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A comparison

There exists a corolla differential Dr such that the Feynman
integrand Ir for connected 3-regular graphs I',
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gives rise, when summed over connected graphs I, to the total
gauge theory amplitude, using Drlr.
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Graph Homology: shrinking edges

Let e be an edge connecting two 3-gluon vertices in a graph I', x$
be the operator which shrinks edge e, extend x¢ to zero when
acting between any other two vertices. Let S, with S2 =0, be the
corresponding graph homology operator. Then, for a gauge theory
amplitude r:

Theorem

Let Xor)’(';’j o1 be the sum of all 3-regular connected graphs, with j
ghost loops, and with external legs determined by r and loop
number n, weighted by colour and symmetry, let X/r}’:jgl be the

same allowing for 3- and 4-valent vertices. We have
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Cycle Homology: marking loops

Let 5JCF be the operator which marks a cycle C through 3-valent
vertices and unmarked edges, extend 5£ to zero on any other
cycle. Let T, with T2 = 0, be the corresponding cycle homology
operator. Then:

Theorem

Let Xj;;%gl be the sum of all connected graphs with j 4-vertices

contributing to amplitude r and loop number n and no ghost
r

loops, weighted by colour and symmetry, X );_" | be the same
allowing for any possible number of ghost loops. We have
-\ 9. r,n _ r,n
i) e T Xxi0gt = ij;/gl’

. O+ yrn
i) T X o = 0.




Total Homology: gauge theory amplitudes

These two operations are compatible:
Theorem
i) We have [S,T] =0« (S+ T)?>=0 and

drtx+ xrn drtx+ xrn
Te XOX;Ogl =0, Se XOX;Ogl =0.

i) Together, they generate the whole gauge theory amplitude
from 3-regular graphs:

Or4+X+yHn  _ yhn . yrn
€ XOx;Ogl - X/X;/gl = X0

X" is the only non-trivial element in the bicomplex of cycle- and
graph-homology. This is BRST homology graph-theoretically.




The corolla polynomial

It is a polynomial based on half-edge variables a, ; assigned to any
half-edge (v, /) determined by a vertex v and an edge j. We need the
following definitions:

> For a vertex v € V let n(v) be the set of edges incident to v
(internal or external).

» For avertex v € V let D, = ZJ.EH(V) ay,j-

> Let C be the set of all cycles of I' (cycles, not circuits). This is a
finite set.

» For C a cycle and v a vertex in V/, since I is 3-regular, there is a
unique edge of I' incident to v and not in C, let v¢ be this edge.

» Fori >0 let
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> Let

C=) (-1yc

Jj=0



The corolla differential

Acting on the parametric integrand:
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Dg(h) := —1ght:tn- (

for any half-edge h.

Note: double differentials wrt the same half edge generate the x: ¥
Feynman rules for a 4-valent vertex via Cauchy'’s residue formula. i

e



From scalar theory to gauge theory

Finally, we get the Feynman integrands in the unrenormalized and
renormalized case for a gauge theory amplitude r from 3-regular
connected graphs of scalar fields.

Theorem

The full Yang-Mills amplitude Ur for a graph T can be obtained by
acting with a corolla differential operator on the scalar integrand
Ur({&e}) for T, setting the edge momenta {. = 0 afterwards.
Moreover, Ur gives rise to a differential form Jéj " and there exists a
vector Hr such that the unrenormalized Feynman integrand for the
sum of all Feynman graphs contributing to the connected k-loop
amplitude r is

(XY = Z colour( ’y)/HI_ JUr)

[F=k,res(M)=r

The renormalized analogue is given by writing L_/ﬁ instead of Ur.



4-valent gauge couplings as co-dimension one
hypersurfaces

/ﬂN /“,N «/t AU ~axbUe

The Green Function is an integral over Outer Space - a sum of
integrals over the volume of all cells of any codimension free of
tadpoles.




Remarks and Outlook

» The two Kirchhoff polynomials are distinguished as unique
polynomials on edge variables having recusive contraction
deletion properties.

» The corolla polynomial is similarly distinguished amongst
half-edge polynomials having recursive half-edge deletion
properties.

» David Prinz has generalized this to the full SM.

» Marcel Golz is turning this into a very efficient algorithm for
QED amplitudes.

» What is the corolla polynomial for spin 2 bosons?

» Can we combine the reduction to master integrals (Laporta’s
algorithm) with this transition to gauge theory?

» Thanks for your attention.
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