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» Theory of deep inelastic scattering

» The variable flavor number scheme

(3).NS

3)
» Two mass contribution to A 0.Q and Aqq’Q
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» Summary and Outlook
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Theory of deep inelastic scattering

K » Kinematic invariants:
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g leptonic and hadronic tensor:
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» The hadronic tensor can be expressed through two structure functions:
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» £, and F, contain contributions from both, charm and bottom quarks. -



Motivation

» Precision of DIS world data: ~ 1% for F»
— requires O(a?) corrections

» Heavy quarks yield essential contributions to the structure functions
~ 20 — 30% at small x

» Heavy quark contributions to the scaling violations have different shape
than the massless ones

= NNLO heavy quark contributions are important for a precise
determination of
1. the strong coupling constant as
2. the heavy quark masses m., mp
3. parton distribution functions for the heavy quarks



Operator Matrix Elements

> At Q? > m? the heavy flavor part can be calculated via massive
operator matrix elements (OMEs) of local Operators O; between
partonic states j

m? m} . .
A; (7?”) — Gloi) -

[Buza, Matiounine, Smith, van Neerven, Nucl.Phys. B472 (1996) 611-658]

— Additional Feynman rules with local operator insertions for the partonic
matrix elements
» We will compute mainly in Mellin N-space:

1
F(N) = /dx xNTLE(x)
0

» The OMEs can be split into parts which contain only contributions from
one heavy quark and genuine two mass contributions
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General Status of the Calculation

> A large number of Mellin moments (1000) is available for all OMEs in
the single mass case, as well as all logarithmic contributions.

» All single mass contributions, but for AS’;, have been completed; all 1st

order factorizing terms to Agg), are known.
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» A series of moments is available for all OMEs in the two-mass case.

» The calculation of the two-mass OMEs for general N and x will be ‘3/13/\‘
reported in the following. N O4



Operator Matrix Elements

» Since the mass of the bottom quark my is not much larger than the
charm mass m.
2

m
n:;iwo.l, J

a

we have to take into account the contributions from both quarks
simultaneously (the top quark decouples because of the heavy mass
m? > m3).

» Graphs with two massive quarks start contributing at O(a3),
nevertheless two mass contributions can emerge from
» reducible contributions
P renormalization [Ablinger et al; Nucl.Phys. B921 (2017) 585-688]
» scheme changes

= this way two mass contributions even arise at O(a?)



» Matching conditions for parton distribution functions:
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The variable flavor number scheme at NLO
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The ratio of the 2-mass contributions to the singlet parton distribution ¥(x, Q?) (left) and the
heavy flavor parton distribution £, 5(x, Q?) (right) over their full form in percent for
me = 1.59 GeV, m, = 4.78 GeV in the on-shell scheme. Dash-dotted line: Q% = 30 GeV?;

Dotted line: Q? = 30 GeV?; Dashed line: Q% = 100 GeV?; Dash-dotted line: Q7 = 1000 GeV?:
Full line: Q? = 10000 GeV2.




Overview: Calculation

» No reduction to master integrals.

» Full Feynman parametrization of the diagrams.

» One fermion loop can be rendered effectively massless via a
Mellin-Barnes integral:
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» Integration over loop momenta and Feynman parameters can be done in
terms of I'-functions.

» The complex contour integral can be done by closing the integration
contour and summing up residues.

= The integration problem has been transformed into a
(multi-)summation, which can be handled with the packages
Sigma, EvaluateMultiSums [Schneider '01-] , SumProduction [Ablinger,

Bliimlein, Hasselhuhn, Schneider "10-] and HarmonicSums [Ablinger, Bliimlein, Schneider /(‘\/3
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Overview: Mathematical Structures

A( ).NS A(3)

00.Q » Agr0 Harmonic Sums

[Vermaseren '98; Bliimlein, Kurth '98]
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Agg) Q Generalized harmonic

and binomial sums
[Ablinger, Bliilein, Schneider '13]
[Ablinger, Bliilein, Raab, Schneider '14]
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Iterated integrals over
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[Ablinger, Bliimlein, Raab, Schneider '14]
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(3).NS and A(3)

Two mass contributions to Aqq@ 29,Q

» After introducing Feynman parameters the integrals can be represented
as:
+ico
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! go(e) +0,87(e) — o ’
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» The 7 and /V dependence completely factorizes, and after closing the
integration contour and summing residues a linear combination of
hypergeometric 4F3-functions is obtained

- a1(g), a2(e), as(€), aa(e) ,
=2 “F{ bi(e), ba(e) ba(e) ’7}

j

» The e-expansion gives rise to (poly)logarithmic functions with argument

n, /7 and —/7. /e



(3),NS

Results: Aqq7Q
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The R;'s are polynomials in N and n. For 3(3)

/0@
0 and 3(3) QNS T one finds similar expressions. @
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The ratio of the genuine 2-mass contributions to Ag&;),gs and A(g? o to the respective complete

Tf——part of massive 3-loop OMEs as a function of x and Q?, for me = 1.59 GeV, m, = 4.78 GeV

in the on-shell scheme. Dash-dotted line: p,z = 30 GeV?; Dotted line: 11> = 50 GeV?; Dashed
line: u2 = 100 GeV?; Full line: ;% = 1000 GeV?.




Two mass contribution to A';i’@)

» In general the same steps as before are applicable.

» Problem: the sums for the N-space solution are not first order
factorizable
= Summation algorithms of Sigma cannot find the closed form solution
» Solution: aim directly for the momentum space solution, which is first
order factorizable



Details: A(3) PS

» Leaving one Feynman parameter unintegrated one obtains
representations like:

/dxx fx)/do’{ g(o

—ioco

» We now have two different cases for closing the contour:

o Case l: £ = ——
nx( 1 X)
We can close the contour to the left, since £ > 4/n.

o Case 2: £ = TX)
We have to split the integration region into the three regions:
1. x € (0,n—-) : close to the left
2: xe(n 777+) close to the right
3: x € (n4,1) : close to the left

with 4 = 35 (1 +vI=1)
» This shows that in momentum fraction space functions with different =
support contribute. i 95,5\1}



Details: AS;’PS

» The residue sums can be done with Sigma, EvaluateMultiSums and
HarmonicSums in terms of generalized iterated integrals and there
special values

G({A(), BT, a1}, 2) = /0 dri f(m)G ({A(T), - F(7)} 1)

» Rational prefactors in N can be absorbed via integration by parts
identities or convolution integrals, i.e.

ﬁ /01 dz 2" f(z) = /01 dz z"{/z1 dy (—1)'* (%)a [HO (g)}Fl f(y)}_

» The alphabet of the occurring iterated integrals contains only two new
letters:

1 1 1 V1 —4x
e V& — xVx,

1—x’ X

» For numerical evaluations we calculated all occurring iterated integrals
as HPLs at involved and complex arguments. OR



» The contribution to the whole T2-term is given by:
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.. A3)
Details: Agg@

» In general the structures in N and 7 do not factorize:

r (2+§—0)2,5—a,—a,a—375,(2—s+<7)2,N—§
N+2+%,4+a—20,4—28+2a

» The gluonic Feynman rules introduce large numerator structures

— single diagrams can lead to big expressions after taking all residues, the
most involved diagram 11b amounts to ~ 100MB disk space
» Our approach to tackle these sums: (See also the talk by C. Schneider.)
1. Crunch the expressions to a few master sums using SumProduction.
2. Solve these master sums independently using the refined algorithms

implemented in EvaluateMultiSums using HarmonicSums for limiting
procedures.

3. Reduce the occurring sums from the master sums to a smaller set of
independent sums.

» This way the summation of diagram 11b can be tackled in ~ 78 days
and ~ 33 days are needed to reduce the occurring sums to a basis

» The full summation amounted to around 5 months of calculation.




Results: Aég),
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.. A3)
Details: Agg@

» The Mellin-inversion of the binomial sum structures can be handled with
an improved algorithm implemented in HarmonicSums (see the talk by

J. Ablinger)
> For A o we find the alphabet:
1 1 1 a ) 1 1
x 7 14x 7 1-x~ Xm0 x+nl—-x)  1—x(1-n)
1 x(1 — x) Vx(1 = x) Vx(1 = x)

n+x(l—mn) 7 1-—x(1-mn) " x+n(l-x) " n+x(1-n)

» Rational prefactors in N have to be included by convolution integrals.

» For numerical evaluations we calculated all occurring iterated integrals
as HPLs at involved and complex arguments.
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Summary and Outlook

(3),NS (3), TR 4(3)
q9,Q ’Aqq7Q qu,Q'

AS()]’PS and AS;_Q with two heavy quarks have been calculated
analytically.

» The 3-loop massive operator matrix elements A

» For A(SC)]’PS and ASg)Q iterative integral representations over square-root

valued alphabets, containing the mass ratio, are obtained.
» The contribution of these terms are of comparable size to the complete
T2CF  contributions.

» Phenomenological implications have been studied to NLO. Here the
bottom quark contributions receive the largest corrections of up to 5%.

» The calculation of AS; still needs to be completed in the single mass
case (here elliptic and possibly more involved structures contribute).
The two-mass calculation, expanding in the mass ratio, is under way.
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These are two of the functions:
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