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Top quark pair production

Top quark related to many important issues: hierarchy 
problem, vacuum stability, origin of fermion masses, ... 

Major background to many searches
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Figure 1: Tree-level amplitude. Massive quarks are indicated by a thick line.

may be improved upon by more precise determinations of the parton distribution functions

in view of recent and upcoming data from HERA and LHC, the former requires the cal-

culation of perturbative corrections at next-to-next-to-leading order (NNLO) in QCD. By

approximating these corrections with the fixed-order expansion of the NLL prediction, one

finds [17] a projected NNLO scale uncertainty of 3%, which is below the parton distribution

uncertainty, and in line with the anticipated experimental error.

The calculation of the full NNLO corrections to the top quark pair production cross

section requires three types of ingredients: two-loop matrix elements for qq̄ → tt̄ and

gg → tt̄, one-loop matrix elements for hadronic production of tt̄+(1 parton) and tree-level

matrix elements for hadronic production of tt̄+(2 partons). The latter two ingredients

were computed previously in the context of the NLO corrections to tt̄+jet production [10].

They contribute to the tt̄ production cross section through configurations where up to two

final state partons can be unresolved (collinear or soft), and their implementation thus may

require further developments of subtraction techniques at NNLO.

Both two-loop matrix elements were computed analytically in the small-mass expansion

limit s, |t|, |u| ≫ m2 in [20,21], starting from the previously known massless two-loop matrix

elements for qq̄ → q′q̄′ [22] and gg → qq̄ [23]. An exact numerical representation of the

two-loop matrix element qq̄ → tt̄ has been obtained very recently [24]. It is the aim of the

present paper to compute all two-loop contributions to qq̄ → tt̄ arising from closed fermion

loops in a compact analytic form, which provide a first independent validation of the recent

results of [20,24], allow for a fast numerical evaluation, and permit the analytical study of

the behavior of the top quark production cross section at threshold.

This paper is structured as follows. In Section 2, we define our notation and kinematical

conventions. Sections 3 and 4 describe the details of the calculation of the two-loop integrals

and of the renormalization of the amplitudes. The results are presented and discussed

in Section 5. We enclose two appendices describing the special functions used in our

calculation and documenting the newly computed master integrals.

2. Notation and Conventions

We consider the scattering process

q(p1) + q(p2) −→ t(p3) + t(p4) , (2.1)
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heavy-quark loop were evaluated in [25], while the two-loop diagrams contributing to the

leading color coefficient were evaluated in [26]. In both cases, the results obtained retain the

full dependence on the top-quark mass and on the kinematic invariants; they agree with

the numerical results of [24]. Having analytical results available has several advantages

over a purely numerical representation. Besides their considerably shorter evaluation time,

the analytical results also allow for an expansion in different kinematical limits (threshold,

high energy).

In the present paper, an analytical expression for the two-loop diagrams contribut-

ing to the leading color coefficient in the gluon-fusion channel is derived. We carry out

the calculation by employing the technique based on the Laporta algorithm [27] and the

differential equation method [28], already used in [25, 26]. The calculation of the leading

color coefficient in the gluon fusion does not require the calculation of any new master

integrals beyond the ones obtained in the two previous works, such that we do not discuss

the calculational method in full detail. The interested reader can find in [25,26] a detailed

description of the techniques employed.

The paper is organized as follows: in Section 2, we introduce our notation and conven-

tions; in Section 3, we summarize the most relevant features of our calculational method.

Section 4 describes the UV renormalization of the bare amplitude. The resulting two-loop

amplitude contributions are described in Section 5, where we also provide numerical val-

ues in some benchmark points, and discuss the expansion in the threshold limit. Finally,

Section 6 contains our conclusions.

2. Notation and Conventions

We consider the scattering process

g(p1) + g(p2) −→ t(p3) + t̄(p4) , (2.1)

in Euclidean kinematics, where p2i = 0 for i = 1, 2 and p2j = −m2 for j = 3, 4. The

Mandelstam variables are defined as follows

s = − (p1 + p2)
2 , t = − (p1 − p3)

2 , u = − (p1 − p4)
2 . (2.2)

Conservation of momentum implies that s+ t+ u = 2m2.

The squared matrix element (summed over spin and color), calculated in d = 4 − 2ε

dimensions, can be expanded in powers of the strong coupling constant αS as follows:

∑

|M|2(s, t,m, ε) = 16π2α2
S

[

A0 +
(αs

π

)

A1 +
(αs

π

)2
A2 +O

(

α3
s

)

]

. (2.3)
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too, and a consistent NNLO treatment would require the
analysis of Ref. [35] to be extended to NNLO, which is
now possible with the help of the results derived in this
letter as well as Ref. [12]. Given the numerical effect is
small (a 0.7% shift at LHC 8 TeV and a 0.4% shift at the
Tevatron), in this work we take A = 0.
As can be concluded from table I the precision of the

theoretical prediction at full NNLO+NNLL is very high.
At the Tevatron, the scale uncertainty is as low as 2.2%
and just slightly larger, about 3%, at the LHC. The inclu-
sion of the NNLO correction to the gg-initiated reaction
increases the Tevatron prediction of Ref. [12] by about
1.4%, which agrees well with what was anticipated in
that reference.

Collider σtot [pb] scales [pb] pdf [pb]

Tevatron 7.009 +0.259(3.7%)
−0.374(5.3%)

+0.169(2.4%)
−0.121(1.7%)

LHC 7 TeV 167.0 +6.7(4.0%)
−10.7(6.4%)

+4.6(2.8%)
−4.7(2.8%)

LHC 8 TeV 239.1 +9.2(3.9%)
−14.8(6.2%)

+6.1(2.5%)
−6.2(2.6%)

LHC 14 TeV 933.0 +31.8(3.4%)
−51.0(5.5%)

+16.1(1.7%)
−17.6(1.9%)

TABLE II: Pure NNLO theoretical predictions for various
colliders and c.m. energies.

To assess the numerical impact from soft gluon re-
summation, in table II we present results analogous to
the ones in table I but without soft gluon resummation,
i.e. at pure NNLO. Comparing the results in the two
tables we conclude that the effect of the resummation
is a (2.2, 2.9, 2.7, 2.2)% increase in central values and
(2.4, 2.2, 2.1, 1.5)% decrease in scale dependence for, re-
spectively, (Tevatron, LHC7, LHC8, LHC14).
Next we compare our predictions with the most precise

experimental data available from the Tevatron and LHC.
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FIG. 3: Theoretical prediction for the Tevatron as a function
of the top quark mass, compared to the latest combination of
Tevatron measurements.
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FIG. 4: Theoretical prediction for the LHC as a function of
the collider c.m. energy, compared to available measurement
from ATLAS and/or CMS at 7 and 8 TeV.

The comparison with the latest Tevatron combination
[36] is shown in fig. 3. The measured value σtot = 7.65±
0.42 pb is given, without conversion, at the best top mass
measurement [37] m = 173.18 ± 0.94 GeV. From this
comparison we conclude that theory and experiment are
in good agreement at this very high level of precision.
In fig. 4 we show the theoretical prediction for the

tt̄ total cross-section at the LHC as a function of the
c.m. energy. We compare with the most precise avail-
able data from ATLAS at 7 TeV [38], CMS at 7 [39] and
8 TeV [40] as well as the ATLAS and CMS combination
at 7 TeV [41]. We observe a good agreement between
theory and data. Where conversion is provided [39], the
measurements have been converted to m = 173.3 GeV.
Finally, we make available simplified fits for the top

mass dependence of the NNLO+NNLL cross-section, in-
cluding its scale and pdf uncertainties:

σ(m) = σ(mref )
(mref

m

)4
(16)

×

(

1 + a1
m−mref

mref
+ a2

(

m−mref

mref

)2
)

.

The coefficient a1,2 can be found in table III.

CONCLUSIONS AND OUTLOOK

In this work we compute the NNLO corrections to
gg → tt̄ + X . With this last missing reaction included,
the total inclusive top pair production cross-section at
hadron colliders is now known exactly through NNLO
in QCD. We also derive estimates for the two-loop hard
matching coefficients which allows NNLL soft-gluon re-
summation matched consistently to NNLO. All results
are implemented in the program Top++ (v2.0) [33].

A milestone in precision calculations

Total cross section Differential distributions
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FIG. 3: Top-antitop pT distribution in LO, NLO and NNLO
QCD. Error bands from scale variation only.

variation has not been included in these results (or in any
other results shown in this Letter). For clarity, in Figs. 1
and 2 the scale variation is only shown for the NNLO
correction. When computing various perturbative orders
we always use PDFs of matching order.

No overflow events are included in any of the bins
shown in this Letter. The normalizations of the distri-
butions in Figs. 1 and 2 are derived in such a way that
the integral over the bins shown in these figures yields
unity. Because of a slight difference in the bins, we note
a small mismatch with respect to the measurements we
compare to: for the top-quark pT distribution CMS has
one additional bin 400GeV < pT < 500GeV (not shown
in Fig. 1). This bin contributes only around 4 per mil
to the normalization of the data and we neglect it in the
comparison. The yt distribution computed by us extends
to |yt| < 2.6. This last bin differs slightly from the cor-
responding CMS bin which extends to |yt| < 2.5. This
mismatch is shown explicitly in Fig. 2.

We observe that the inclusion of NNLO QCD correc-
tions in the pT,t distribution brings SM predictions closer
to CMS data in all bins. In fact the two agree within er-
rors in all bins but one (recall that the PDF error has not
been included in Fig. 2). The case of the yt distribution
is more intriguing; we observe in Fig. 2 that the NNLO
and NLO central values are essentially identical in the
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FIG. 4: As in Fig. 3 but for the top pair invariant mass.

whole rapidity range (this is partly related to the size of
the bins). Given the size of the data error, it does not
appear that there is any notable tension between NNLO
QCD and data. The apparent stability of this distri-
bution with respect to NNLO radiative corrections will
clearly make comparisons with future high-precision data
very interesting.
We do not compare with the CMS data for the mtt̄

and ytt̄ distributions since the mismatch in binning is
more significant. Instead, in Figs. 4 and 5 we present
the NNLO predictions for the absolute normalizations
of these distributions. We stress that the bin sizes we
present are significantly smaller than the ones in the ex-
isting experimental publications. This should make it
possible to use our results in a variety of future experi-
mental and theoretical analyses. For this reason, in Fig. 3
we also present the absolute prediction for the top-quark
pT distribution with much finer binning compared to the
one in Fig. 1.
In Figs. 3,4, and 5 we show the scale variation for each

computed perturbative order, together with the NLO and
NNLO K factors. In all cases one observes a consistent
reduction in scale variation with successive perturbative
orders. Importantly, we also conclude that our scale vari-
ation procedure is reliable, since NNLO QCD corrections
are typically contained within the NLO error bands (and
to a lesser degree for NLO with respect to LO). We also
notice that the NNLO corrections do not affect the shape



Differential distributions
 4

Czakon, Heymes, Mitov: 1511.00549

ar
X

iv
:1

51
1.

00
54

9v
2 

 [h
ep

-p
h]

  1
6 

M
ar

 2
01

6

Cavendish-HEP-15/10, TTK-15-34

High-Precision Differential Predictions for Top-Quark Pairs at the LHC
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We present the first complete next-to-next-to-leading order (NNLO) QCD predictions for differ-
ential distributions in the top-quark pair production process at the LHC. Our results are derived
from a fully differential partonic Monte Carlo calculation with stable top quarks which involves no
approximations beyond the fixed-order truncation of the perturbation series. The NNLO correc-
tions improve the agreement between existing LHC measurements [V. Khachatryan et al. (CMS
Collaboration), Eur. Phys. J. C 75, 542 (2015)] and standard model predictions for the top-quark
transverse momentum distribution, thus helping alleviate one long-standing discrepancy. The shape
of the top-quark pair invariant mass distribution turns out to be stable with respect to radiative
corrections beyond NLO which increases the value of this observable as a place to search for physics
beyond the standard model. The results presented here provide essential input for parton distri-
bution function fits, implementation of higher-order effects in Monte Carlo generators as well as
top-quark mass and strong coupling determination.

INTRODUCTION

There is remarkable overall agreement between stan-
dard model (SM) predictions for top-quark pair produc-
tion and LHC measurements. Measurements of the total
inclusive cross section at 7, 8, and 13 TeV [1–5] agree well
with next-to-next-to leading order (NNLO) QCD pre-
dictions [6–11]. Differential measurements of final state
leptons and jets are generally well described by exist-
ing NLO QCD Monte Carlo (MC) generators. Concern-
ing top-quark differential distributions, the description of
the top-quark pT has long been in tension with data [12–
14]; see also the latest differential measurements in the
bulk [15] and boosted top [16] regions. The first 13 TeV
measurements have just appeared [17, 18] and they show
similar results; i.e., MC predictions tend to be harder
than data.

This “pT discrepancy” has long been a reason for con-
cern. Since the top quark is not measured directly, but
is inferred from its decay products, any discrepancy be-
tween top-quark-level data and SM prediction implies
that, potentially, the MC generators used in unfolding
the data may not be accurate enough in their description
of top-quark processes. With the top quark being a main
background in most searches for physics beyond the SM
(BSM), any discrepancy in the SM top-quark description
may potentially affect a broad class of processes at the
LHC, including BSM searches and Higgs physics.

The main “suspects” contributing to such a discrep-
ancy are higher order SM corrections to top-quark pair
production and possible deficiencies in MC event gener-
ators. A goal of this work is to derive the NNLO QCD
corrections to the top-quark pT spectrum at the LHC
and establish if these corrections bridge the gap between
LHC measurements, propagated back to top-quark level
with current MC event generators, and SM predictions
at the level of stable top quarks.
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FIG. 1: Normalized top-antitop pT distribution vs CMS
lepton+jets data [15]. NNLO error band from scale vari-
ation only. The lower panel shows the ratios LO/NNLO,
NLO/NNLO, and data/NNLO.

Our calculations are for the LHC at 8 TeV. They show
that the NNLO QCD corrections to the top-quark pT
spectrum are significant and must be taken into account
for proper modeling of this observable. The effect of
NNLO QCD correction is to soften the spectrum and
bring it closer to the 8 TeV CMS data [15]. In addition
to the top-quark pT, all major top-quark pair differential
distributions are studied as well.
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FIG. 2: As in Fig. 1 but for the top-antitop rapidity.

DETAILS OF THE CALCULATION

In the context of our previous work on the top-quark
forward-backward asymmetry at the Tevatron [19], we
have already preformed a complete differential calcula-
tion of NNLO QCD corrections to on-shell top-quark pair
production. Unfortunately, our Tevatron setup turned
out not to be sufficiently powerful to deal with the in-
creased demands of the LHC configuration. One reason
is that the cross-section is now dominated by gluon fusion
instead of quark annihilation. The main cause lies, how-
ever, in the substantially higher collider energy, which
raises the fraction of events with top quarks far away
from threshold. For the latter, phase space integrals yield
large logarithms of the ratio of the top-quark mass and
the partonic center-of-mass energy. In consequence, the
convergence rate of the numerical Monte Carlo integra-
tion is severely diminished.
The results presented in this Letter are obtained using

a fresh complete implementation of the sector-improved
residue subtraction scheme, Stripper [20, 21], in its
four-dimensional formulation as developed in Ref. [22].
We note that the subtraction scheme relies on the known
soft and collinear limits of tree-level and one-loop ma-
trix elements [21, 23–35]. It also exploits the singularity
structure of one- and two-loop virtual amplitudes [36].
Its main strength consists in preserving process indepen-
dence and generality without requiring intricate analytic
integration. The price of the obvious advantage is a
numerical (as opposed to analytical) cancellation of the

poles in the dimensional regularization parameter.
The process specific matrix elements for top-quark pair

production in the Born approximation were obtained us-
ing the software from Ref. [37]. We evaluated the four-
point one-loop amplitudes ourselves, although they can
also be found in Refs. [38–40]. The five-point one-loop
amplitudes, on the other hand, were computed with
a code used in the calculation of pp → tt̄j at NLO
[41, 42]. Finally, the two-loop matrix elements were taken
in the form of numerical values on a dense grid supple-
mented with threshold and high-energy expansions from
Refs. [43, 44]. Notice that some partial analytical results
are also known at two loops [45–48].
As for our setup, we use the top-quark pole mass

mt = 173.3GeV, the MSTW2008 parton distribution
function (PDF) set [49], and kinematics-independent
scales with the central value µR = µF = mt. The the-
oretical uncertainty is estimated with independent scale
variation µR ≠ µF subject to the additional restriction
0.5 < µR/µF < 2 [50]. The PDF uncertainty is not in-
cluded. The above choice of scales, PDF set, and param-
eters is dictated mainly by reasons of backward compat-
ibility with our previous work and the need for extensive
checks at the level of intermediate and final results. In
the future, we intend to consider various choices of run-
ning scales, PDF sets and errors as well as values of mt.
We have checked that our calculation reproduces σtot

from Refs. [6–9] for each value of µR, µF with a precision
around two per mil for the O(α4

s) contribution, which
translates to about 2× 10−4 for the complete result. We
have also verified the cancellation of infrared singularities
in each histogram bin. At NLO, our calculation has been
cross-checked with the MC generator MCFM [51, 52].
The predicted NNLO pT,tt̄ distribution for nonvanishing
transverse momentum is consistent with results for the
NLO QCD corrections to pp → tt̄j from Refs. [53–55]
and agrees with an independent evaluation using Helac-

Nlo [56]. The new software also reproduces our previous
Tevatron results.

RESULTS

In the following we discuss the pT,t, yt,mtt̄, and ytt̄
differential distributions. We do not present the trans-
verse momentum distribution of the top-quark pair since
it can be obtained with readily available NLO tools ap-
plied to the tt+ j process. The pT,t and yt distributions
are assumed to be insensitive to the charge of the heavy
quark; i.e., they are an average of the respective top- and
antitop-quark distributions.
In Fig. 1 we show the prediction for the normalized pT,t

distribution computed in LO, NLO, and NNLO QCD,
and compared to the most recent CMS data [15]. The
corresponding top-quark rapidity distribution is shown
in Fig. 2. As explained in the previous section, PDF

Some tension at high energy (boosted kinematics)
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established applicability from fully inclusive observables to exclusive multi-particle final states.

In particular, here we only consider scales which are common to all orders in the strong

coupling expansion. For this reason, in the present work we do not study the implications of

the BLM/PMC procedures. Recent comparison of predictions based on the BLM/PMC and

the usual scale setting approaches can be found in ref. [3].

Alternative approaches for estimating theory errors have been proposed in refs. [70–72].

3 Choosing the scale µ0

In order to identify the most appropriate dynamical scale for use in top-pair production at

the LHC, we perform a number of fully differential calculations based on the following set of

functional forms:

µ0 ∼ mt , (3.1)

µ0 ∼ mT =
√

m2
t + p2T , (3.2)

µ0 ∼ HT =
√

m2
t + p2T,t +

√

m2
t + p2T,t̄ , (3.3)

µ0 ∼ H ′

T =
√

m2
t + p2T,t +

√

m2
t + p2T,t̄ +

∑

i

pT,i , (3.4)

µ0 ∼ ET =

√

√

m2
t + p2T,t

√

m2
t + p2T,t̄ , (3.5)

µ0 ∼ HT,int =
√

(mt/2)2 + p2T,t +
√

(mt/2)2 + p2T,t̄ , (3.6)

µ0 ∼ mtt̄ , (3.7)

where the momentum pT entering the definition of mT in eq. (3.2) is either that of the top

or the antitop, depending on the distribution. The sum in the definition of H ′

T runs over

all massless partons present in the final state (at NNLO there could be up to two partons).

Finally, an important part of the process of choosing the functional form of µ0 involves the

fixing of the proportionality constant, signified by the ∼ sign in the above equations. While

for brevity we focus our presentation on LHC 8 TeV, we have also verified that our conclu-

sions remain unchanged at LHC 13 TeV. Unless explicitly specified, throughout this work we

combine partonic cross-sections with pdf of the same order (LO with LO, NLO with NLO,

etc). Resummed NNLO partonic cross-sections are convoluted with NNLO pdf. The strong

coupling constant αS is evaluated through the LHAPDF interface [73] as appropriate for the

corresponding pdf set. Throughout this paper scale variation in differential distributions is

performed by independently varying µF and µR (as defined in sec. 1). Only in sec. 3.1 – in

the context of the total inclusive cross-section – we use simultaneous µF = µR scale variation.

3.1 Total cross-section

We begin our investigation with the total inclusive cross-section based on the standard choice

µ0 = mt and computed with two pdf sets: MSTW2008 [74] and NNPDF3.0 [75]. The total

– 5 –

The problem here: it’s a multiple-scale 
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NNLO with dynamic scale
 5

Czakon, Heymes, Mitov: 1606.03350

established applicability from fully inclusive observables to exclusive multi-particle final states.

In particular, here we only consider scales which are common to all orders in the strong

coupling expansion. For this reason, in the present work we do not study the implications of

the BLM/PMC procedures. Recent comparison of predictions based on the BLM/PMC and

the usual scale setting approaches can be found in ref. [3].

Alternative approaches for estimating theory errors have been proposed in refs. [70–72].

3 Choosing the scale µ0

In order to identify the most appropriate dynamical scale for use in top-pair production at

the LHC, we perform a number of fully differential calculations based on the following set of

functional forms:

µ0 ∼ mt , (3.1)

µ0 ∼ mT =
√

m2
t + p2T , (3.2)

µ0 ∼ HT =
√

m2
t + p2T,t +

√

m2
t + p2T,t̄ , (3.3)

µ0 ∼ H ′

T =
√

m2
t + p2T,t +

√

m2
t + p2T,t̄ +

∑

i

pT,i , (3.4)

µ0 ∼ ET =

√

√

m2
t + p2T,t

√

m2
t + p2T,t̄ , (3.5)

µ0 ∼ HT,int =
√

(mt/2)2 + p2T,t +
√

(mt/2)2 + p2T,t̄ , (3.6)

µ0 ∼ mtt̄ , (3.7)

where the momentum pT entering the definition of mT in eq. (3.2) is either that of the top

or the antitop, depending on the distribution. The sum in the definition of H ′

T runs over

all massless partons present in the final state (at NNLO there could be up to two partons).

Finally, an important part of the process of choosing the functional form of µ0 involves the

fixing of the proportionality constant, signified by the ∼ sign in the above equations. While

for brevity we focus our presentation on LHC 8 TeV, we have also verified that our conclu-

sions remain unchanged at LHC 13 TeV. Unless explicitly specified, throughout this work we

combine partonic cross-sections with pdf of the same order (LO with LO, NLO with NLO,

etc). Resummed NNLO partonic cross-sections are convoluted with NNLO pdf. The strong

coupling constant αS is evaluated through the LHAPDF interface [73] as appropriate for the

corresponding pdf set. Throughout this paper scale variation in differential distributions is

performed by independently varying µF and µR (as defined in sec. 1). Only in sec. 3.1 – in

the context of the total inclusive cross-section – we use simultaneous µF = µR scale variation.

3.1 Total cross-section

We begin our investigation with the total inclusive cross-section based on the standard choice

µ0 = mt and computed with two pdf sets: MSTW2008 [74] and NNPDF3.0 [75]. The total

– 5 –

Determine optimal “scale scheme” by 
minimizing higher order corrections

and that the choice of a scale ensuring fastest convergence is a rather clear cut. Moreover,

such scale returns value for σtot which is in nearly perfect agreement with the so-far default

value for σtot evaluated with NNLO+NNLL at the scale µ = mt. From this figure it is

also evident that for the fastest convergence scale eq. (3.8), the scale behaviour of the total

cross-section is very regular and monotonic around the value µ/µ0 = 1/2.

3.2 Differential distributions

In determining the functional form of the scale µ0 one is constrained by the following limiting

cases: at pT → 0 we have µ0 ≈ c0mt, while for very large pT we have µ0 ≈ c∞pT . The two

constants c0 and c∞ are a priori unknown as is the scale’s functional form that interpolates

between these two limits. The limit pT → 0 is, however, strongly correlated with the total

cross-section. We will thus use the scale derived in section 3.1 in the context of the total

inclusive cross-section, to fix the constant c0. From eq. (3.8) we have c0 = 1/2.

The scale µ0 = HT /4 (3.8) implies that c∞ = 1/2. One may wonder, however, if the

constants c∞ and c0 should necessarily be equal. Indeed, the typical value used in the past

for the former constant is c∞ = 1. 6 Since σtot is not sensitive to the large-pT,t limit, one will

need to investigate differential distributions and we turn to them in the following.

We would like to stress that since the limit of large pT has not yet been experimentally

constrained, in this study we cannot rely on data. For this reason, our only guiding principle

will be the principle of fastest perturbative convergence. As it turns out, this principle is

actually quite powerful and quite clear picture of a “good” scale emerges from our analysis.

We will allow for scales with different large-pT behaviour and will nevertheless conclude that

the best scale is µ0 = HT/4. We will also find that for the pT,t distribution (as well as for the

pT,t/t̄ of the average top/antitop) the best scale will be not HT/4 but µ0 = mT /2 as defined

in eq. 3.2. Both scales HT /4 and mT/2 have the same asymptotic behaviour in the limits

pT,t → 0 and pT,t → ∞ thus arriving at the following “best” scale

µ0 =

⎧

⎪

⎨

⎪

⎩

mT

2
for : pT,t, pT,t̄ and pT,t/t̄ ,

HT

4
for : all other distributions .

(3.9)

Eq. (3.9) above is the main result of this work. In the following we present its justification

by the way of analysing differential distributions. We also compare three different pdf sets:

NNPDF3.0 [75], CT14 [78] and MMHT2014 [79].

In fig. 5 we compare predictions for pT,t/t̄ computed with five different dynamic scales:

mT /2, mT , HT/4, HT,int/2 and mtt̄/4. We observe that the scale mT /2 consistently leads

to K-factors that are closest to unity, i.e. it fits best the requirement for fastest perturbative

convergence in the full kinematic range. A K-factor between orders a and b, a ≥ b, is defined:

KNaLO/NbLO(µ) =
dσNaLO(µ)

dσNbLO(µcentral)
. (3.10)

6We point out that the scaleHT,int/2 has been introduced specifically in order to allow interpolation between

c0 = 1/2 and c∞ = 1.
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Vastly different behaviors with different scheme choices 
(especially in the boosted region)
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Figure 5. Comparison of the average top/antitop pT differential cross-section at NNLO evaluated
with five different dynamic scales. All plots show ratios with respect to the default scale mT /2 (3.9):
HT /4 (top left), HT,int/2 (top right), mT (bottom left) and mtt̄/4 (bottom right). Error bands are
from scale variation only.

We also notice that the scale mT /2 leads to cross-section with the smallest scale variation. It

is worth noting that the difference between the central values for the NNLO pT distribution

based on the scales mT/2 and HT /4 never exceeds 2% for pT,t/t̄ < 1TeV, i.e. the effect of the

scale choice at NNLO is rather limited.

Similarly, in fig. 6 we compare predictions for mtt̄ also computed with five different

dynamic scales: HT /4, HT /2, HT,int/2, mtt̄/2 and mtt̄/4. We observe that the scale HT /4

consistently leads to K-factors that are closest to unity, i.e. it fits best the requirement for
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Figure 6. Comparison of the mtt̄ differential cross-section at NNLO evaluated with five different
dynamic scales. All plots show ratios with respect to the default scale HT /4 (3.9): HT,int/2 (top left),
HT /2 (top right), mtt̄/4 (bottom left) and mtt̄/2 (bottom right). Error bands are from scale variation
only.

fastest perturbative convergence. We also notice that this scale leads to cross-section with

the smallest scale variation.

The comparison in fig. 6 demonstrates that mtt̄-based scales lead to poor perturbative

convergence. Even for an mtt̄-based scale that is as small as mtt̄/4 the deviation between the

absolute predictions is large and exceeds the size of the scale error. Such scales have been

used in the past [38, 39] as well as recently in the resummation-based work [40, 41]. Our

findings seem to indicate that the large corrections found in refs. [40, 41] are actually due to

– 12 –
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Actively being probed by LHC experiments

8.2 Parton-level phase-space di↵erential cross-sections

The unfolded parton-level phase-space di↵erential cross-sections are shown in Figs.12–16 for the kine-
matical variables describing the top quark, leading top quark, second-leading top quark and the tt̄ sys-
tem.

To measure the average top-quark pT distribution that can be compared with NNLO+NNLL calculations
[1–3], the data are unfolded by randomly selecting one of the two top-quark candidates at the detector
level for each event. The normalized average top-quark pT and rapidity di↵erential cross-sections are
shown in Fig. 12(a) and Fig. 12(b), respectively.
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Figure 12: The normalized parton-level di↵erential cross-sections as a function of (a) the transverse momentum and
(b) the rapidity of the top quark. The orange bands indicate the total uncertainty in the data in each bin. The vertical
bars indicate the statistical uncertainties in the theoretical models. The Powheg+Pythia8 event generator is used as
the nominal prediction to correct for detector e↵ects, parton showering and hadronization. Data points are placed
at the center of each bin. The unfolding has required the leading top-quark pT > 500 GeV and the second-leading
top-quark pT > 350 GeV.
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Figure 14: The normalized parton-level di↵erential cross-sections as a function of (a) the tt̄ pT, (b) the tt̄ invariant
mass and (c) the absolute value of tt̄ rapidity. The orange bands indicate the total uncertainty in the data in each
bin. The vertical bars indicate the statistical uncertainties in the theoretical models. The Powheg+Pythia8 event
generator is used as the nominal prediction to correct for detector e↵ects, parton showering and hadronization. Data
points are placed at the center of each bin. The unfolding has required the leading top-quark pT > 500 GeV and
the second-leading top-quark pT > 350 GeV.
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Figure 5: Examples of non-abelian three-Wilson-line integrals required in the calculation of
the NNLO soft matrix.

Each of the four diagrams in the last two rows of Figure 3, on the other hand, are complicated
functions of two distinct scalar products. However, the sums of the pairs (c)+(d) and (e)+(f)
are proportional to symmetric color structure w(8):

D(c)+(d)
8 →

(

T b
i T

a
i + T a

i T b
i

)

T a
j T

b
k

∫

[dk] [dl]
ni · nj ni · nk δ(ω − n0 · (k + l))

ni · l ni · (k + l) nj · k nk · l
,

D(e)+(f)
8 →

(

T a
i T b

i + T b
i T

a
i

)

T a
j T

b
k

∫

[dk] [dl]
ni · nj ni · nk δ(ω − n0 · (k + l))

ni · k ni · (k + l) nj · k nk · l
. (38)

Furthermore, after partial fractioning, the sum of the two integrals yields the factorized integral
(36). Therefore, these abelian diagrams do not introduce any new calculational complications.
In Appendix B we explain how the non-abelian exponentiation theorem implies the simple
factorized form of the integral multiplying the symmetric color structure (35). The color
matrices for the qq̄ channel are

w
(8)
123 = w

(8)
214 = w

(8)
314 = w

(8)
423 =

CF

2

(

0 N2−2
2N

N2−2
2N −N2−2

2N2

)

,

w
(8)
124 = w

(8)
213 = w

(8)
324 = w

(8)
413 =

CF

2

(

0 −N2−2
2N

−N2−2
2N − 1

N2

)

,
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IR anomalous dimension
 10

2

amplitudes can be removed by a multiplicative renormal-
ization factor Z−1(ϵ, {p}, {m}, µ), which acts as a matrix
on the color indices of the partons. More precisely, the
product Z−1|Mn⟩ is finite for ϵ → 0 after the coupling
constant αQCD

s used in the calculation of the scattering
amplitude is properly matched onto the coupling αs in
the effective theory, in which the heavy partons are inte-
grated out [17]. The relation

Z−1 d

d lnµ
Z(ϵ, {p}, {m}, µ) = −Γ({p}, {m}, µ) (1)

links the renormalization factor to a universal anomalous-
dimension matrix Γ, which governs the scale dependence
of effective-theory operators built out of collinear SCET
fields for the massless partons and soft heavy-quark ef-
fective theory fields for the massive ones. For the case
of massless partons, the anomalous dimension has been
calculated at two-loop order in [8, 9] and was found to
contain only two-parton color-dipole correlations. It has
recently been conjectured that this result may hold to
all orders of perturbation theory [10–12]. On the other
hand, when massive partons are involved in the scattering
process, then starting at two-loop order correlations in-
volving more than two partons appear [16]. At two-loop
order, the general structure of the anomalous-dimension
matrix is [17]

Γ =
∑

(i,j)

Ti · Tj

2
γcusp(αs) ln

µ2

−sij
+

∑

i

γi(αs)

−
∑

(I,J)

TI · TJ

2
γcusp(βIJ , αs) +

∑

I

γI(αs)

+
∑

I,j

TI · Tj γcusp(αs) ln
mIµ

−sIj
(2)

+
∑

(I,J,K)

ifabc T a
I T b

J T c
K F1(βIJ , βJK , βKI)

+
∑

(I,J)

∑

k

ifabc T a
I T b

J T c
k f2

(

βIJ , ln
−σJk vJ · pk

−σIk vI · pk

)

.

The one- and two-parton terms depicted in the first three
lines start at one-loop order, while the three-parton terms
in the last two lines appear at O(α2

s). The notation
(i, j, . . . ) etc. means that the corresponding sum extends
over tuples of distinct parton indices. The cusp angles
βIJ are defined via

coshβIJ =
−sIJ

2mImJ
= wIJ . (3)

They are associated with the hyperbolic angles formed
by the time-like Wilson lines of two heavy partons. The
physically allowed values are wIJ ≥ 1 (one parton in-
coming and one outgoing), corresponding to βIJ ≥ 0, or
wIJ ≤ −1 (both partons incoming or outgoing), corre-
sponding to βIJ = iπ − b with real b ≥ 0. These possi-
bilities correspond to space-like and time-like kinematics,
respectively. Since in a three-parton configuration there

v1

v2 v3

FIG. 1: Two-loop Feynman graphs (top row) and one-loop
counterterm diagrams (bottom row) contributing to the two-
loop coefficient of the renormalization factor Zs.

is always at least one pair of partons either incoming or
outgoing, at least one of the wIJ or vI ·pk variables must
be time-like, and hence the functions F1 and f2 have
non-zero imaginary parts.

The anomalous-dimension coefficients γcusp(αs) and
γi(αs) (for i = q, g) in (2) have been determined to three-
loop order in [12] by considering the case of the massless
quark and gluon form factors. Similarly, the coefficients
γI(αs) for massive quarks and color-octet partons such as
gluinos have been extracted at two-loop order in [17] by
analyzing the anomalous dimension of heavy-light cur-
rents in SCET. In addition, the velocity-dependent func-
tion γcusp(β, αs) has been derived from the known two-
loop anomalous dimension of a current composed of two
heavy quarks moving at different velocity [19, 20].

Here we complete the calculation of the two-loop
anomalous-dimension matrix by deriving closed analytic
expressions for the universal functions F1 and f2, which
parameterize the three-parton correlations in (2).

III. CALCULATION OF F1 AND f2

To calculate the function F1 we compute the two-
loop vacuum matrix element of the operator Os =
Sv1

Sv2
Sv3

, which consists of three soft Wilson lines
along the directions of the velocities of three massive par-
tons, without imposing color conservation. The anoma-
lous dimension of this operator contains a three-parton
term given by 6ifabc T a

1 T b
2 T c

3 F1(β12, β23, β31). The
function F1 follows from the coefficient of the 1/ϵ pole
in the bare matrix element of Os. We will then obtain
f2 from a limiting procedure.

The operator Os is renormalized multiplicatively, so
that OsZs is UV finite, where Zs is linked to the anoma-
lous dimension in the same way as shown in (1). In order
to calculate the two-loop Zs factor, we have evaluated
the two-loop non-planar and planar graphs shown in the
first row of Figure 1, as well as the one-loop countert-
erm diagrams depicted in the second row. Contrary to
a statement made in [16], we find that F1 receives con-

Ferroglia, Neubert, Pecjak, LLY: 
0907.4791; 0908.3676

3

tributions from all five diagrams, not just from the non-
planar graph. The most challenging technical aspect of
the analysis is the calculation of the diagram involving
the triple-gluon vertex. We have computed this diagram
using a Mellin-Barnes representation and checked the an-
swer numerically using sector decomposition [21]. We
have also checked that for Euclidean velocities our re-
sult for the triple-gluon diagram agrees numerically with
a position-space based integral representation derived in
[16]. Combining all contributions, we find

F1(β12, β23, β31) =
α2

s

12π2

∑

i,j,k

ϵijk g(βij) r(βki) , (4)

where we have introduced the functions

r(β) = β coth β ,

g(β) = coth β

[

β2 + 2β ln(1 − e−2β) − Li2(e
−2β) +

π2

6

]

− β2 −
π2

6
. (5)

The function f2 can be obtained from the above result
by writing w23 = −σ23 v2 · p3/m3, w31 = −σ31 v1 · p3/m3

and taking the limit m3 → 0 at fixed vI ·p3. In that way,
we obtain

f2

(

β12, ln
−σ23 v2 · p3

−σ13 v1 · p3

)

= −
α2

s

4π2
g(β12) ln

−σ23 v2 · p3

−σ13 v1 · p3
.

(6)
Whether a factorization of the three-parton terms into
two functions depending on only a single cusp angle per-
sists at higher orders in αs is an open question.

It is interesting to expand the two functions r(β) and
g(β) about the threshold point β = iπ − b with b → 0+.
We find

r(β) = −
iπ

b
+ 1 + O(b) ,

g(β) = −
π2 + 2iπ ln(2b)

b
+

(

2 +
5π2

6

)

+ O(b) .
(7)

Based on the symmetry properties of F1 and f2, it was
concluded in [16, 17] that these functions vanish when-
ever two of the velocities of the massive partons coin-
cide. Indeed, this seems to be an obvious consequence
of the fact that F1 is totally anti-symmetric in its ar-
guments, while f2 is odd in its second argument. This
reasoning implicitly assumes that the limit of equal ve-
locities is non-singular, but is invalidated by the presence
of Coulomb singularities in r(β) and g(β) near threshold.
Consider the limit where two massive partons 1 and 2 are
produced near threshold, with a small relative 3-velocity
v⃗12 ≡ v⃗1 − v⃗2 defined in their rest frame. It is then
straightforward to derive that

lim
v2→v1

f2 =
α2

s

4π2

[

π2 + 2iπ ln(2|v⃗12|)
]

cos θ , (8)

where θ is the scattering angle formed by the 3-momenta
of particles 1 and 3. A similar formula holds for F1. This
result is anti-symmetric in the parton indices 1 and 2 as
required, but it does not vanish at threshold.

Another interesting limit is that of large recoil, where
all the scalar products wIJ become large in magnitude.
In that case, both F1 and f2 are suppressed like O(1/w2),
because for large β

g(β) =
1

2w2

[

ln2(2w) − ln(2w) +
π2

6
−

1

2

]

+ O
( 1

w3

)

.

(9)
Note that the non-planar contribution from the first
graph in Figure 1, which was studied in the Euclidean
region in [16], contains the leading-power term

F non−planar
1 = −

α2
s

12π2
ln

w12

w23
ln

w23

w31
ln

w31

w12
+ O

( 1

w2

)

(10)
and is unsuppressed in this limit. However, this contri-
bution cancels against a leading-power term in the planar
and counterterm contributions.

Using that wIJ = −sIJ/(2mImJ), we see that the
large-recoil limit corresponds to mImJ → 0 at fixed
sIJ . It follows that the three-parton correlation terms
described by F1 and f2 vanish like (mImJ/sIJ)2 in the
small-mass limit. This observation is in accordance with
a factorization theorem proposed in [14, 15], which states
that massive amplitudes in the small-mass limit can be
obtained from massless ones by a simple rescaling pre-
scription for the massive external legs.

IV. ANOMALOUS DIMENSION FOR qq̄ → tt̄
NEAR THRESHOLD

As a sample application, we apply our formalism to the
calculation of the two-loop anomalous-dimension matri-
ces for top-quark pair production near threshold in the
qq̄ → tt̄ channel. This matrix (along with the correspond-
ing one in the gg → tt̄ channel) forms the basis for soft-
gluon resummation at the next-to-next-to-leading loga-
rithmic (NNLL) order. We adopt the s-channel singlet-
octet basis, in which the tt̄ pair is either in a color-singlet
or color-octet state. For the quark-antiquark annihilation
process ql(p1) + q̄k(p2) → ti(p3) + t̄j(p4), we thus choose
the independent color structures as c1 = δij δkl and c2 =
(ta)ij (ta)kl. In the threshold limit s = 2p1 · p2 → 4m2

t

it is convenient to define the quantity βt =
√

1 − 4m2
t /s,

which is related to the relative 3-velocity v⃗tt̄ between the
top-quark pair in the center-of-mass frame by |v⃗tt̄| = 2βt.
We find that in the limit βt → 0 the two-loop anomalous-
dimension matrices reduces to

Γqq̄ =

[

CF γcusp(αs)

(

ln
s

µ2
−

iπ

2βt
− iπ + 1

)

+ CF γ(2)
cusp(βt) + 2γq(αs) + 2γQ(αs)

] (

1 0
0 1

)

3

tributions from all five diagrams, not just from the non-
planar graph. The most challenging technical aspect of
the analysis is the calculation of the diagram involving
the triple-gluon vertex. We have computed this diagram
using a Mellin-Barnes representation and checked the an-
swer numerically using sector decomposition [21]. We
have also checked that for Euclidean velocities our re-
sult for the triple-gluon diagram agrees numerically with
a position-space based integral representation derived in
[16]. Combining all contributions, we find

F1(β12, β23, β31) =
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s

12π2
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r(β) = β coth β ,
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The function f2 can be obtained from the above result
by writing w23 = −σ23 v2 · p3/m3, w31 = −σ31 v1 · p3/m3

and taking the limit m3 → 0 at fixed vI ·p3. In that way,
we obtain
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Whether a factorization of the three-parton terms into
two functions depending on only a single cusp angle per-
sists at higher orders in αs is an open question.

It is interesting to expand the two functions r(β) and
g(β) about the threshold point β = iπ − b with b → 0+.
We find
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iπ
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g(β) = −
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Based on the symmetry properties of F1 and f2, it was
concluded in [16, 17] that these functions vanish when-
ever two of the velocities of the massive partons coin-
cide. Indeed, this seems to be an obvious consequence
of the fact that F1 is totally anti-symmetric in its ar-
guments, while f2 is odd in its second argument. This
reasoning implicitly assumes that the limit of equal ve-
locities is non-singular, but is invalidated by the presence
of Coulomb singularities in r(β) and g(β) near threshold.
Consider the limit where two massive partons 1 and 2 are
produced near threshold, with a small relative 3-velocity
v⃗12 ≡ v⃗1 − v⃗2 defined in their rest frame. It is then
straightforward to derive that

lim
v2→v1

f2 =
α2

s

4π2

[

π2 + 2iπ ln(2|v⃗12|)
]

cos θ , (8)

where θ is the scattering angle formed by the 3-momenta
of particles 1 and 3. A similar formula holds for F1. This
result is anti-symmetric in the parton indices 1 and 2 as
required, but it does not vanish at threshold.

Another interesting limit is that of large recoil, where
all the scalar products wIJ become large in magnitude.
In that case, both F1 and f2 are suppressed like O(1/w2),
because for large β
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Note that the non-planar contribution from the first
graph in Figure 1, which was studied in the Euclidean
region in [16], contains the leading-power term
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and is unsuppressed in this limit. However, this contri-
bution cancels against a leading-power term in the planar
and counterterm contributions.

Using that wIJ = −sIJ/(2mImJ), we see that the
large-recoil limit corresponds to mImJ → 0 at fixed
sIJ . It follows that the three-parton correlation terms
described by F1 and f2 vanish like (mImJ/sIJ)2 in the
small-mass limit. This observation is in accordance with
a factorization theorem proposed in [14, 15], which states
that massive amplitudes in the small-mass limit can be
obtained from massless ones by a simple rescaling pre-
scription for the massive external legs.

IV. ANOMALOUS DIMENSION FOR qq̄ → tt̄
NEAR THRESHOLD

As a sample application, we apply our formalism to the
calculation of the two-loop anomalous-dimension matri-
ces for top-quark pair production near threshold in the
qq̄ → tt̄ channel. This matrix (along with the correspond-
ing one in the gg → tt̄ channel) forms the basis for soft-
gluon resummation at the next-to-next-to-leading loga-
rithmic (NNLL) order. We adopt the s-channel singlet-
octet basis, in which the tt̄ pair is either in a color-singlet
or color-octet state. For the quark-antiquark annihilation
process ql(p1) + q̄k(p2) → ti(p3) + t̄j(p4), we thus choose
the independent color structures as c1 = δij δkl and c2 =
(ta)ij (ta)kl. In the threshold limit s = 2p1 · p2 → 4m2

t

it is convenient to define the quantity βt =
√

1 − 4m2
t /s,

which is related to the relative 3-velocity v⃗tt̄ between the
top-quark pair in the center-of-mass frame by |v⃗tt̄| = 2βt.
We find that in the limit βt → 0 the two-loop anomalous-
dimension matrices reduces to

Γqq̄ =

[

CF γcusp(αs)

(

ln
s

µ2
−

iπ

2βt
− iπ + 1

)

+ CF γ(2)
cusp(βt) + 2γq(αs) + 2γQ(αs)

] (

1 0
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)

3-parton correlations
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Figure 5: Examples of non-abelian three-Wilson-line integrals required in the calculation of
the NNLO soft matrix.

Each of the four diagrams in the last two rows of Figure 3, on the other hand, are complicated
functions of two distinct scalar products. However, the sums of the pairs (c)+(d) and (e)+(f)
are proportional to symmetric color structure w(8):

D(c)+(d)
8 →

(

T b
i T

a
i + T a

i T b
i

)

T a
j T

b
k

∫

[dk] [dl]
ni · nj ni · nk δ(ω − n0 · (k + l))

ni · l ni · (k + l) nj · k nk · l
,

D(e)+(f)
8 →

(

T a
i T b

i + T b
i T

a
i

)

T a
j T

b
k

∫

[dk] [dl]
ni · nj ni · nk δ(ω − n0 · (k + l))

ni · k ni · (k + l) nj · k nk · l
. (38)

Furthermore, after partial fractioning, the sum of the two integrals yields the factorized integral
(36). Therefore, these abelian diagrams do not introduce any new calculational complications.
In Appendix B we explain how the non-abelian exponentiation theorem implies the simple
factorized form of the integral multiplying the symmetric color structure (35). The color
matrices for the qq̄ channel are

w
(8)
123 = w

(8)
214 = w

(8)
314 = w

(8)
423 =

CF

2

(

0 N2−2
2N

N2−2
2N −N2−2

2N2

)

,

w
(8)
124 = w

(8)
213 = w

(8)
324 = w

(8)
413 =

CF

2

(

0 −N2−2
2N

−N2−2
2N − 1

N2

)

,
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b
k

∫

[dk] [dl]
ni · nj ni · nk δ(ω − n0 · (k + l))

ni · l ni · (k + l) nj · k nk · l
,

D(e)+(f)
8 →

(

T a
i T b

i + T b
i T

a
i

)

T a
j T

b
k

∫

[dk] [dl]
ni · nj ni · nk δ(ω − n0 · (k + l))

ni · k ni · (k + l) nj · k nk · l
. (38)

Furthermore, after partial fractioning, the sum of the two integrals yields the factorized integral
(36). Therefore, these abelian diagrams do not introduce any new calculational complications.
In Appendix B we explain how the non-abelian exponentiation theorem implies the simple
factorized form of the integral multiplying the symmetric color structure (35). The color
matrices for the qq̄ channel are

w
(8)
123 = w

(8)
214 = w

(8)
314 = w

(8)
423 =

CF

2

(

0 N2−2
2N

N2−2
2N −N2−2

2N2
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w
(8)
124 = w

(8)
213 = w

(8)
324 = w

(8)
413 =

CF

2

(

0 −N2−2
2N

−N2−2
2N − 1

N2

)

,
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Figure 5: One-Wilson-line virtual-real diagrams contributing to the NNLO soft function.
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Figure 6: Two-Wilson-line virtual-real diagrams contributing to the NNLO soft function.

of the scale-independent pieces will be more involved. It was not known at all whether or not
they can be written in terms of GPLs. In our explicit calculations, we find that a canonical
basis can be constructed and therefore all the master integrals for the virtual-real contributions
can be solved iteratively as GPLs to all orders in the dimensional regulator ϵ.

The one-, two- and three-Wilson-line virtual-real diagrams are shown in Figure 5, 6 and
7, respectively. It is easy to understand that the four Wilson line diagrams always lead to
scaleless integrals in dimensional regularization and we don’t need to consider them. We write

16

Some virtual-real integrals develop 
Coulomb/Glauber-type singularities 

in this limit
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We choose the boundary to be 

×
[

ω

−v4 · (k + l) + i0
+ 2(1− 4ϵ)

]

, (70)

g(4)9 (ϵ, β, y) = −
ie−2iπϵ Γ(1− 2ϵ)ω4ϵ β

4π3−2ϵ Γ2(−ϵ)Γ(2ϵ)

∫

[dk] ddl
δ(ω − v0 · k)

(l2 + i0) (−v1 · k) (v3 · l + i0)

×
1

−v4 · (k + l) + i0
. (71)

Here, we explicitly write the imaginary parts of the propagators involving the loop momentum
l, since the loop integrals over l depend on them. In the following, we will suppress the
imaginary parts and the +i0 prescription is always understood. The results of the integrals
over the loop momentum l can be found in [76, 77]. The remaining integrations over the
momentum of the real gluon k can be carried out in the limit β → 0, since no new divergence
arises in this limit. The asymptotic behaviors of g(4)6 and g(4)9 near the boundary can then be
obtained and are given by

g(4)6 (ϵ, β → 0, y) ≈
(e−2iπϵ − 1) β2ϵ Γ(1− 2ϵ)Γ(1 + ϵ)

41−2ϵ Γ(1− ϵ)
, (72)

g(4)9 (ϵ, β → 0, y) ≈
(e−2iπϵ − 1) β2ϵ Γ(1− 2ϵ)Γ(1 + ϵ)

23−4ϵ Γ(1− ϵ)

=
1

2
g(4)6 (ϵ, β → 0, y) . (73)

This can be readily expanded in ϵ to arrive at the boundary conditions. The other independent
boundary conditions are easier to obtain and are given by

g(3)2 (ϵ, 0, y) = g(4)2 (ϵ, 0, y) = −
ie−2iπϵ (1− 2ϵ)Γ(2− 2ϵ)

π3−2ϵ ω2−4ϵ Γ2(1− ϵ)Γ(2ϵ)

∫

[dk] ddl
δ(ω − v0 · k)
(k + l)2 v3 · l

= 1 ,

g(3)4 (ϵ, 0, y) =
ie−2iπϵ (1− 4ϵ)Γ(−2ϵ)

2π3−2ϵ ω1−4ϵ Γ2(−ϵ)Γ(2ϵ)

∫

[dk] ddl
δ(ω − v0 · k)

l2 [−v2 · (k + l)] v3 · l

= −
e−2iπϵ Γ(1− 3ϵ)Γ2(−2ϵ)Γ(1 + ϵ)

Γ(1− 4ϵ)Γ2(−ϵ)
,

g(3)9 (ϵ, 0, y) =
ie−2iπϵ ω1+4ϵ Γ(1− 2ϵ)

4π3−2ϵ Γ2(−ϵ)Γ(2ϵ)

∫

[dk] ddl
δ(ω − v0 · k)

l2 (k + l)2 [−v2 · (k + l)] v3 · l

×
[

ω

−v1 · k
+ 2

]

=
1

3
−

iπ

6
ϵ−

π2

6
ϵ2 +

(

38ζ3
9

+
4iπ3

3

)

ϵ3 −
(

209π4

240
+

79iπζ3
9

)

ϵ4 +O(ϵ5) ,

19

Carefully extract the asymptotic behavior, e.g.

Note: virtual integrals available in Bierenbaum, Czakon, Mitov: 1107.4384 
Czakon, Mitov: 1804.02069
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Figure 7: Three-Wilson-line virtual-real diagrams.

a generic virtual-real integral in the form
∫

ddk ddl δ
(

ω − v0 · k
)

Disc
[

(k2)−a1
]

F({v}, k, l) , (59)

where l is the loop momentum, and we have extracted the delta-function from the phase-space
measure [dk] into

Disc
[

(k2)−a1
]

≡
1

2πi

[

(k2 + i0)−a1 − (k2 − i0)−a1
]

. (60)

We find this convenient since we will use the method of differential equation to raise the power
a1. The virtual-real integrals can again be classified into two integral families. The first family
is defined by the following set of 7 propagators Di (i = 2, . . . , 8):

{l2, (k + l)2, v1 · k, v1 · l, v2 · (k + l), v3 · k, v3 · l} . (61)

The corresponding integrals can be expressed as

F (3)
a1,a2,a3,a4,a5,a6,a7,a8 =

∫

ddk ddl δ
(

ω − v0 · k
)

Disc
[

(k2)−a1
]

8
∏

i=2

(Di)
−ai . (62)

We choose the master integrals in this family to be

f⃗ (3)(ϵ, β, y,ω) ≡
(

F (3)
1,1,1,0,0,0,−1,2, F

(3)
2,0,1,0,0,0,0,2, F

(3)
1,0,1,1,0,0,0,2, F

(3)
1,1,0,0,0,1,0,1, F

(3)
1,1,1,0,0,1,−1,1,

F (3)
1,1,1,−1,0,1,0,1, F

(3)
1,1,1,0,0,1,0,1, F

(3)
1,1,1,1,−1,1,0,1, F

(3)
1,1,1,1,0,1,0,1, F

(3)
1,1,1,0,1,1,0,0,

F (3)
1,1,1,−1,1,1,1,0, F

(3)
1,1,1,0,1,1,1,0, F

(3)
1,1,1,−1,1,1,1,−1, F

(3)
1,1,0,0,0,1,1,2, F

(3)
1,1,0,0,0,1,1,1

)T
. (63)

The transformation matrix

T̂ (3)(ϵ, β, y,ω) =
ie−2iπϵ ω4ϵ Γ(−2ϵ)

π3−2ϵ Γ2(−ϵ)Γ(1 + 2ϵ)
T̂ ′(3)(ϵ, β, y,ω) (64)

17

ifabcT a
i T
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j T
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k
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Ferroglia, Pecjak, LLY: 1207.4798
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where the various functions were given in Section 2. It should be noted that starting from the
NNLO one also needs to renormalize the strong coupling αs.

Inserting the renormalization matrices and the bare soft functions into Eq. (81), we find
that all the poles in ϵ cancel for both the qq̄ channel and the gg channel. This provides a
strong check on the correctness of our calculation. We can then safely take the limit ϵ → 0
and obtain finite soft function matrices s̃

qq̄
IJ(L, β, cos θ, µ) and s̃

gg
IJ(L, β, cos θ, µ). These are

the main results of our paper. Since the expressions are rather lengthy, we do not give them
here and provide instead an electronic file included in the arXiv submission. For illustration
purposes, in the following we list the µ-independent terms proportional to the number of light
quarks Nl in the octet-octet entry for the qq̄ channel:

s̃
qq̄,(2)
22 (0, β, y)

∣

∣

∣

∣

TFNl

=
16(7β2 − 126β + 127)

243β
G1 +

8(5β2 + 90β + 53)

81β

(

G−1,−1 −G−1,1 − 2G0,−1

)

−
16(7β2 + 126β + 127)

243β
G−1 +

8(5β2 − 90β + 53)

81β

(

G1,−1 −G1,1 + 2G0,1

)

+
8(β2 + 18β + 1)

27β

(

−G−1,−1,−1 +G−1,−1,1 + 2G−1,0,−1 − 2G−1,0,1 −G−1,1,−1 +G−1,1,1

+ 2G0,−1,−1 − 2G0,−1,1 − 4G0,0,−1

)

+
8(β2 − 18β + 1)

27β

(

4G0,0,1 + 2G0,1,−1 − 2G0,1,1

−G1,−1,−1 +G1,−1,1 + 2G1,0,−1 − 2G1,0,1 −G1,1,−1 +G1,1,1

)

+
32

243

[

28G−1/y + 98G1/y + 30
(

2G0,−1/y +G−1/y,−1 +G−1/y,1 − 2G−1/y,−1/y

)

+ 105
(

2G0,1/y + G1/y,−1 +G1/y,1 − 2G1/y,1/y

)

+ 18
(

4G0,0,−1/y + 2G0,−1/y,−1 + 2G0,−1/y,1

− 4G0,−1/y,−1/y −G−1/y,−1,−1 +G−1/y,−1,1 + 2G−1/y,0,−1 + 2G−1/y,0,1 − 4G−1/y,0,−1/y

+G−1/y,1,−1 −G−1/y,1,1 − 2G−1/y,−1/y,−1 − 2G−1/y,−1/y,1 + 4G−1/y,−1/y,−1/y

)

+ 63
(

4G0,0,1/y + 2G0,1/y,−1 + 2G0,1/y,1 − 4G0,1/y,1/y −G1/y,−1,−1 +G1/y,−1,1 + 2G1/y,0,−1

+ 2G1/y,0,1 − 4G1/y,0,1/y +G1/y,1,−1 −G1/y,1,1 − 2G1/y,1/y,−1 − 2G1/y,1/y,1 + 4G1/y,1/y,1/y

)

−
332

3
−

5π2

2
+ 6ζ3

]

, (84)

where we have set the number of colors Nc = 3 in order to shorten the expression, and defined
the abbreviations Ga1,...,an ≡ G(a1, . . . , an; β).

22

It is remarkable that all the 
results can be written in terms 

of multiple polylogarithms
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The soft divergence generated from real emissions should be 
the same as the virtual amplitude! (required by KLN theorem)

v1

v2 v3

Figure 1: Two-loop Feynman graphs (top row) and one-loop counterterm diagrams

(bottom row) contributing to the two-loop renormalization factor Z
(2)
s .

where here and below the superscripts in parenthesis refer in an obvious way to the order in
the expansion in powers of αs/4π. The tree-level matrix element is ⟨⟨Os⟩⟩(0) = 1. The equation

above thus expresses the two-loop renormalization factor Z
(2)
s in terms of two contributions,

Z(2)
s = −

[

⟨⟨Obare
s ⟩⟩(2) + ⟨⟨Obare

s ⟩⟩(1)Z(1)
s

]

UV poles
. (21)

The function F1 is derived from the pole terms in Z
(2)
s with totally anti-symmetric color

structure, so we can limit the discussion to Feynman graphs involving the color generators of
all three partons. Diagrammatically, the first contribution on the right-hand side contains the
UV poles of the planar and non-planar two-loop graphs shown in the first row in Figure 1. The
second contribution corresponds to the UV poles of the one-loop diagrams with a counterterm
insertion, as illustrated in the second row of the figure. In the calculation of the UV poles we
regularize IR divergences by assigning residual external momenta li to the Wilson lines, with
ωi ≡ −vi · li > 0. While the individual contributions depend on the ωi regulators, their sum
does not. Also, for concreteness we perform the calculation with three outgoing Wilson lines
in the fundamental representation. Afterwards we replace the color matrices arising from the
Feynman rules by ta → T a to convert to the color-space formalism. For an incoming line the
color matrix would get transposed, and in addition one would pick up a minus sign since the
velocity in the corresponding heavy-quark propagator is reversed. As a result, in this case the
correspondence would be (−ta)T → T a, in accordance with the rules given in [29, 30].

We find that the 1/ϵ pole terms in the sum of all diagrams can be written as

⟨⟨Obare
s ⟩⟩(2) + ⟨⟨Obare

s ⟩⟩(1)Z(1)
s = −

2

ϵ2

∑

(I,J,K)

(TI · TJ ) (TI · TK) (βIJ cothβIJ) (βIK coth βIK)

−
3

2ϵ
ifabc T a

1 T b
2 T c

3 F (2)
1 (β12, β23, β31) + . . . , (22)

8

i k

j

cJ c∗I

i k

j
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i k

j

cJ c∗I

virtual real

3-parton correlations: non-trivial cross-check!

2

amplitudes can be removed by a multiplicative renormal-
ization factor Z−1(ϵ, {p}, {m}, µ), which acts as a matrix
on the color indices of the partons. More precisely, the
product Z−1|Mn⟩ is finite for ϵ → 0 after the coupling
constant αQCD

s used in the calculation of the scattering
amplitude is properly matched onto the coupling αs in
the effective theory, in which the heavy partons are inte-
grated out [17]. The relation

Z−1 d

d lnµ
Z(ϵ, {p}, {m}, µ) = −Γ({p}, {m}, µ) (1)

links the renormalization factor to a universal anomalous-
dimension matrix Γ, which governs the scale dependence
of effective-theory operators built out of collinear SCET
fields for the massless partons and soft heavy-quark ef-
fective theory fields for the massive ones. For the case
of massless partons, the anomalous dimension has been
calculated at two-loop order in [8, 9] and was found to
contain only two-parton color-dipole correlations. It has
recently been conjectured that this result may hold to
all orders of perturbation theory [10–12]. On the other
hand, when massive partons are involved in the scattering
process, then starting at two-loop order correlations in-
volving more than two partons appear [16]. At two-loop
order, the general structure of the anomalous-dimension
matrix is [17]

Γ =
∑

(i,j)

Ti · Tj

2
γcusp(αs) ln

µ2

−sij
+

∑

i

γi(αs)

−
∑

(I,J)

TI · TJ

2
γcusp(βIJ , αs) +

∑

I

γI(αs)

+
∑

I,j

TI · Tj γcusp(αs) ln
mIµ

−sIj
(2)

+
∑

(I,J,K)

ifabc T a
I T b

J T c
K F1(βIJ , βJK , βKI)

+
∑

(I,J)

∑

k

ifabc T a
I T b

J T c
k f2

(

βIJ , ln
−σJk vJ · pk

−σIk vI · pk

)

.

The one- and two-parton terms depicted in the first three
lines start at one-loop order, while the three-parton terms
in the last two lines appear at O(α2

s). The notation
(i, j, . . . ) etc. means that the corresponding sum extends
over tuples of distinct parton indices. The cusp angles
βIJ are defined via

coshβIJ =
−sIJ

2mImJ
= wIJ . (3)

They are associated with the hyperbolic angles formed
by the time-like Wilson lines of two heavy partons. The
physically allowed values are wIJ ≥ 1 (one parton in-
coming and one outgoing), corresponding to βIJ ≥ 0, or
wIJ ≤ −1 (both partons incoming or outgoing), corre-
sponding to βIJ = iπ − b with real b ≥ 0. These possi-
bilities correspond to space-like and time-like kinematics,
respectively. Since in a three-parton configuration there

v1

v2 v3

FIG. 1: Two-loop Feynman graphs (top row) and one-loop
counterterm diagrams (bottom row) contributing to the two-
loop coefficient of the renormalization factor Zs.

is always at least one pair of partons either incoming or
outgoing, at least one of the wIJ or vI ·pk variables must
be time-like, and hence the functions F1 and f2 have
non-zero imaginary parts.

The anomalous-dimension coefficients γcusp(αs) and
γi(αs) (for i = q, g) in (2) have been determined to three-
loop order in [12] by considering the case of the massless
quark and gluon form factors. Similarly, the coefficients
γI(αs) for massive quarks and color-octet partons such as
gluinos have been extracted at two-loop order in [17] by
analyzing the anomalous dimension of heavy-light cur-
rents in SCET. In addition, the velocity-dependent func-
tion γcusp(β, αs) has been derived from the known two-
loop anomalous dimension of a current composed of two
heavy quarks moving at different velocity [19, 20].

Here we complete the calculation of the two-loop
anomalous-dimension matrix by deriving closed analytic
expressions for the universal functions F1 and f2, which
parameterize the three-parton correlations in (2).

III. CALCULATION OF F1 AND f2

To calculate the function F1 we compute the two-
loop vacuum matrix element of the operator Os =
Sv1

Sv2
Sv3

, which consists of three soft Wilson lines
along the directions of the velocities of three massive par-
tons, without imposing color conservation. The anoma-
lous dimension of this operator contains a three-parton
term given by 6ifabc T a

1 T b
2 T c

3 F1(β12, β23, β31). The
function F1 follows from the coefficient of the 1/ϵ pole
in the bare matrix element of Os. We will then obtain
f2 from a limiting procedure.

The operator Os is renormalized multiplicatively, so
that OsZs is UV finite, where Zs is linked to the anoma-
lous dimension in the same way as shown in (1). In order
to calculate the two-loop Zs factor, we have evaluated
the two-loop non-planar and planar graphs shown in the
first row of Figure 1, as well as the one-loop countert-
erm diagrams depicted in the second row. Contrary to
a statement made in [16], we find that F1 receives con-
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<latexit sha1_base64="xpksmgrZudOecURvsNUZjx3KtVI=">AAACLHicbVDLTgIxFO3gC/GFunTTSExcKMwYEl0S3bgikMgjAUI6pUBDOzO2d0zIZH7Ej/Ab3OrajTEu3PgdFhgTAU/S3pNz7s1tjxsIrsG2363Uyura+kZ6M7O1vbO7l90/qGs/VJTVqC981XSJZoJ7rAYcBGsGihHpCtZwRzcTv/HAlOa+dwfjgHUkGXi8zykBI3WzxSpuay7Nda8g0vFZws4hxu3BAFcL5WmVXfithXI3m7Pz9hR4mTgJyaEElW72q93zaSiZB1QQrVuOHUAnIgo4FSzOtEPNAkJHZMBahnpEMt2Jpr+L8YlRerjvK3M8wFP170REpNZj6ZpOSWCoF72J+J/XCqF/1Ym4F4TAPDpb1A8FBh9PosI9rhgFMTaEUMXNWzEdEkUomEDntrgyNpk4iwksk/pF3rHzTrWYK10n6aTRETpGp8hBl6iEblEF1RBFj+gZvaBX68l6sz6sz1lrykpmDtEcrO8fpf+nJA==</latexit><latexit sha1_base64="xpksmgrZudOecURvsNUZjx3KtVI=">AAACLHicbVDLTgIxFO3gC/GFunTTSExcKMwYEl0S3bgikMgjAUI6pUBDOzO2d0zIZH7Ej/Ab3OrajTEu3PgdFhgTAU/S3pNz7s1tjxsIrsG2363Uyura+kZ6M7O1vbO7l90/qGs/VJTVqC981XSJZoJ7rAYcBGsGihHpCtZwRzcTv/HAlOa+dwfjgHUkGXi8zykBI3WzxSpuay7Nda8g0vFZws4hxu3BAFcL5WmVXfithXI3m7Pz9hR4mTgJyaEElW72q93zaSiZB1QQrVuOHUAnIgo4FSzOtEPNAkJHZMBahnpEMt2Jpr+L8YlRerjvK3M8wFP170REpNZj6ZpOSWCoF72J+J/XCqF/1Ym4F4TAPDpb1A8FBh9PosI9rhgFMTaEUMXNWzEdEkUomEDntrgyNpk4iwksk/pF3rHzTrWYK10n6aTRETpGp8hBl6iEblEF1RBFj+gZvaBX68l6sz6sz1lrykpmDtEcrO8fpf+nJA==</latexit><latexit sha1_base64="xpksmgrZudOecURvsNUZjx3KtVI=">AAACLHicbVDLTgIxFO3gC/GFunTTSExcKMwYEl0S3bgikMgjAUI6pUBDOzO2d0zIZH7Ej/Ab3OrajTEu3PgdFhgTAU/S3pNz7s1tjxsIrsG2363Uyura+kZ6M7O1vbO7l90/qGs/VJTVqC981XSJZoJ7rAYcBGsGihHpCtZwRzcTv/HAlOa+dwfjgHUkGXi8zykBI3WzxSpuay7Nda8g0vFZws4hxu3BAFcL5WmVXfithXI3m7Pz9hR4mTgJyaEElW72q93zaSiZB1QQrVuOHUAnIgo4FSzOtEPNAkJHZMBahnpEMt2Jpr+L8YlRerjvK3M8wFP170REpNZj6ZpOSWCoF72J+J/XCqF/1Ym4F4TAPDpb1A8FBh9PosI9rhgFMTaEUMXNWzEdEkUomEDntrgyNpk4iwksk/pF3rHzTrWYK10n6aTRETpGp8hBl6iEblEF1RBFj+gZvaBX68l6sz6sz1lrykpmDtEcrO8fpf+nJA==</latexit><latexit sha1_base64="xpksmgrZudOecURvsNUZjx3KtVI=">AAACLHicbVDLTgIxFO3gC/GFunTTSExcKMwYEl0S3bgikMgjAUI6pUBDOzO2d0zIZH7Ej/Ab3OrajTEu3PgdFhgTAU/S3pNz7s1tjxsIrsG2363Uyura+kZ6M7O1vbO7l90/qGs/VJTVqC981XSJZoJ7rAYcBGsGihHpCtZwRzcTv/HAlOa+dwfjgHUkGXi8zykBI3WzxSpuay7Nda8g0vFZws4hxu3BAFcL5WmVXfithXI3m7Pz9hR4mTgJyaEElW72q93zaSiZB1QQrVuOHUAnIgo4FSzOtEPNAkJHZMBahnpEMt2Jpr+L8YlRerjvK3M8wFP170REpNZj6ZpOSWCoF72J+J/XCqF/1Ym4F4TAPDpb1A8FBh9PosI9rhgFMTaEUMXNWzEdEkUomEDntrgyNpk4iwksk/pF3rHzTrWYK10n6aTRETpGp8hBl6iEblEF1RBFj+gZvaBX68l6sz6sz1lrykpmDtEcrO8fpf+nJA==</latexit>

In Mellin space:
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Ferroglia, Pecjak, LLY: 1205.3662
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<latexit sha1_base64="ojUs22ZhzXGd4nP/xG+iLJpj/x0=">AAACF3icbZC7TsMwFIadcivlFmBkIKJCYqqSCgnGChYm1Er0IjVp5LhOa9V2IttBqqKMPATPwAozG2JlZORNcNoMtOWXLP36zzk6x18QUyKVbX8bpbX1jc2t8nZlZ3dv/8A8POrIKBEIt1FEI9ELoMSUcNxWRFHciwWGLKC4G0xu83r3EQtJIv6gpjH2GBxxEhIElY5889Sl3A0FRGlrUM9SN4Aivc8GdZclfqgT36zaNXsma9U4hamCQk3f/HGHEUoY5gpRKGXfsWPlpVAogijOKm4icQzRBI5wX1sOGZZeOvtIZp3rZGiFkdCPK2uW/p1IIZNyygLdyaAay+VaHv5X6ycqvPZSwuNEYY7mi8KEWiqycirWkAiMFJ1qA5Eg+lYLjaHGojS7hS0By5k4ywRWTadec+ya07qsNm4KOmVwAs7ABXDAFWiAO9AEbYDAE3gBr+DNeDbejQ/jc95aMoqZY7Ag4+sXMfqgcA==</latexit><latexit sha1_base64="ojUs22ZhzXGd4nP/xG+iLJpj/x0=">AAACF3icbZC7TsMwFIadcivlFmBkIKJCYqqSCgnGChYm1Er0IjVp5LhOa9V2IttBqqKMPATPwAozG2JlZORNcNoMtOWXLP36zzk6x18QUyKVbX8bpbX1jc2t8nZlZ3dv/8A8POrIKBEIt1FEI9ELoMSUcNxWRFHciwWGLKC4G0xu83r3EQtJIv6gpjH2GBxxEhIElY5889Sl3A0FRGlrUM9SN4Aivc8GdZclfqgT36zaNXsma9U4hamCQk3f/HGHEUoY5gpRKGXfsWPlpVAogijOKm4icQzRBI5wX1sOGZZeOvtIZp3rZGiFkdCPK2uW/p1IIZNyygLdyaAay+VaHv5X6ycqvPZSwuNEYY7mi8KEWiqycirWkAiMFJ1qA5Eg+lYLjaHGojS7hS0By5k4ywRWTadec+ya07qsNm4KOmVwAs7ABXDAFWiAO9AEbYDAE3gBr+DNeDbejQ/jc95aMoqZY7Ag4+sXMfqgcA==</latexit><latexit sha1_base64="ojUs22ZhzXGd4nP/xG+iLJpj/x0=">AAACF3icbZC7TsMwFIadcivlFmBkIKJCYqqSCgnGChYm1Er0IjVp5LhOa9V2IttBqqKMPATPwAozG2JlZORNcNoMtOWXLP36zzk6x18QUyKVbX8bpbX1jc2t8nZlZ3dv/8A8POrIKBEIt1FEI9ELoMSUcNxWRFHciwWGLKC4G0xu83r3EQtJIv6gpjH2GBxxEhIElY5889Sl3A0FRGlrUM9SN4Aivc8GdZclfqgT36zaNXsma9U4hamCQk3f/HGHEUoY5gpRKGXfsWPlpVAogijOKm4icQzRBI5wX1sOGZZeOvtIZp3rZGiFkdCPK2uW/p1IIZNyygLdyaAay+VaHv5X6ycqvPZSwuNEYY7mi8KEWiqycirWkAiMFJ1qA5Eg+lYLjaHGojS7hS0By5k4ywRWTadec+ya07qsNm4KOmVwAs7ABXDAFWiAO9AEbYDAE3gBr+DNeDbejQ/jc95aMoqZY7Ag4+sXMfqgcA==</latexit><latexit sha1_base64="ojUs22ZhzXGd4nP/xG+iLJpj/x0=">AAACF3icbZC7TsMwFIadcivlFmBkIKJCYqqSCgnGChYm1Er0IjVp5LhOa9V2IttBqqKMPATPwAozG2JlZORNcNoMtOWXLP36zzk6x18QUyKVbX8bpbX1jc2t8nZlZ3dv/8A8POrIKBEIt1FEI9ELoMSUcNxWRFHciwWGLKC4G0xu83r3EQtJIv6gpjH2GBxxEhIElY5889Sl3A0FRGlrUM9SN4Aivc8GdZclfqgT36zaNXsma9U4hamCQk3f/HGHEUoY5gpRKGXfsWPlpVAogijOKm4icQzRBI5wX1sOGZZeOvtIZp3rZGiFkdCPK2uW/p1IIZNyygLdyaAay+VaHv5X6ycqvPZSwuNEYY7mi8KEWiqycirWkAiMFJ1qA5Eg+lYLjaHGojS7hS0By5k4ywRWTadec+ya07qsNm4KOmVwAs7ABXDAFWiAO9AEbYDAE3gBr+DNeDbejQ/jc95aMoqZY7Ag4+sXMfqgcA==</latexit>

soft log
ln

m2
t

µ2
f

collinear log 
(small-mass)

Q ⇠
p
s,
p
�t � Q/N � mt � mt/N

<latexit sha1_base64="xpksmgrZudOecURvsNUZjx3KtVI=">AAACLHicbVDLTgIxFO3gC/GFunTTSExcKMwYEl0S3bgikMgjAUI6pUBDOzO2d0zIZH7Ej/Ab3OrajTEu3PgdFhgTAU/S3pNz7s1tjxsIrsG2363Uyura+kZ6M7O1vbO7l90/qGs/VJTVqC981XSJZoJ7rAYcBGsGihHpCtZwRzcTv/HAlOa+dwfjgHUkGXi8zykBI3WzxSpuay7Nda8g0vFZws4hxu3BAFcL5WmVXfithXI3m7Pz9hR4mTgJyaEElW72q93zaSiZB1QQrVuOHUAnIgo4FSzOtEPNAkJHZMBahnpEMt2Jpr+L8YlRerjvK3M8wFP170REpNZj6ZpOSWCoF72J+J/XCqF/1Ym4F4TAPDpb1A8FBh9PosI9rhgFMTaEUMXNWzEdEkUomEDntrgyNpk4iwksk/pF3rHzTrWYK10n6aTRETpGp8hBl6iEblEF1RBFj+gZvaBX68l6sz6sz1lrykpmDtEcrO8fpf+nJA==</latexit><latexit sha1_base64="xpksmgrZudOecURvsNUZjx3KtVI=">AAACLHicbVDLTgIxFO3gC/GFunTTSExcKMwYEl0S3bgikMgjAUI6pUBDOzO2d0zIZH7Ej/Ab3OrajTEu3PgdFhgTAU/S3pNz7s1tjxsIrsG2363Uyura+kZ6M7O1vbO7l90/qGs/VJTVqC981XSJZoJ7rAYcBGsGihHpCtZwRzcTv/HAlOa+dwfjgHUkGXi8zykBI3WzxSpuay7Nda8g0vFZws4hxu3BAFcL5WmVXfithXI3m7Pz9hR4mTgJyaEElW72q93zaSiZB1QQrVuOHUAnIgo4FSzOtEPNAkJHZMBahnpEMt2Jpr+L8YlRerjvK3M8wFP170REpNZj6ZpOSWCoF72J+J/XCqF/1Ym4F4TAPDpb1A8FBh9PosI9rhgFMTaEUMXNWzEdEkUomEDntrgyNpk4iwksk/pF3rHzTrWYK10n6aTRETpGp8hBl6iEblEF1RBFj+gZvaBX68l6sz6sz1lrykpmDtEcrO8fpf+nJA==</latexit><latexit sha1_base64="xpksmgrZudOecURvsNUZjx3KtVI=">AAACLHicbVDLTgIxFO3gC/GFunTTSExcKMwYEl0S3bgikMgjAUI6pUBDOzO2d0zIZH7Ej/Ab3OrajTEu3PgdFhgTAU/S3pNz7s1tjxsIrsG2363Uyura+kZ6M7O1vbO7l90/qGs/VJTVqC981XSJZoJ7rAYcBGsGihHpCtZwRzcTv/HAlOa+dwfjgHUkGXi8zykBI3WzxSpuay7Nda8g0vFZws4hxu3BAFcL5WmVXfithXI3m7Pz9hR4mTgJyaEElW72q93zaSiZB1QQrVuOHUAnIgo4FSzOtEPNAkJHZMBahnpEMt2Jpr+L8YlRerjvK3M8wFP170REpNZj6ZpOSWCoF72J+J/XCqF/1Ym4F4TAPDpb1A8FBh9PosI9rhgFMTaEUMXNWzEdEkUomEDntrgyNpk4iwksk/pF3rHzTrWYK10n6aTRETpGp8hBl6iEblEF1RBFj+gZvaBX68l6sz6sz1lrykpmDtEcrO8fpf+nJA==</latexit><latexit sha1_base64="xpksmgrZudOecURvsNUZjx3KtVI=">AAACLHicbVDLTgIxFO3gC/GFunTTSExcKMwYEl0S3bgikMgjAUI6pUBDOzO2d0zIZH7Ej/Ab3OrajTEu3PgdFhgTAU/S3pNz7s1tjxsIrsG2363Uyura+kZ6M7O1vbO7l90/qGs/VJTVqC981XSJZoJ7rAYcBGsGihHpCtZwRzcTv/HAlOa+dwfjgHUkGXi8zykBI3WzxSpuay7Nda8g0vFZws4hxu3BAFcL5WmVXfithXI3m7Pz9hR4mTgJyaEElW72q93zaSiZB1QQrVuOHUAnIgo4FSzOtEPNAkJHZMBahnpEMt2Jpr+L8YlRerjvK3M8wFP170REpNZj6ZpOSWCoF72J+J/XCqF/1Ym4F4TAPDpb1A8FBh9PosI9rhgFMTaEUMXNWzEdEkUomEDntrgyNpk4iwksk/pF3rHzTrWYK10n6aTRETpGp8hBl6iEblEF1RBFj+gZvaBX68l6sz6sz1lrykpmDtEcrO8fpf+nJA==</latexit>

In Mellin space:
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Ferroglia, Pecjak, LLY: 1205.3662
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hard log
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<latexit sha1_base64="ojUs22ZhzXGd4nP/xG+iLJpj/x0=">AAACF3icbZC7TsMwFIadcivlFmBkIKJCYqqSCgnGChYm1Er0IjVp5LhOa9V2IttBqqKMPATPwAozG2JlZORNcNoMtOWXLP36zzk6x18QUyKVbX8bpbX1jc2t8nZlZ3dv/8A8POrIKBEIt1FEI9ELoMSUcNxWRFHciwWGLKC4G0xu83r3EQtJIv6gpjH2GBxxEhIElY5889Sl3A0FRGlrUM9SN4Aivc8GdZclfqgT36zaNXsma9U4hamCQk3f/HGHEUoY5gpRKGXfsWPlpVAogijOKm4icQzRBI5wX1sOGZZeOvtIZp3rZGiFkdCPK2uW/p1IIZNyygLdyaAay+VaHv5X6ycqvPZSwuNEYY7mi8KEWiqycirWkAiMFJ1qA5Eg+lYLjaHGojS7hS0By5k4ywRWTadec+ya07qsNm4KOmVwAs7ABXDAFWiAO9AEbYDAE3gBr+DNeDbejQ/jc95aMoqZY7Ag4+sXMfqgcA==</latexit><latexit sha1_base64="ojUs22ZhzXGd4nP/xG+iLJpj/x0=">AAACF3icbZC7TsMwFIadcivlFmBkIKJCYqqSCgnGChYm1Er0IjVp5LhOa9V2IttBqqKMPATPwAozG2JlZORNcNoMtOWXLP36zzk6x18QUyKVbX8bpbX1jc2t8nZlZ3dv/8A8POrIKBEIt1FEI9ELoMSUcNxWRFHciwWGLKC4G0xu83r3EQtJIv6gpjH2GBxxEhIElY5889Sl3A0FRGlrUM9SN4Aivc8GdZclfqgT36zaNXsma9U4hamCQk3f/HGHEUoY5gpRKGXfsWPlpVAogijOKm4icQzRBI5wX1sOGZZeOvtIZp3rZGiFkdCPK2uW/p1IIZNyygLdyaAay+VaHv5X6ycqvPZSwuNEYY7mi8KEWiqycirWkAiMFJ1qA5Eg+lYLjaHGojS7hS0By5k4ywRWTadec+ya07qsNm4KOmVwAs7ABXDAFWiAO9AEbYDAE3gBr+DNeDbejQ/jc95aMoqZY7Ag4+sXMfqgcA==</latexit><latexit sha1_base64="ojUs22ZhzXGd4nP/xG+iLJpj/x0=">AAACF3icbZC7TsMwFIadcivlFmBkIKJCYqqSCgnGChYm1Er0IjVp5LhOa9V2IttBqqKMPATPwAozG2JlZORNcNoMtOWXLP36zzk6x18QUyKVbX8bpbX1jc2t8nZlZ3dv/8A8POrIKBEIt1FEI9ELoMSUcNxWRFHciwWGLKC4G0xu83r3EQtJIv6gpjH2GBxxEhIElY5889Sl3A0FRGlrUM9SN4Aivc8GdZclfqgT36zaNXsma9U4hamCQk3f/HGHEUoY5gpRKGXfsWPlpVAogijOKm4icQzRBI5wX1sOGZZeOvtIZp3rZGiFkdCPK2uW/p1IIZNyygLdyaAay+VaHv5X6ycqvPZSwuNEYY7mi8KEWiqycirWkAiMFJ1qA5Eg+lYLjaHGojS7hS0By5k4ywRWTadec+ya07qsNm4KOmVwAs7ABXDAFWiAO9AEbYDAE3gBr+DNeDbejQ/jc95aMoqZY7Ag4+sXMfqgcA==</latexit><latexit sha1_base64="ojUs22ZhzXGd4nP/xG+iLJpj/x0=">AAACF3icbZC7TsMwFIadcivlFmBkIKJCYqqSCgnGChYm1Er0IjVp5LhOa9V2IttBqqKMPATPwAozG2JlZORNcNoMtOWXLP36zzk6x18QUyKVbX8bpbX1jc2t8nZlZ3dv/8A8POrIKBEIt1FEI9ELoMSUcNxWRFHciwWGLKC4G0xu83r3EQtJIv6gpjH2GBxxEhIElY5889Sl3A0FRGlrUM9SN4Aivc8GdZclfqgT36zaNXsma9U4hamCQk3f/HGHEUoY5gpRKGXfsWPlpVAogijOKm4icQzRBI5wX1sOGZZeOvtIZp3rZGiFkdCPK2uW/p1IIZNyygLdyaAay+VaHv5X6ycqvPZSwuNEYY7mi8KEWiqycirWkAiMFJ1qA5Eg+lYLjaHGojS7hS0By5k4ywRWTadec+ya07qsNm4KOmVwAs7ABXDAFWiAO9AEbYDAE3gBr+DNeDbejQ/jc95aMoqZY7Ag4+sXMfqgcA==</latexit>

soft log
ln

m2
t

µ2
f

collinear log 
(small-mass)

ln
m2

t

N̄2µ2
f

soft-collinear log 
(emergent)

Q ⇠
p
s,
p
�t � Q/N � mt � mt/N

<latexit sha1_base64="xpksmgrZudOecURvsNUZjx3KtVI=">AAACLHicbVDLTgIxFO3gC/GFunTTSExcKMwYEl0S3bgikMgjAUI6pUBDOzO2d0zIZH7Ej/Ab3OrajTEu3PgdFhgTAU/S3pNz7s1tjxsIrsG2363Uyura+kZ6M7O1vbO7l90/qGs/VJTVqC981XSJZoJ7rAYcBGsGihHpCtZwRzcTv/HAlOa+dwfjgHUkGXi8zykBI3WzxSpuay7Nda8g0vFZws4hxu3BAFcL5WmVXfithXI3m7Pz9hR4mTgJyaEElW72q93zaSiZB1QQrVuOHUAnIgo4FSzOtEPNAkJHZMBahnpEMt2Jpr+L8YlRerjvK3M8wFP170REpNZj6ZpOSWCoF72J+J/XCqF/1Ym4F4TAPDpb1A8FBh9PosI9rhgFMTaEUMXNWzEdEkUomEDntrgyNpk4iwksk/pF3rHzTrWYK10n6aTRETpGp8hBl6iEblEF1RBFj+gZvaBX68l6sz6sz1lrykpmDtEcrO8fpf+nJA==</latexit><latexit sha1_base64="xpksmgrZudOecURvsNUZjx3KtVI=">AAACLHicbVDLTgIxFO3gC/GFunTTSExcKMwYEl0S3bgikMgjAUI6pUBDOzO2d0zIZH7Ej/Ab3OrajTEu3PgdFhgTAU/S3pNz7s1tjxsIrsG2363Uyura+kZ6M7O1vbO7l90/qGs/VJTVqC981XSJZoJ7rAYcBGsGihHpCtZwRzcTv/HAlOa+dwfjgHUkGXi8zykBI3WzxSpuay7Nda8g0vFZws4hxu3BAFcL5WmVXfithXI3m7Pz9hR4mTgJyaEElW72q93zaSiZB1QQrVuOHUAnIgo4FSzOtEPNAkJHZMBahnpEMt2Jpr+L8YlRerjvK3M8wFP170REpNZj6ZpOSWCoF72J+J/XCqF/1Ym4F4TAPDpb1A8FBh9PosI9rhgFMTaEUMXNWzEdEkUomEDntrgyNpk4iwksk/pF3rHzTrWYK10n6aTRETpGp8hBl6iEblEF1RBFj+gZvaBX68l6sz6sz1lrykpmDtEcrO8fpf+nJA==</latexit><latexit sha1_base64="xpksmgrZudOecURvsNUZjx3KtVI=">AAACLHicbVDLTgIxFO3gC/GFunTTSExcKMwYEl0S3bgikMgjAUI6pUBDOzO2d0zIZH7Ej/Ab3OrajTEu3PgdFhgTAU/S3pNz7s1tjxsIrsG2363Uyura+kZ6M7O1vbO7l90/qGs/VJTVqC981XSJZoJ7rAYcBGsGihHpCtZwRzcTv/HAlOa+dwfjgHUkGXi8zykBI3WzxSpuay7Nda8g0vFZws4hxu3BAFcL5WmVXfithXI3m7Pz9hR4mTgJyaEElW72q93zaSiZB1QQrVuOHUAnIgo4FSzOtEPNAkJHZMBahnpEMt2Jpr+L8YlRerjvK3M8wFP170REpNZj6ZpOSWCoF72J+J/XCqF/1Ym4F4TAPDpb1A8FBh9PosI9rhgFMTaEUMXNWzEdEkUomEDntrgyNpk4iwksk/pF3rHzTrWYK10n6aTRETpGp8hBl6iEblEF1RBFj+gZvaBX68l6sz6sz1lrykpmDtEcrO8fpf+nJA==</latexit><latexit sha1_base64="xpksmgrZudOecURvsNUZjx3KtVI=">AAACLHicbVDLTgIxFO3gC/GFunTTSExcKMwYEl0S3bgikMgjAUI6pUBDOzO2d0zIZH7Ej/Ab3OrajTEu3PgdFhgTAU/S3pNz7s1tjxsIrsG2363Uyura+kZ6M7O1vbO7l90/qGs/VJTVqC981XSJZoJ7rAYcBGsGihHpCtZwRzcTv/HAlOa+dwfjgHUkGXi8zykBI3WzxSpuay7Nda8g0vFZws4hxu3BAFcL5WmVXfithXI3m7Pz9hR4mTgJyaEElW72q93zaSiZB1QQrVuOHUAnIgo4FSzOtEPNAkJHZMBahnpEMt2Jpr+L8YlRerjvK3M8wFP170REpNZj6ZpOSWCoF72J+J/XCqF/1Ym4F4TAPDpb1A8FBh9PosI9rhgFMTaEUMXNWzEdEkUomEDntrgyNpk4iwksk/pF3rHzTrWYK10n6aTRETpGp8hBl6iEblEF1RBFj+gZvaBX68l6sz6sz1lrykpmDtEcrO8fpf+nJA==</latexit>

In Mellin space:



Consistency of 
factorizations

 19

There exist 3 factorization formulas involving CD an SD



Consistency of 
factorizations

 19

There exist 3 factorization formulas involving CD an SD

Hmassive(s, t,mt) ! Hmassless(s, t)C
2
D(mt)

<latexit sha1_base64="Ez3qWbRzhTF90nUBTJxcy8AwyzI="></latexit><latexit sha1_base64="Ez3qWbRzhTF90nUBTJxcy8AwyzI="></latexit><latexit sha1_base64="Ez3qWbRzhTF90nUBTJxcy8AwyzI="></latexit><latexit sha1_base64="Ez3qWbRzhTF90nUBTJxcy8AwyzI="></latexit>
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Korchemsky, Marchesini: hep-ph/9210281 
Cacciari, Catani: hep-ph/0107138 
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Dt/t(mt, N) ! CD(mt)SD(mt/N)
<latexit sha1_base64="uAJcXp/xpMODMM0AasQ0n2w6w8s=">AAACIXicbVDLSgMxFM3UV62vqks3wSK0UNoZEXRZbBeuSkX7gLYMmTRtQ5OZIbkjlKHf4Ef4DW517U7ciSv/xPSx0NYDgXPPuZebe7xQcA22/Wkl1tY3NreS26md3b39g/ThUUMHkaKsTgMRqJZHNBPcZ3XgIFgrVIxIT7CmNypP/eYDU5oH/j2MQ9aVZODzPqcEjOSmcxU3hiJMstKFfDWHOxDgsluZlqbI47s5L1ZzbjpjF+wZ8CpxFiSDFqi56e9OL6CRZD5QQbRuO3YI3Zgo4FSwSaoTaRYSOiID1jbUJ5Lpbjw7aYLPjNLD/UCZ5wOeqb8nYiK1HkvPdEoCQ73sTcX/vHYE/atuzP0wAubT+aJ+JLC5e5oP7nHFKIixIYQqbv6K6ZAoQsGk+GeLJycmE2c5gVXSOC84dsG5vciUrhfpJNEJOkVZ5KBLVEI3qIbqiKJH9Ixe0Kv1ZL1Z79bHvDVhLWaO0R9YXz/LtKFa</latexit><latexit sha1_base64="uAJcXp/xpMODMM0AasQ0n2w6w8s=">AAACIXicbVDLSgMxFM3UV62vqks3wSK0UNoZEXRZbBeuSkX7gLYMmTRtQ5OZIbkjlKHf4Ef4DW517U7ciSv/xPSx0NYDgXPPuZebe7xQcA22/Wkl1tY3NreS26md3b39g/ThUUMHkaKsTgMRqJZHNBPcZ3XgIFgrVIxIT7CmNypP/eYDU5oH/j2MQ9aVZODzPqcEjOSmcxU3hiJMstKFfDWHOxDgsluZlqbI47s5L1ZzbjpjF+wZ8CpxFiSDFqi56e9OL6CRZD5QQbRuO3YI3Zgo4FSwSaoTaRYSOiID1jbUJ5Lpbjw7aYLPjNLD/UCZ5wOeqb8nYiK1HkvPdEoCQ73sTcX/vHYE/atuzP0wAubT+aJ+JLC5e5oP7nHFKIixIYQqbv6K6ZAoQsGk+GeLJycmE2c5gVXSOC84dsG5vciUrhfpJNEJOkVZ5KBLVEI3qIbqiKJH9Ixe0Kv1ZL1Z79bHvDVhLWaO0R9YXz/LtKFa</latexit><latexit sha1_base64="uAJcXp/xpMODMM0AasQ0n2w6w8s=">AAACIXicbVDLSgMxFM3UV62vqks3wSK0UNoZEXRZbBeuSkX7gLYMmTRtQ5OZIbkjlKHf4Ef4DW517U7ciSv/xPSx0NYDgXPPuZebe7xQcA22/Wkl1tY3NreS26md3b39g/ThUUMHkaKsTgMRqJZHNBPcZ3XgIFgrVIxIT7CmNypP/eYDU5oH/j2MQ9aVZODzPqcEjOSmcxU3hiJMstKFfDWHOxDgsluZlqbI47s5L1ZzbjpjF+wZ8CpxFiSDFqi56e9OL6CRZD5QQbRuO3YI3Zgo4FSwSaoTaRYSOiID1jbUJ5Lpbjw7aYLPjNLD/UCZ5wOeqb8nYiK1HkvPdEoCQ73sTcX/vHYE/atuzP0wAubT+aJ+JLC5e5oP7nHFKIixIYQqbv6K6ZAoQsGk+GeLJycmE2c5gVXSOC84dsG5vciUrhfpJNEJOkVZ5KBLVEI3qIbqiKJH9Ixe0Kv1ZL1Z79bHvDVhLWaO0R9YXz/LtKFa</latexit><latexit sha1_base64="uAJcXp/xpMODMM0AasQ0n2w6w8s=">AAACIXicbVDLSgMxFM3UV62vqks3wSK0UNoZEXRZbBeuSkX7gLYMmTRtQ5OZIbkjlKHf4Ef4DW517U7ciSv/xPSx0NYDgXPPuZebe7xQcA22/Wkl1tY3NreS26md3b39g/ThUUMHkaKsTgMRqJZHNBPcZ3XgIFgrVIxIT7CmNypP/eYDU5oH/j2MQ9aVZODzPqcEjOSmcxU3hiJMstKFfDWHOxDgsluZlqbI47s5L1ZzbjpjF+wZ8CpxFiSDFqi56e9OL6CRZD5QQbRuO3YI3Zgo4FSwSaoTaRYSOiID1jbUJ5Lpbjw7aYLPjNLD/UCZ5wOeqb8nYiK1HkvPdEoCQ73sTcX/vHYE/atuzP0wAubT+aJ+JLC5e5oP7nHFKIixIYQqbv6K6ZAoQsGk+GeLJycmE2c5gVXSOC84dsG5vciUrhfpJNEJOkVZ5KBLVEI3qIbqiKJH9Ixe0Kv1ZL1Z79bHvDVhLWaO0R9YXz/LtKFa</latexit>

Fragmentation function
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<latexit sha1_base64="uAJcXp/xpMODMM0AasQ0n2w6w8s=">AAACIXicbVDLSgMxFM3UV62vqks3wSK0UNoZEXRZbBeuSkX7gLYMmTRtQ5OZIbkjlKHf4Ef4DW517U7ciSv/xPSx0NYDgXPPuZebe7xQcA22/Wkl1tY3NreS26md3b39g/ThUUMHkaKsTgMRqJZHNBPcZ3XgIFgrVIxIT7CmNypP/eYDU5oH/j2MQ9aVZODzPqcEjOSmcxU3hiJMstKFfDWHOxDgsluZlqbI47s5L1ZzbjpjF+wZ8CpxFiSDFqi56e9OL6CRZD5QQbRuO3YI3Zgo4FSwSaoTaRYSOiID1jbUJ5Lpbjw7aYLPjNLD/UCZ5wOeqb8nYiK1HkvPdEoCQ73sTcX/vHYE/atuzP0wAubT+aJ+JLC5e5oP7nHFKIixIYQqbv6K6ZAoQsGk+GeLJycmE2c5gVXSOC84dsG5vciUrhfpJNEJOkVZ5KBLVEI3qIbqiKJH9Ixe0Kv1ZL1Z79bHvDVhLWaO0R9YXz/LtKFa</latexit><latexit sha1_base64="uAJcXp/xpMODMM0AasQ0n2w6w8s=">AAACIXicbVDLSgMxFM3UV62vqks3wSK0UNoZEXRZbBeuSkX7gLYMmTRtQ5OZIbkjlKHf4Ef4DW517U7ciSv/xPSx0NYDgXPPuZebe7xQcA22/Wkl1tY3NreS26md3b39g/ThUUMHkaKsTgMRqJZHNBPcZ3XgIFgrVIxIT7CmNypP/eYDU5oH/j2MQ9aVZODzPqcEjOSmcxU3hiJMstKFfDWHOxDgsluZlqbI47s5L1ZzbjpjF+wZ8CpxFiSDFqi56e9OL6CRZD5QQbRuO3YI3Zgo4FSwSaoTaRYSOiID1jbUJ5Lpbjw7aYLPjNLD/UCZ5wOeqb8nYiK1HkvPdEoCQ73sTcX/vHYE/atuzP0wAubT+aJ+JLC5e5oP7nHFKIixIYQqbv6K6ZAoQsGk+GeLJycmE2c5gVXSOC84dsG5vciUrhfpJNEJOkVZ5KBLVEI3qIbqiKJH9Ixe0Kv1ZL1Z79bHvDVhLWaO0R9YXz/LtKFa</latexit><latexit sha1_base64="uAJcXp/xpMODMM0AasQ0n2w6w8s=">AAACIXicbVDLSgMxFM3UV62vqks3wSK0UNoZEXRZbBeuSkX7gLYMmTRtQ5OZIbkjlKHf4Ef4DW517U7ciSv/xPSx0NYDgXPPuZebe7xQcA22/Wkl1tY3NreS26md3b39g/ThUUMHkaKsTgMRqJZHNBPcZ3XgIFgrVIxIT7CmNypP/eYDU5oH/j2MQ9aVZODzPqcEjOSmcxU3hiJMstKFfDWHOxDgsluZlqbI47s5L1ZzbjpjF+wZ8CpxFiSDFqi56e9OL6CRZD5QQbRuO3YI3Zgo4FSwSaoTaRYSOiID1jbUJ5Lpbjw7aYLPjNLD/UCZ5wOeqb8nYiK1HkvPdEoCQ73sTcX/vHYE/atuzP0wAubT+aJ+JLC5e5oP7nHFKIixIYQqbv6K6ZAoQsGk+GeLJycmE2c5gVXSOC84dsG5vciUrhfpJNEJOkVZ5KBLVEI3qIbqiKJH9Ixe0Kv1ZL1Z79bHvDVhLWaO0R9YXz/LtKFa</latexit><latexit sha1_base64="uAJcXp/xpMODMM0AasQ0n2w6w8s=">AAACIXicbVDLSgMxFM3UV62vqks3wSK0UNoZEXRZbBeuSkX7gLYMmTRtQ5OZIbkjlKHf4Ef4DW517U7ciSv/xPSx0NYDgXPPuZebe7xQcA22/Wkl1tY3NreS26md3b39g/ThUUMHkaKsTgMRqJZHNBPcZ3XgIFgrVIxIT7CmNypP/eYDU5oH/j2MQ9aVZODzPqcEjOSmcxU3hiJMstKFfDWHOxDgsluZlqbI47s5L1ZzbjpjF+wZ8CpxFiSDFqi56e9OL6CRZD5QQbRuO3YI3Zgo4FSwSaoTaRYSOiID1jbUJ5Lpbjw7aYLPjNLD/UCZ5wOeqb8nYiK1HkvPdEoCQ73sTcX/vHYE/atuzP0wAubT+aJ+JLC5e5oP7nHFKIixIYQqbv6K6ZAoQsGk+GeLJycmE2c5gVXSOC84dsG5vciUrhfpJNEJOkVZ5KBLVEI3qIbqiKJH9Ixe0Kv1ZL1Z79bHvDVhLWaO0R9YXz/LtKFa</latexit>

Fragmentation function

All consistent at NNLO!
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CD(Lc, µc ⇠ mt) SD(Lsc, µsc ⇠ mt/N̄)

µf RG flow

H(Lh, µh ⇠ Q)
<latexit sha1_base64="PVsSbYrlf8zNG6PsST1vTK6kBic=">AAACEHicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNBl0U0XLlqwD2hCmEwnzdCZJMxMhBLiR/gNbnXtTtz6By79E6dtFrZ64MLhnHu59x4/YVQqy/oySiura+sb5c3K1vbO7p65f9CVcSow6eCYxaLvI0kYjUhHUcVIPxEEcZ+Rnj++nfq9ByIkjaN7NUmIy9EoogHFSGnJM48cn2fNvHbnhecOT70QOpJy2D7zzKpVt2aAf4ldkCoo0PLMb2cY45STSGGGpBzYVqLcDAlFMSN5xUklSRAeoxEZaBohTqSbzT7I4alWhjCIha5IwZn6eyJDXMoJ93UnRyqUy95U/M8bpCq4djMaJakiEZ4vClIGVQynccAhFQQrNtEEYUH1rRCHSCCsdGgLW3ye60zs5QT+ku5F3bbqdvuy2rgp0imDY3ACasAGV6ABmqAFOgCDR/AMXsCr8WS8Ge/Gx7y1ZBQzh2ABxucP7e6cZw==</latexit><latexit sha1_base64="PVsSbYrlf8zNG6PsST1vTK6kBic=">AAACEHicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNBl0U0XLlqwD2hCmEwnzdCZJMxMhBLiR/gNbnXtTtz6By79E6dtFrZ64MLhnHu59x4/YVQqy/oySiura+sb5c3K1vbO7p65f9CVcSow6eCYxaLvI0kYjUhHUcVIPxEEcZ+Rnj++nfq9ByIkjaN7NUmIy9EoogHFSGnJM48cn2fNvHbnhecOT70QOpJy2D7zzKpVt2aAf4ldkCoo0PLMb2cY45STSGGGpBzYVqLcDAlFMSN5xUklSRAeoxEZaBohTqSbzT7I4alWhjCIha5IwZn6eyJDXMoJ93UnRyqUy95U/M8bpCq4djMaJakiEZ4vClIGVQynccAhFQQrNtEEYUH1rRCHSCCsdGgLW3ye60zs5QT+ku5F3bbqdvuy2rgp0imDY3ACasAGV6ABmqAFOgCDR/AMXsCr8WS8Ge/Gx7y1ZBQzh2ABxucP7e6cZw==</latexit><latexit sha1_base64="PVsSbYrlf8zNG6PsST1vTK6kBic=">AAACEHicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNBl0U0XLlqwD2hCmEwnzdCZJMxMhBLiR/gNbnXtTtz6By79E6dtFrZ64MLhnHu59x4/YVQqy/oySiura+sb5c3K1vbO7p65f9CVcSow6eCYxaLvI0kYjUhHUcVIPxEEcZ+Rnj++nfq9ByIkjaN7NUmIy9EoogHFSGnJM48cn2fNvHbnhecOT70QOpJy2D7zzKpVt2aAf4ldkCoo0PLMb2cY45STSGGGpBzYVqLcDAlFMSN5xUklSRAeoxEZaBohTqSbzT7I4alWhjCIha5IwZn6eyJDXMoJ93UnRyqUy95U/M8bpCq4djMaJakiEZ4vClIGVQynccAhFQQrNtEEYUH1rRCHSCCsdGgLW3ye60zs5QT+ku5F3bbqdvuy2rgp0imDY3ACasAGV6ABmqAFOgCDR/AMXsCr8WS8Ge/Gx7y1ZBQzh2ABxucP7e6cZw==</latexit><latexit sha1_base64="PVsSbYrlf8zNG6PsST1vTK6kBic=">AAACEHicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNBl0U0XLlqwD2hCmEwnzdCZJMxMhBLiR/gNbnXtTtz6By79E6dtFrZ64MLhnHu59x4/YVQqy/oySiura+sb5c3K1vbO7p65f9CVcSow6eCYxaLvI0kYjUhHUcVIPxEEcZ+Rnj++nfq9ByIkjaN7NUmIy9EoogHFSGnJM48cn2fNvHbnhecOT70QOpJy2D7zzKpVt2aAf4ldkCoo0PLMb2cY45STSGGGpBzYVqLcDAlFMSN5xUklSRAeoxEZaBohTqSbzT7I4alWhjCIha5IwZn6eyJDXMoJ93UnRyqUy95U/M8bpCq4djMaJakiEZ4vClIGVQynccAhFQQrNtEEYUH1rRCHSCCsdGgLW3ye60zs5QT+ku5F3bbqdvuy2rgp0imDY3ACasAGV6ABmqAFOgCDR/AMXsCr8WS8Ge/Gx7y1ZBQzh2ABxucP7e6cZw==</latexit>

S(Ls, µs ⇠ Q/N̄)
<latexit sha1_base64="5j1FrQJHjGyNTMsONdZqJM62tUE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WoIDURQZdFNy5EWrQPaEKYTCft0JkkzEyEErL1I/wGt7p2J27dufRPnLZZ2NYDFw7n3Mu99/gxo1JZ1rdRWFpeWV0rrpc2Nre2d8zdvZaMEoFJE0csEh0fScJoSJqKKkY6sSCI+4y0/eH12G8/EiFpFD6oUUxcjvohDShGSkueCR2fp/dZ5daTJw5PPAkdSTlsnDo+EuldduyZZatqTQAXiZ2TMshR98wfpxfhhJNQYYak7NpWrNwUCUUxI1nJSSSJER6iPulqGiJOpJtOPsngkVZ6MIiErlDBifp3IkVcyhH3dSdHaiDnvbH4n9dNVHDppjSME0VCPF0UJAyqCI5jgT0qCFZspAnCgupbIR4ggbDS4c1s8XmmM7HnE1gkrbOqbVXtxnm5dpWnUwQH4BBUgA0uQA3cgDpoAgyewAt4BW/Gs/FufBif09aCkc/sgxkYX79epp/e</latexit><latexit sha1_base64="5j1FrQJHjGyNTMsONdZqJM62tUE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WoIDURQZdFNy5EWrQPaEKYTCft0JkkzEyEErL1I/wGt7p2J27dufRPnLZZ2NYDFw7n3Mu99/gxo1JZ1rdRWFpeWV0rrpc2Nre2d8zdvZaMEoFJE0csEh0fScJoSJqKKkY6sSCI+4y0/eH12G8/EiFpFD6oUUxcjvohDShGSkueCR2fp/dZ5daTJw5PPAkdSTlsnDo+EuldduyZZatqTQAXiZ2TMshR98wfpxfhhJNQYYak7NpWrNwUCUUxI1nJSSSJER6iPulqGiJOpJtOPsngkVZ6MIiErlDBifp3IkVcyhH3dSdHaiDnvbH4n9dNVHDppjSME0VCPF0UJAyqCI5jgT0qCFZspAnCgupbIR4ggbDS4c1s8XmmM7HnE1gkrbOqbVXtxnm5dpWnUwQH4BBUgA0uQA3cgDpoAgyewAt4BW/Gs/FufBif09aCkc/sgxkYX79epp/e</latexit><latexit sha1_base64="5j1FrQJHjGyNTMsONdZqJM62tUE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WoIDURQZdFNy5EWrQPaEKYTCft0JkkzEyEErL1I/wGt7p2J27dufRPnLZZ2NYDFw7n3Mu99/gxo1JZ1rdRWFpeWV0rrpc2Nre2d8zdvZaMEoFJE0csEh0fScJoSJqKKkY6sSCI+4y0/eH12G8/EiFpFD6oUUxcjvohDShGSkueCR2fp/dZ5daTJw5PPAkdSTlsnDo+EuldduyZZatqTQAXiZ2TMshR98wfpxfhhJNQYYak7NpWrNwUCUUxI1nJSSSJER6iPulqGiJOpJtOPsngkVZ6MIiErlDBifp3IkVcyhH3dSdHaiDnvbH4n9dNVHDppjSME0VCPF0UJAyqCI5jgT0qCFZspAnCgupbIR4ggbDS4c1s8XmmM7HnE1gkrbOqbVXtxnm5dpWnUwQH4BBUgA0uQA3cgDpoAgyewAt4BW/Gs/FufBif09aCkc/sgxkYX79epp/e</latexit><latexit sha1_base64="5j1FrQJHjGyNTMsONdZqJM62tUE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WoIDURQZdFNy5EWrQPaEKYTCft0JkkzEyEErL1I/wGt7p2J27dufRPnLZZ2NYDFw7n3Mu99/gxo1JZ1rdRWFpeWV0rrpc2Nre2d8zdvZaMEoFJE0csEh0fScJoSJqKKkY6sSCI+4y0/eH12G8/EiFpFD6oUUxcjvohDShGSkueCR2fp/dZ5daTJw5PPAkdSTlsnDo+EuldduyZZatqTQAXiZ2TMshR98wfpxfhhJNQYYak7NpWrNwUCUUxI1nJSSSJER6iPulqGiJOpJtOPsngkVZ6MIiErlDBifp3IkVcyhH3dSdHaiDnvbH4n9dNVHDppjSME0VCPF0UJAyqCI5jgT0qCFZspAnCgupbIR4ggbDS4c1s8XmmM7HnE1gkrbOqbVXtxnm5dpWnUwQH4BBUgA0uQA3cgDpoAgyewAt4BW/Gs/FufBif09aCkc/sgxkYX79epp/e</latexit>
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plot the differential cross sections normalized to our default
prediction, i.e., the ratio defined by

ratio≡ dσ
dσNLOþNNLL0ðμi ¼ μdefaulti Þ

: ð2Þ

Figure 1 compares our NLOþ NNLL0 resummed pre-
diction for the normalized pT distribution to the CMS
measurement [3] in the leptonþ jet channel at the LHC
with a center-of-mass energy

ffiffiffi
s

p
¼ 8 TeV. Also shown is

the NNLO result from Ref. [1], which adopted by default
the renormalization and factorization scales μr ¼ μf ¼ mt
and also used a slightly different top-quark mass,
mt ¼ 173.3GeV. At low pT, it is clear that both the
NLOþ NNLL0 and the NNLO results describe the data
fairly well. With the increase of pT , it appears that the
NNLO prediction systematically overestimates the data,
although there is still agreement within errors. On the other
hand, with the simultaneous resummation of the soft-gluon
logarithms and the mass logarithms and also with the
dynamical scale choices, our NLOþ NNLL0 resummed
formula produces a softer spectrum which agrees well with
the data.
In Ref. [4], the ATLAS Collaboration carried out a

measurement of the pT spectrum in the highly boosted
region using fat-jet techniques. Although the experimental
uncertainty is rather large due to limited statistics, it is
interesting to compare it with the theoretical predictions
here, since it is expected that the soft and small-mass
logarithms become more relevant at higher energies. In
Fig. 2, we show such a comparison. The NNLO result for
such high pT values is not yet available, so we compare

instead with the NLO result computed using MCFM with
MSTW2008 NLO PDFs and dynamical renormalization
and factorization scales, whose default values are
μr ¼ μf ¼ mT . Scale uncertainties of the NLO results
are estimated through variations of μr ¼ μf by a factor
of 2 around the default value. From the plot, one can see
that the NLO result calculated in this way does a good job
in estimating the residual uncertainty from higher-order
corrections, as the resummed band lies almost inside
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hand, the inclusion of the higher-order logarithms in the
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uncertainty, which is crucial for future high-precision
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Our formalism is flexible and can be applied to other
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in Fig. 3, we show the NLOþ NNLL0 resummed predic-
tion for the top-quark pair invariant mass distribution along
with a measurement from the ATLAS Collaboration [16] at
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distribution has an incompatible binning, it is currently not
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NLO result computed with the same input as in Fig. 2, but
this time with the default scale choice μr ¼ μf ¼ Mtt̄. One
can see from the plot that the NLO result with this scale
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cross sections, especially at high Mtt̄. As a result, the
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expressions for the fixed-order (N)NLO expansion of the resummation formulas needed

in the matching are given in section 3.6.

We next match the resummation formulas in the soft and boosted-soft limit with

each other and with (N)NLO. To do so, we need to remove the overlap between the

NNLL0
b and NNLLm results to all orders in ↵s. This is done by exploiting the fact

that the boosted-soft resummation formula is the small-mass limit of the soft-gluon

resummation formula at any fixed order in ↵s, so we must subtract out the leading

term in the limit mt ! 0 in order not to double count. The combined result, denoted

NNLL0
b+m, is thus given by

d�NNLL0
b+m = d�NNLL0

b +
⇣
d�NNLLm � d�NNLLm

��
mt!0

⌘
, (2.4)

where the terms in the parenthesis account for contributions which are suppressed by

mt/M in the boosted-soft limit and thus not included in the NNLL0
b result. Matching

with fixed order then proceeds in analogy to eq. (2.3) resulting in

d�(N)NLO+NNLL0
= d�NNLL0

b+m +

✓
d�(N)NLO � d�NNLL0

b+m

��� (N)NLO
expansion

◆
. (2.5)

Again, the terms in the parenthesis account for subleading terms in the soft limit,

which are taken into account through a fixed-order calculation, but are not accessible

to either of the resummation formulas. Calculating the subtraction term requires one

to expand each term in eq. (2.4) to (N)NLO. The procedure for obtaining the di↵erent

components of the above equation is described in more detail in section 3.6.

Di↵erential distributions obtained from the explicit evaluation of eq. (2.5) are a

main result of this work, and can be found in section 5. Before going into numerical

studies, we give details of the resummation procedure, including recipes for obtaining

the di↵erent pieces used in the matching procedure, in the next section. These details

can safely be skipped by a reader interested in purely phenomenological results. In

section 4 we conduct a thorough analysis of the choice of scales for the matching

functions which appear in the resummed results.

3 Mellin-space resummation in the (boosted) soft

limit

3.1 Kinematics and di↵erential cross sections

In this section we review the kinematics involved in describing the limits in which

resummation is carried out. At Born level, and to leading order in the soft limit
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Again, the terms in the parenthesis account for subleading terms in the soft limit,

which are taken into account through a fixed-order calculation, but are not accessible

to either of the resummation formulas. Calculating the subtraction term requires one

to expand each term in eq. (2.4) to (N)NLO. The procedure for obtaining the di↵erent

components of the above equation is described in more detail in section 3.6.

Di↵erential distributions obtained from the explicit evaluation of eq. (2.5) are a

main result of this work, and can be found in section 5. Before going into numerical

studies, we give details of the resummation procedure, including recipes for obtaining

the di↵erent pieces used in the matching procedure, in the next section. These details

can safely be skipped by a reader interested in purely phenomenological results. In

section 4 we conduct a thorough analysis of the choice of scales for the matching

functions which appear in the resummed results.

3 Mellin-space resummation in the (boosted) soft

limit

3.1 Kinematics and di↵erential cross sections

In this section we review the kinematics involved in describing the limits in which

resummation is carried out. At Born level, and to leading order in the soft limit
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Figure 1: Tree-level amplitude. Massive quarks are indicated by a thick line.

heavy-quark loop were evaluated in [25], while the two-loop diagrams contributing to the

leading color coefficient were evaluated in [26]. In both cases, the results obtained retain the

full dependence on the top-quark mass and on the kinematic invariants; they agree with

the numerical results of [24]. Having analytical results available has several advantages

over a purely numerical representation. Besides their considerably shorter evaluation time,

the analytical results also allow for an expansion in different kinematical limits (threshold,

high energy).

In the present paper, an analytical expression for the two-loop diagrams contribut-

ing to the leading color coefficient in the gluon-fusion channel is derived. We carry out

the calculation by employing the technique based on the Laporta algorithm [27] and the

differential equation method [28], already used in [25, 26]. The calculation of the leading

color coefficient in the gluon fusion does not require the calculation of any new master

integrals beyond the ones obtained in the two previous works, such that we do not discuss

the calculational method in full detail. The interested reader can find in [25,26] a detailed

description of the techniques employed.

The paper is organized as follows: in Section 2, we introduce our notation and conven-

tions; in Section 3, we summarize the most relevant features of our calculational method.

Section 4 describes the UV renormalization of the bare amplitude. The resulting two-loop

amplitude contributions are described in Section 5, where we also provide numerical val-

ues in some benchmark points, and discuss the expansion in the threshold limit. Finally,

Section 6 contains our conclusions.

2. Notation and Conventions

We consider the scattering process

g(p1) + g(p2) −→ t(p3) + t̄(p4) , (2.1)

in Euclidean kinematics, where p2i = 0 for i = 1, 2 and p2j = −m2 for j = 3, 4. The

Mandelstam variables are defined as follows

s = − (p1 + p2)
2 , t = − (p1 − p3)

2 , u = − (p1 − p4)
2 . (2.2)

Conservation of momentum implies that s+ t+ u = 2m2.

The squared matrix element (summed over spin and color), calculated in d = 4 − 2ε

dimensions, can be expanded in powers of the strong coupling constant αS as follows:

∑

|M|2(s, t,m, ε) = 16π2α2
S

[

A0 +
(αs

π

)

A1 +
(αs

π

)2
A2 +O

(

α3
s

)

]

. (2.3)
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In the boosted limit, t- and u-channel 
propagators push the effective hard 

scale to

can only constrain the combined pT of the anti-top-quark and the extra parton, but

puts no constraints on their separate transverse momenta. It is therefore kinematically

allowed to have the tt̄ pair recoiled against a separate hard parton, such that one ends

up with a large HT and a small Mtt̄. This explains the long tail at the NLO towards

RT > 1, particularly in the high pT bin. In fact, at µf = mT/2, one finds that 47%

of the distribution lies at RT > 1. From these facts, we expect that it is important

to incorporate the e↵ects of hard emissions for the pT distribution, especially in the

high-pT region.

4.2 Scales for the Mtt̄ distribution

The main goal of this and the next subsection is to identify the optimal choices of the

hard scale µh and the soft scale µs, based on the kinematic features of the hard and

soft functions. Since the hard and soft functions may be evaluated analytically, this

will also help to understand the kinematic features of the RT distribution given in the

previous subsection.

The philosophy of RG-improved perturbation theory is to choose the matching

scales such that the fixed-order expansion of the hard and soft functions is well behaved.

The massless hard and soft functions depend on the kinematic invariants M2
tt̄, t1 and

u1. As long as all of these scales are of the same size numerically, the choices µh ⇠ Mtt̄

and µs ⇠ Mtt̄/N̄ free these functions of potentially large logarithmic corrections and

thus ensure good perturbative convergence. The situation becomes more subtle in

the boosted regime, where mt ⌧ Mtt̄. In that case, when the top quark is produced

in the very forward region, cos ✓ ! 1, the kinematic invariants develop a hierarchy

|t1| ⌧ M2
tt̄ ⇠ |u1|. An analogous hierarchy develops for very backward production,

with |t1| $ |u1|. Both of these situations correspond to the region HT ⌧ Mtt̄, since for

Born kinematics

�t1
��
mt!0

⇡ M2
tt̄

2
(1 � cos ✓) + m2

t cos ✓
cos ✓!1����! p2T + m2

t ⌘ m2
T = H2

T/4 , (4.4)

�u1

��
mt!0

⇡ M2
tt̄

2
(1 + cos ✓) � m2

t cos ✓
cos ✓!�1�����! m2

T = H2
T/4 . (4.5)

On the other hand, the region where mt ⇠ Mtt̄ corresponds to HT ⇠ Mtt̄, irrespective

of the value of cos ✓.

The top-pair invariant mass distribution is calculated from the double di↵erential

cross section in eq. (3.6) by integrating over the scattering angle in the region �1 <

cos ✓ < 1. At large Mtt̄, the results for the RT distribution shown in the bottom-left

panel of figure 1 and discussed in the previous subsection make clear that the integral

is dominated by the region where | cos ✓| ⇠ 1 and RT is significantly smaller than unity.
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and those for the NNLO corrections as

HNNLO
gg (µh)

HNLO
gg (µh)

����
t1!0

= 1+

✓
↵s(µh)

4⇡

◆2 
37.6 ln4

✓
�t1
µ2
h

◆
�
�
46.2 ln xt + 47.2

�
ln3

✓
�t1
µ2
h

◆

+
�
14.2 ln2 xt + 22.2 ln xt � 248

�
ln2

✓
�t1
µ2
h

◆

+
�
154 ln xt + 102

�
ln

✓
�t1
µ2
h

◆
+ 12.7 ln xt + 577

�
+ O(↵3

s) ,

SNNLO
gg (µs)

SNLO
gg

����
t1!0

= 1+

✓
↵s(µs)

4⇡

◆2 
37.6 ln4

✓
�t1

µ2
sN̄

2

◆
�
�
46.2 ln xt + 22.1

�
ln3

✓
�t1

µ2
sN̄

2

◆

+
�
37.3 ln2 xt + 20.4 ln xt + 354

�
ln2

✓
�t1

µ2
sN̄

2

◆

�
�
14.2 ln3 xt + 20.4 ln2 xt + 218 ln xt + 12.9

�
ln

✓
�t1

µ2
sN̄

2

◆

+ 3.56 ln4 xt + 6.81 ln3 xt + 109 ln2 xt � 42.6 ln xt + 356

�
+ O(↵3

s) ,

(4.10)

where we have set Nc = 3 and the number of light quarks to Nl = 5 in the above

equations.4

An important feature of eqs. (4.9) and (4.10) is that both the NLO and the NNLO

corrections depend on the two physical scales �t1 and Mtt̄ (through the ratio xt).

Therefore, any choice of µh and µs will lead to corrections of the form ↵n
s lnm(xt)/xt

in the xt ! 0 limit. However, the structure of such corrections is rather di↵erent for

the hard and soft functions. For the hard function, the choice µ2
h = �t1 frees the NLO

corrections of such logarithmic corrections in xt ! 0 limit, and reduces the logarithmic

terms in the NNLO corrections to a single power of ln xt. On the other hand, the

choice µh = Mtt̄ generates a double logarithmic series whose corrections have the form

4Although not immediately apparent from the results above, one finds that the real parts of H(1,2)
gg

are proportional to H
(0)
gg in the xt ! 0 limit.
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Figure 4. Results for the absolute (left) and normalized (right) top-pair invariant mass

distribution at the LHC with
p

s = 13 TeV. In all cases the ratio is to the NNLO result with

µf = HT /4. The uncertainty bands are obtained through scale variations as described at the

beginning of section 5 and in eqs. (5.1) and (5.2).

5 Results and discussion

In this section we give our main results for the top-pair invariant mass and (anti) top-

quark pT distributions, as well as the total cross section, with a focus on comparing

NNLO results with NNLO+NNLL0 ones. Some further comparisons across di↵erent

perturbative orders are presented in appendix A. Although we present only a limited

set of results for the LHC operating at a center-of-mass energy of 13 TeV, distributions

with alternate binning and at di↵erent collider energies can be produced on request

from the authors.

Results for the absolute (normalized) Mtt̄ distribution are shown in left (right)

panel of figure 4. The NNLO results use µf = HT/4 by default (we shall always set the

renormalization scale appearing in the NNLO calculation to µr = µf unless otherwise

specified), which is the scale favored by the analysis of perturbative convergence of

the fixed-order series performed in [24]. The NNLO+NNLL0 results are obtained from

the matching relation eq. (2.5). All pieces of that equation must be evaluated at a

common µf , which is also chosen as µf = HT/4 by default. In addition, we draw on

the analysis of the previous section and use µh = HT/2 and µs = HT/N̄ by default, as

well as µdh = mt and µds = mt/N̄ . In both the NNLO and the NNLO+NNLL0 results,

the bands in figure 4 represent perturbative uncertainties estimated through scale vari-

ations. For the NNLO calculation, we obtain the bands by keeping the factorization
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Figure 6. Results for the absolute (left) and normalized (right) pT,avt distributions at the

LHC with
p

s = 13 TeV. In all cases the ratio is to the NNLO result with µf = mT /2.

Uncertainty bands are obtained in complete analogy to those in figure 4.

Figure 7. Predictions for the total top-pair production cross section at the LHC withp
s = 13 TeV, where the error bars represent perturbative uncertainty estimates through

scale variations. The method for obtaining results and the uncertainty estimates at di↵erent

values of µf is described in the second to last paragraph of section 5.

NLO+NNLL0 to NNLO+NNLL0 is an important e↵ect for the pT distributions, espe-

cially in reducing the scale uncertainties in the high pT region. This is an important

fact to keep in mind when using NLO-based Monte Carlo event generators to model

pT distributions.

Finally, in figure 7 we show results for the total cross section, obtained in several
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Figure 8. Cross sections obtained for two sample bins, Mtt̄ = [380� 420]GeV (upper plot)

and Mtt̄ = [2500 � 3000]GeV (lower plot). The default value of µf is indicated explicitly,

and the error bars represent perturbative uncertainties estimated through scale variations as

described at the beginning of section 5 and in eqs. (5.1) and (5.2).

the NNLO+NNLL0 results compared to the NLO+NNLL0 ones. This is an indication

that the high-pT region is more sensitive to hard radiation than the high-Mtt̄ region.

We have given some qualitative explanations for why this should be the case when

discussing the RT distribution in section 4.1. Numerically, we have found that the

NLO results for the high-pT region of the distribution are quite sensitive to both the

qg channel and the RT > 1 region, in a strongly µf -dependent fashion. Soft-gluon

resummation cannot stabilize such µf dependence, which explains the importance of

matching to NNLO in fixed order.

The uncertainties associated with each of the distributions presented here result

from a combination of the uncertainties generated from the variation of each scale in

accordance with eqs. (5.1) and (5.2). It is interesting to decompose the source of these

uncertainty bands in terms of the contributions which arise from varying the factor-
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Matched result insensitive to scale scheme choices 



Summary and outlook
Soft gluons are important in top quark pair production 

We have studied their impacts at NNLO and beyond 

Two-loop IR divergences 

NNLO soft real emissions 

Resummation of soft logarithms (+small-mass logarithms) 

Future prospects 

Numerical results for rapidity distributions 

From on-shell top quarks to top jets
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Thank you!


