlWCp9HgARNAFR9rQqhg+kpMQyIIVTrAsn7fnn92kXQadduq27dnlWajCKKEDtERqiIbnaMmukEt1EYUPaJn9IbejQfjyXgxXn+sS0Yxc4D+wPj4BjUymtg=</latexit><latexit sha1_base64="DkgbARddo4cC0kP0+fio+ZPab0A=">AAACDXicbVDLSsNAFJ34rPUVdelmsAhVaEmKoMuCgi4r2Ac0IUymN83QyYOZiVBCv0F/Rlei7tz4A/6N05qFtp7Vufece7n3+ClnUlnWl7G0vLK6tl7aKG9ube/smnv7HZlkgkKbJjwRPZ9I4CyGtmKKQy8VQCKfQ9cfXU717j0IyZL4To1TcCMyjFnAKFG65ZmntdyZbckFDCbX3lW15hCehsRrODRLcVHYJxPsmRWrbs2AF4ldkAoq0PLMT2eQ0CyCWFFOpOzbVqrcnAjFKIdJ2ckkpISOyBD6msYkAunms2sm+DhIBFYh4Fn925uTSMpx5GtPRFQo57Vp8z+tn6ngws1ZnGYKYqotWgsyjlWCp9HgARNAFR9rQqhg+kpMQyIIVTrAsn7fnn92kXQadduq27dnlWajCKKEDtERqiIbnaMmukEt1EYUPaJn9IbejQfjyXgxXn+sS0Yxc4D+wPj4BjUymtg=</latexit><latexit sha1_base64="DkgbARddo4cC0kP0+fio+ZPab0A=">AAACDXicbVDLSsNAFJ34rPUVdelmsAhVaEmKoMuCgi4r2Ac0IUymN83QyYOZiVBCv0F/Rlei7tz4A/6N05qFtp7Vufece7n3+ClnUlnWl7G0vLK6tl7aKG9ube/smnv7HZlkgkKbJjwRPZ9I4CyGtmKKQy8VQCKfQ9cfXU717j0IyZL4To1TcCMyjFnAKFG65ZmntdyZbckFDCbX3lW15hCehsRrODRLcVHYJxPsmRWrbs2AF4ldkAoq0PLMT2eQ0CyCWFFOpOzbVqrcnAjFKIdJ2ckkpISOyBD6msYkAunms2sm+DhIBFYh4Fn925uTSMpx5GtPRFQo57Vp8z+tn6ngws1ZnGYKYqotWgsyjlWCp9HgARNAFR9rQqhg+kpMQyIIVTrAsn7fnn92kXQadduq27dnlWajCKKEDtERqiIbnaMmukEt1EYUPaJn9IbejQfjyXgxXn+sS0Yxc4D+wPj4BjUymtg=</latexit>



G. Rodrigo

LTD at two-loops and beyond
๏ Iterative application of LTD at higher orders 

๏ At two-loops:

GF (↵k) =
X

i2↵k

GF (qi) , GD(↵k) =
X

i2↵k

�̃(qi)
Y

j 6=i

GD(qi; qj) ,

↵1
<latexit sha1_base64="1FXmzlNZAFGmSVn/OBCxqNgjtyk=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjWZJj0PunuEEPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KMim0cd0vp7SxubW9U96t7O0fHB5Vj086Os0VpzZPZap6AWqSIqG2EUZSL1OEcSCpG0xuF373kZQWafJgphn5MY4TEQqOxo56A5RZhENvWK25dXcptg5eATUo1BpWPwejlOcxJYZL1LrvuZnxZ6iM4JLmlUGuKUM+wTH1LSYYk/Zny33n7CJMFTMRseX7d3aGsdbTOLCZGE2kV73F8D+vn5vwxp+JJMsNJdxGrBfmkpmULWqzkVDEjZxaQK6E3ZLxCBVyY49TsfW91bLr0GnUPbfu3V/Vmo3iEGU4g3O4BA+uoQl30II2cJDwDG/w7kycJ+fFef2Jlpzizyn8kfPxDZX7jUE=</latexit><latexit sha1_base64="1FXmzlNZAFGmSVn/OBCxqNgjtyk=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjWZJj0PunuEEPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KMim0cd0vp7SxubW9U96t7O0fHB5Vj086Os0VpzZPZap6AWqSIqG2EUZSL1OEcSCpG0xuF373kZQWafJgphn5MY4TEQqOxo56A5RZhENvWK25dXcptg5eATUo1BpWPwejlOcxJYZL1LrvuZnxZ6iM4JLmlUGuKUM+wTH1LSYYk/Zny33n7CJMFTMRseX7d3aGsdbTOLCZGE2kV73F8D+vn5vwxp+JJMsNJdxGrBfmkpmULWqzkVDEjZxaQK6E3ZLxCBVyY49TsfW91bLr0GnUPbfu3V/Vmo3iEGU4g3O4BA+uoQl30II2cJDwDG/w7kycJ+fFef2Jlpzizyn8kfPxDZX7jUE=</latexit><latexit sha1_base64="1FXmzlNZAFGmSVn/OBCxqNgjtyk=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjWZJj0PunuEEPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KMim0cd0vp7SxubW9U96t7O0fHB5Vj086Os0VpzZPZap6AWqSIqG2EUZSL1OEcSCpG0xuF373kZQWafJgphn5MY4TEQqOxo56A5RZhENvWK25dXcptg5eATUo1BpWPwejlOcxJYZL1LrvuZnxZ6iM4JLmlUGuKUM+wTH1LSYYk/Zny33n7CJMFTMRseX7d3aGsdbTOLCZGE2kV73F8D+vn5vwxp+JJMsNJdxGrBfmkpmULWqzkVDEjZxaQK6E3ZLxCBVyY49TsfW91bLr0GnUPbfu3V/Vmo3iEGU4g3O4BA+uoQl30II2cJDwDG/w7kycJ+fFef2Jlpzizyn8kfPxDZX7jUE=</latexit><latexit sha1_base64="1FXmzlNZAFGmSVn/OBCxqNgjtyk=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjWZJj0PunuEEPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KMim0cd0vp7SxubW9U96t7O0fHB5Vj086Os0VpzZPZap6AWqSIqG2EUZSL1OEcSCpG0xuF373kZQWafJgphn5MY4TEQqOxo56A5RZhENvWK25dXcptg5eATUo1BpWPwejlOcxJYZL1LrvuZnxZ6iM4JLmlUGuKUM+wTH1LSYYk/Zny33n7CJMFTMRseX7d3aGsdbTOLCZGE2kV73F8D+vn5vwxp+JJMsNJdxGrBfmkpmULWqzkVDEjZxaQK6E3ZLxCBVyY49TsfW91bLr0GnUPbfu3V/Vmo3iEGU4g3O4BA+uoQl30II2cJDwDG/w7kycJ+fFef2Jlpzizyn8kfPxDZX7jUE=</latexit>

↵2
<latexit sha1_base64="/jPqUdBlsp61CE4I4pKa1JUoK78=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjVJk54H3T1CGPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KUim0cd0vp7SxubW9U96t7O0fHB5Vj086OskUpzZPZKJ6AWqSIqa2EUZSL1WEUSCpG0xvF373kZQWSfxgZin5EY5jEQqOxo56A5TpBIeNYbXm1t2l2Dp4BdSgUGtY/RyMEp5FFBsuUeu+56bGz1EZwSXNK4NMU4p8imPqW4wxIu3ny33n7CJMFDMTYsv372yOkdazKLCZCM1Er3qL4X9ePzPhjZ+LOM0MxdxGrBdmkpmELWqzkVDEjZxZQK6E3ZLxCSrkxh6nYut7q2XXodOoe27du7+qNRvFIcpwBudwCR5cQxPuoAVt4CDhGd7g3Zk6T86L8/oTLTnFn1P4I+fjG5d5jUI=</latexit><latexit sha1_base64="/jPqUdBlsp61CE4I4pKa1JUoK78=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjVJk54H3T1CGPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KUim0cd0vp7SxubW9U96t7O0fHB5Vj086OskUpzZPZKJ6AWqSIqa2EUZSL1WEUSCpG0xvF373kZQWSfxgZin5EY5jEQqOxo56A5TpBIeNYbXm1t2l2Dp4BdSgUGtY/RyMEp5FFBsuUeu+56bGz1EZwSXNK4NMU4p8imPqW4wxIu3ny33n7CJMFDMTYsv372yOkdazKLCZCM1Er3qL4X9ePzPhjZ+LOM0MxdxGrBdmkpmELWqzkVDEjZxZQK6E3ZLxCSrkxh6nYut7q2XXodOoe27du7+qNRvFIcpwBudwCR5cQxPuoAVt4CDhGd7g3Zk6T86L8/oTLTnFn1P4I+fjG5d5jUI=</latexit><latexit sha1_base64="/jPqUdBlsp61CE4I4pKa1JUoK78=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjVJk54H3T1CGPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KUim0cd0vp7SxubW9U96t7O0fHB5Vj086OskUpzZPZKJ6AWqSIqa2EUZSL1WEUSCpG0xvF373kZQWSfxgZin5EY5jEQqOxo56A5TpBIeNYbXm1t2l2Dp4BdSgUGtY/RyMEp5FFBsuUeu+56bGz1EZwSXNK4NMU4p8imPqW4wxIu3ny33n7CJMFDMTYsv372yOkdazKLCZCM1Er3qL4X9ePzPhjZ+LOM0MxdxGrBdmkpmELWqzkVDEjZxZQK6E3ZLxCSrkxh6nYut7q2XXodOoe27du7+qNRvFIcpwBudwCR5cQxPuoAVt4CDhGd7g3Zk6T86L8/oTLTnFn1P4I+fjG5d5jUI=</latexit><latexit sha1_base64="/jPqUdBlsp61CE4I4pKa1JUoK78=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozQdBlwI3LCOYByRBqOjVJk54H3T1CGPIRuhJ15+/4A/6NnTgLTbyr03VvQ90KUim0cd0vp7SxubW9U96t7O0fHB5Vj086OskUpzZPZKJ6AWqSIqa2EUZSL1WEUSCpG0xvF373kZQWSfxgZin5EY5jEQqOxo56A5TpBIeNYbXm1t2l2Dp4BdSgUGtY/RyMEp5FFBsuUeu+56bGz1EZwSXNK4NMU4p8imPqW4wxIu3ny33n7CJMFDMTYsv372yOkdazKLCZCM1Er3qL4X9ePzPhjZ+LOM0MxdxGrBdmkpmELWqzkVDEjZxZQK6E3ZLxCSrkxh6nYut7q2XXodOoe27du7+qNRvFIcpwBudwCR5cQxPuoAVt4CDhGd7g3Zk6T86L8/oTLTnFn1P4I+fjG5d5jUI=</latexit>

↵3
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With a number of cuts equal to the 
number of loops the loop amplitude 

opens to a tree-level like object
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Massless sunrise two-loop
Bierenbaum et al., 2010
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Planar diagrams at two loops

↵1 : q1,i = `1 + p1,i

↵2 : qN+1 = `2

↵3 : q1,j = `1 + `2 + p1,j
<latexit sha1_base64="ytTHZI1iHe0EU2eY2ckoMErt4mM="></latexit><latexit sha1_base64="ytTHZI1iHe0EU2eY2ckoMErt4mM="></latexit><latexit sha1_base64="ytTHZI1iHe0EU2eY2ckoMErt4mM="></latexit><latexit sha1_base64="ytTHZI1iHe0EU2eY2ckoMErt4mM="></latexit>



G. Rodrigo

Dual amplitude for               at two loops

๏ Simplest two loop amplitude: proof of concept for other amplitudes 
with higher multiplicities  

๏ Well known numerically/analytically, however, known amplitude not 
suitable within LTD/FDU, requires unintegrated amplitude 

๏ IBP would modify the local behaviour of the integrand: not suitable  

๏ Dual propagators are linear in the loop momenta: tensor reduction 
simpler (reduction to master integrals not necessary) 

๏ For Higgs on-shell below threshold: dual prescriptions can be 
ignored, numerical integration stable 

๏ Universality also holds at two-loops ?

Driencourt-Mangin, Sborlini, Torres-Bobadilla, GR

H ! ��
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Dual amplitude for 

๏ Universality and compactness of the dual representation. In four 
space-time dimensions after local renormalization

๏ The flavour of the internal particles is encoded                                    
by two scalar coefficients

Driencourt-Mangin,GR, Sborlini, EPJC 2018
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Dual amplitude for               at two loops

๏ Below threshold

Driencourt-Mangin, Sborlini, Torres-Bobadilla, GR
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๏ There are 22 double cuts (although 7 cuts obtained from 1<->2) 

๏ Self-energy insertions in internal lines introduce double poles 

๏ Massless snail diagrams: integrate to zero but relevant to achieve 
universality 

๏ Integrand expressions in terms of O(20) scalar coefficients

๏ soon to be published 
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Conclusions

๏ First attempts towards LTD/FDU at NNLO

๏ IBP not suitable because it modifies the local behaviour of the 
integrand 

๏ First results for the LTD representation of the                           
two-loop amplitude with different internal flavours: scalar, top 
quark, and W boson.  

๏ Compact integrand expressions with similar functional form in 
terms of flavour dependent O(20) scalar coefficients

๏ proof-of-concept for other processes with higher multiplicities.

H ! ��
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