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Phase space tHV scheme Conclusions

NNLO subtraction schemes

Handling real radiation contribution in NNLO calculations
cancellation of infrared divergences

Increasing number of available NNLO calculations with a variety of
schemes

qT—sllcmg [Catani,Grazzini, '07], [Ferrera,Grazzini, Tramontano, '11], [Catani,Cieri,DeFlorian,Ferrera, Grazzini,'12],
[Gehrmann, Grazzini,Kallweit, Maierhofer, Manteuffel,Rathlev, Torre,'14-15], [Bonciani,Catani,Grazzini,Sargsyan, Torre,'14-'15],
[Grazzini,Kallweit, Wiesemann '17]

N—Jettlness sllcmg [Gaunt, Stahlhofen, Tackmann,Walsh, '15], [Boughezal, Focke, Giele, Liu, Petriello, 15-'16],
[Boughezal, Campbell, Ellis, Focke, Giele, Liu, Petriello, "15-'16], [Campbell Ellis, Williams, 16],
[Moult,Rothen, Stewart, Tackmann, XingZhu '16-'17]

Antenna subtraction [cehrmann, GehrmannDeRidder,Glover, Heinrich, 05-'08], [Weinzierl, 08, 03],
[Currie,Gehrmann,GehrmannDeRidder,Glover,Pires,'13-'17], [Bernreuther,Bogner,Dekkers,'11,'14],
[Abelof,(Dekkers),GehrmannDeRidder,'11-'15], [Abelof, GehrmannDeRidder,Maierhofer,Pozzorini,'14],
[Chen,Gehrmann, Glover, Jaquier,'15], [Cruz-Martinez,Gehrmann,Glover,Huss '18]

Colorful subtraction peipucasomosyi Trocsanyi, 05-'13], [DelDuca,Duhr,Somogyi, Tramontano, Trocsanyi, 1],
[DelDuca, Duhr, Kardos,Somogyi, Trocsanyi '16], [Kardos,Kluth, Somogyi, Tulipant, Verbytskyi '17/'18]

Sector-improved residue subtraction (STRIPPER) (caton 10,11,
[Czakon,Fiedler,Mitov,'13,'15], [Czakon,Heymes,'14] [Czakon,Fiedler,Heymes,Mitov,'16,'17],
[Boughezal,Caola,Melnikov, Petriello,Schulze,"13,'14], [Boughezal,Melnikov, Petriello,'11],
[Caola,Czernecki,Liang,Melnikov,Szafron,'14], [Brucherseifer,Caola,Melnikov,'13-"14], [Caola, Melnikov, Réntsch,'17]

P rojection-to- Born (cacciari,breyer Kariberg, Salam, Zanderighi ‘1],

[Currie, Gehrmann, Glover, Huss, Niehues, Vogt '18]
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NNLO subtraction schemes

Handling real radiation contribution in NNLO calculations
cancellation of infrared divergences

Increasing number of available NNLO calculations with a variety of
schemes

e “Torino” subtraction [magnea Maina, Torrielli, Uccirati '17,18]

e Geometric IR subtraction (Herzog 18]

Conclusions
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How to improve the STRIPPER subtraction scheme?

Subtraction kinematics

!

Alternative phase
space parametrisation

Missed binning

!

't Hooft Veltman scheme

Numerical stability

event/histogram-smearing,

On-the-fly stability-check

Computing time

Fewer sectors

Idea: Optimisation through minimisation
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Formulation
Hadronic cross section:

Uhlhz(Ply P,) =

1
Z// dx; dx fa/hl(xh,ui')fb/hz(x%H%)&ab(X1P1:X2P2;aS(U%?)»/-‘fh/ﬁ:)
0

Partonic cross section:
ba = 6% + 69 +6%) +0(ad)

Contributions with different final state multiplicities and convolutions:

53 — RR | SRV | sW AC1
b = 0a +Uab +Uab +Uab +Uab

1
RR
Oab = %% d¢n+2< n+2’M > n+2
f,,l = (single convolution) F

1 AC2 .
&R = d®, ; 2Re <./Vl ’M£’1+1> . 6., = (double convolution) F,,

5V —/d¢,, (2Re (MO M) + (MP|MPY) F,

Q
&
| |

tHV scheme Conclusions
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Sector decomposition

Several layers of decomposition

Selector functions

1= S+ Y Siw
k kI

ij

Factorization of double soft
limits
O(uf — u3) + 0(us — )

Sector parametrisation

Parametrisation of u; with respect to
the reference parton r:
Angles: #; = (1 — cos¥,,) € [0,1]

uj

Energies: & = -4 € [0, 1]

Umax

Triple collinear factorisation
originally: 5 sub-sectors

6>6 Le>4h
/ & = Sfamads -

m > m >

1l = mmy =

> d —

71 z 1
IS PR )

Sy Ss

Sy Sy

Extract singularities

Xflfbe _ ;761 + |:X717b6:|
+
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Sector decomposition

Several layers of decomposition

Selector functions Triple collinear factorisation
now: 4 sub-sectors
1= 1D Siu+ Y Sikg| oo R N
isj k k! / -
Factorization of double soft " e o
limts .
O(ud — u3) + (w3 — ul) i R N

) S Si Ss

Sector parametrisation
Parametrisation of u; with respect to
the reference parton r: [Caola, Melnikov, Réntsch '17]
Angles: #; = (1 — cos¥,,) € [0,1] . i

Ca xtract singularities
Energies: &; = 7= € [0,1] 1obe 1 [ 7171)6}
max X — = + X

be +

6/16



Introduction Phase space tHV scheme

New phase space construction: ldea

Goal

Phase space construction with a minimal # of subtraction kinematics
Old construction
e Start with unresolved partons

e Fill remaining phase space with Born configuration

— Non-minimal # kinematic configurations
(e.g. single soft and collinear limits yield different configurations)

New construction
e Start with Born configuration
e Add unresolved partons (y;)

o Cleverly adjust Born configuration to accommodate the u;

Conclusions
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New phase space construction

Mapping from n+ 2 to Born configuration: {P, iy U g — {ﬁ’jj}
Modification of [Frixione, Webber'02]/[Frixione,Nason,Oleari'07]
Requirements:
e Keep direction of reference r fixed
o e Invertible for fixed u;:
{Pa?ﬁuk} — {Pvrjauk}
e Preserve ¢ = §*, §=P — S0
Main steps:

j=1 rJ

@ e Generate Born phase space
configuration

P2
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New phase space construction

Mapping from n+ 2 to Born configuration: {P, iy U g — {ﬁ’jj}
Modification of [Frixione, Webber'02]/[Frixione,Nason,Oleari'07]
Requirements:
e Keep direction of reference r fixed
o o Invertible for fixed u;:
{P. 7 u} = {P, 1, i}
e Preserve ¢° =%, g=P— S F

j=1"j

Main steps:

v @ e Generate Born phase space
. configuration

e Generate unresolved partons u;

P2
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New phase space construction

Mapping from n+ 2 to Born configuration: {P, r, uk} — {ﬁ’jj}
Modification of [Frixione, Webber'02]/[Frixione,Nason,Oleari'07]
Requirements:

e Keep direction of reference r fixed

e Invertible for fixed u;:
{Pa?ﬁuk} — {Pvrjauk}

o Preserve ° = §°, §=P — S

r=xF

Main steps:

v @ e Generate Born phase space
configuration

e Generate unresolved partons u;

e Rescale reference momentum

P2
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New phase space construction

Mapping from n+ 2 to Born configuration: {P, r, uk} — {/57FJ}
Modification of [Frixione, Webber'02]/[Frixione,Nason,Oleari'07]
Requirements:

e Keep direction of reference r fixed
o e Invertible for fixed u;:
{Pa?j,Uk} — {Pvrjauk}

2 .2 . F -
e Preserve ¢° =@, q—P—EJ'.erj
g2

Main steps:

el e Generate Born phase space
configuration

e Generate unresolved partons u;
e Rescale reference momentum

e Boost non-reference momenta of the
Born configuration
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Behaviour in singular limits

Collinear limit of u, Soft limit of u,
(sector 1, n, — 0) (sector 1, & — 0)
o
q2
a1 up

— Both singular limits approach the same kinematic configuration
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Behaviour in singular limits

Collinear limit of u, Soft limit of u,
(sector 1, n, — 0) (sector 1, & — 0)
N
q2

a1

— Both singular limits approach the same kinematic configuration

Conclusions
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Behaviour in singular limits

Collinear limit of u, Soft limit of u,
(sector 1, n, — 0) (sector 1, & — 0)
N
[¢F]

— Both singular limits approach the same kinematic configuration

Conclusions
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Behaviour in singular limits

Collinear limit of u, Soft limit of u,
(sector 1, n, — 0) (sector 1, & — 0)
N
r+up 92

— Both singular limits approach the same kinematic configuration

Conclusions
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Behaviour in singular limits

Collinear limit of u, Soft limit of u,
(sector 1, n, — 0) (sector 1, & — 0)
N

g2

— Both singular limits approach the same kinematic configuration

Conclusions
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Behaviour in singular limits

Collinear limit of u, Soft limit of u,
(sector 1, n, — 0) (sector 1, & — 0)
N

q2

— Both singular limits approach the same kinematic configuration

Conclusions
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Behaviour in singular limits

Collinear limit of u, Soft limit of u,
(sector 1, n, — 0) (sector 1, & — 0)
P P1
r+uz q2
q2
r+up
a1
a1
U u
P P2

— Both singular limits approach the same kinematic configuration

Conclusions
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Behaviour in singular limits

Collinear limit of u, Soft limit of u,
(sector 1, n, — 0) (sector 1, & — 0)
P P1
r+uz %]
q2
r+u;
g1
a1
U u
P P2

— Both singular limits approach the same kinematic configuration

Conclusions
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Behaviour in singular limits

Collinear limit of u, Soft limit of u,
(sector 1, n, — 0) (sector 1, & — 0)
P P1
r+u; o
92 r+u;
q
a1
U u
P P2

— Both singular limits approach the same kinematic configuration

Conclusions
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Behaviour in singular limits

Collinear limit of u, Soft limit of u,
(sector 1, n, — 0) (sector 1, & — 0)

P P1

r+u;
% r+uo a2
a1 o
U u
P P2

— Both singular limits approach the same kinematic configuration

Conclusions
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Behaviour in singular limits

Collinear limit of u, Soft limit of u,
(sector 1, n, — 0) (sector 1, & — 0)

P P1

r+u; r+up
q2 g2
g1 q1
U u
P P2

— Both singular limits approach the same kinematic configuration

Conclusions
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Behaviour in singular limits

Triple collinear limit of u; & u,  Double soft limit of u; & u,

(sector 1, 7; — 0) (sector 1, & — 0)
p1 P
G2 g 92
- r
[} up a vz
uy un
P2 P2

— Both double unresolved limits approach the Born configuration

10
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Behaviour in singular limits

Triple collinear limit of u; & u,  Double soft limit of u; & u,

(sector 1, n; — 0) (sector 1, & — 0)
P1 P1
% 4 92
@ @
e fuy reun g
P2 P2

— Both double unresolved limits approach the Born configuration

Conclusions
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Behaviour in singular limits

Triple collinear limit of u; & u,  Double soft limit of u; & u,

(sector 1, n; — 0) (sector 1, & — 0)
P1 P1
G2
a2
g1
a1
r+uq+Us
r+uy+Up
P2 P2

— Both double unresolved limits approach the Born configuration

10
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Behaviour in singular limits

Triple collinear limit of u; & u,  Double soft limit of u; & u,

(sector 1, n; — 0) (sector 1, & — 0)
P1 P1
92
92
q1 B r+uq+up
q
r+uq+uy
P2 P2

— Both double unresolved limits approach the Born configuration

10
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Behaviour in singular limits

Triple collinear limit of u; & u,  Double soft limit of u; & u,

(sector 1, n; — 0) (sector 1, & — 0)
P1 P1
G2
r+uy+u q2
r+us+uz 0
P2 P2

— Both double unresolved limits approach the Born configuration

10/16
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Behaviour in singular limits

Triple collinear limit of u; & u,  Double soft limit of u; & u,

(sector 1, 7; — 0) (sector 1, & — 0)
p1 P
r+up+Uso,
r4+up+ Uy 9
qué
g1
P2 P2

— Both double unresolved limits approach the Born configuration

= g2

Conclusions
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Behaviour in singular limits

Triple collinear limit of u; & u,  Double soft limit of u; & u,

(sector 1, n; — 0) (sector 1, & — 0)
P1 P1
[ reuni
q2 92
o a
P2 P2

— Both double unresolved limits approach the Born configuration

Conclusions
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Consequences

Features
e Minimal number of subtraction kinematics

e Only one DU configuration
— pole cancellation for each Born phase space point

e Expected improved convergence of invariant mass distributions,
since ("72 = q2

Unintentional features

e Construction in lab frame

e Original construction of 't Hooft Veltman corrections
[Czakon,Heymes'14] is spoiled

Conclusions

11/16
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't Hooft Veltman scheme

Treat resolved particles in 4 dimensions (momenta and polarisations)
e Avoid unnecessary e-orders of the matrix elements

e Avoid growth of dimensionality of phase space integrals

Make resolved phase space 4-dim. using measurement function, e.g.
n—1

Fp— F, N0 Ha( 2 (q)

Finite remainder
parts:

RV W _C2
OFR>0FR;OFR

double (DU) un- — ~
resolved parts: RR RV _Cl M RR RV _Cl

UDUvo'DU7UDU7UDUa0'DU

. RV _cC1 RR RV Cl _WV
Single (SU) and [ o8 o8& oS TB0> DU THU TDY> THy ]
[ Osu,9su,9su J

12/16
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't Hooft Veltman scheme

Goal: Make SU and DU separately finite
Idea: Move “divergent parts” of SU to DU before applying 'tHV scheme

e SU contribution: ogy = O'SU + oSU + crsu with

UgU:/dq)nJrl(IH»lF 41+ 1nFn)

e We know: NLO cross section is finite
— F,.1 part of SU is finite: Poles cancel between RR, RV and C1
(with NLO measurement function)

e With NNLO measurement function: Additional poles arise
— SU no longer finite by itself

e Non-cancelling € poles are generated by terms with F,
— can be moved to DU

— Task: ldentify non-cancelling parts of SU

13/16
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't Hooft Veltman scheme
Task: Identify non-cancelling parts of SU

e Use parametrised measurement functions

0
1 =Fn.0 (nlﬂjn nij — a) 0 (m_in e — a)

i norm

e Construct:
UgU —I? = /d¢n+1 (/n+1Fn+1 —+ InFn — [I’H’l]l/ez,l/eF’?‘f’l)

e Rearrangements allow to extract the non-cancelling part:
Nc(a) = /d¢n+l [/"]1/52,1/6F” Qa

e Analytically extract divergences (Ink «) and cancel them exactly
e Take limit & — 0 to remove dependence on «

e Subtract from ogy and add to opy
— separately finite SU and DU contributions
— ready for application of 'tHV scheme

Looks like slicing, but it is slicing only for divergences
— no actual slicing parameter in the result

14

16
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Keep Born

_ U= U= Ot

Phase space

"tHV scheme

Example: Pole cancellation at NNLO

phase space point fixed — integrate double unresolved configurations

g9 — ttg (Np =0)

99 — 999 (Np = 0)

T wwET T T
C + 10000 x 1
5000 1
L " + . *
: : 105 ¢ :
S S X 10§ - o]
A i L S
* *x
g " S0 E ]
B8 E3
. BEe
-)I( 1 1 1 7_188888 i )I( )I( 1 I:
6_1 6_2 6_3 6_4 6_1 6_2 6_3 6_4
RR,DU VV,DU C2,DU
RV.DU C1,bU DU

Conclusions
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Conclusions

Minimization of the STRIPPER scheme

Fewer subsectors in triple collinear sectors
Alternative phase space parametrisation

New formulation of 't Hooft Veltman scheme
Implementation of STRIPPER as a C++ library

Currently performing tests for a variety of processes:
pp — tt, e e— — 2/3j, t decay, DIS, Drell-Yan, Higgs decay, dijets

16
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Backup

Backup

Phase space — 18

Factorisation and subtraction terms — 19
SU contribution — 20

SU finiteness — 21
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Backup

Phase space

Common starting point for all phase spaces:

ng n, N Ny 2
do, = dQ? HMO(G‘) HMO(Uk)5+ (P - Z = Z Uk) - @
j=1 k=1 j=1 k=1
Hum g;)(2r)?6' (Zq,—q>
i=1
with
: d’k 2 2 0
with i (k) = —— 216 (k* — m*)0(k°),
(2m)

n: # final state particles, ng: # final state references, n,: # additional
partons

18

16



Backup

Factorization and subtraction terms

SU phase space
1

// dndgnalfbleg.ﬁbee
0

Factorized singular limits

/dd> Hd A({x )

slngular

LT (M| Maz) oo

regular

DU phase space

1
a, —bje .a,—bye ag—bye a,—
//// dny dég dmdéomt H &2 P eSS
0

Regularisation

1
/ dx [xilfbé] N f(x)
0

—1—be -1 —1-b
X € = e + [X E]
e +
N7
pole term reg. + sub.

bye

19/16



Backup

The single unresolved (SU) contribution

e SU contribution

Oosy = O’?{j + 051‘1/ + agb with

oSy = /dcbn+1 (l1Fais + IF,)
e NLO measurement function (a # 0)

/d¢n+1 (/Efl + IR+ /,?il) F2,, = finite in 4 dim.
o All divergences cancel in d-dimensions

Icv(_z) Icv(_l)
Z/dd’nﬂ ”? 4 ol =Y I°=0

€




Backup

SU finiteness for « = 0

RR , RV , Cl —RR RV Cl
osy =0sy +osy +osy LT -1 -1

€ €

=0
,c,(172) c,(—1) . (=2 (=1 .
c c n n+1 C, n n c,
oSy —1T :/mn+1 Tt Tt O Pt [P O R
€
(=2 (=D
1 1
*/d¢n+1 Hinr% Fri10a({e})
S F 0 +10PF, 1 CYE L+ 10TV
_/dcbm["“ AL R L Sl =0, ({er})

+/d¢n+1[

Z%(a)

integrable, zero volume for a—0

1D P+ 17OF, ] + / d®,, {

16(=2)

n

2
€

)

} Fabo({ei})

+

CC

no divergences

+ + N(a)

N——
only F,—DU

21/16



Backup

The function N°(a)

Looks like slicing, but it is slicing only for divergences
— no actual slicing parameter in result

Power- Iog expansion

max

Zln () Ng (a

e all Nk( ) regular in «

e start expression independent
of a = all logs cancel

e only Ng(0) relevant

Putting parts together
USU_ZNO and UDU+ZN0

are flnlte in 4 dimension

4

SU contribution

s S N =30, €
original expression og; in 4-dim
without poles, no further e pole
cancellation



Backup

Calculation of Ng(0)

For each sector/contribution:

1. extraction of d®,, 4 from d®,,, |sy pole (only for RR contribution)

AP,s sy pole = (AP, d?p(uy) d%pu(uy))
do
n+1

upcol /soft

2. expansion in e up to € ' (except NLO parts): d9®,,, <? + =)
3. Identifying In"()'s from x; integrations over 6 function
9&(”77 uo) = a(ﬁ - a)a(éumax/Enorm - a)

— discard them

4. perform integration over §-functions of non-cancelling and
non-vanishing (in « — 0 limit) terms

23/16
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