The Art of Setting the Scale

Tomasz Korzec
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Introduction

@ Bare coupling go <+

@ Bare masses ky, kg, ks, - - -

Non-physical parameters, €.9. Csw
|} Lattice-QCD

Meson masses am,., amyg, amp, ...

Baryon masses amyoton, ama, . . .

Decay constants af,, af, ...

Static potential aV/(r/a)

“Flow quantities” at flow time t/a°

Scale Setting

The task of assigning a value to a
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Natural units

@ A good choice of units simplifies the equations and reduces numerical

rounding errors

Quantum Mechanics
Natural units

@ Lengths in multiples of

@ Times in multiples of T
@ Masses in multiples of m

S= /dt [;q2+ V(q)}

= Lattice action

_ n\2
sla] = az[ (u) +V(qj)]

Jj€z
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Scale Setting

Yang-Mills Theory
Natural units

@ Lengths in multiples of
@ Times in multiples of

1eV

1 eV
@ Masses in multiples of &/

- 4
S— 52 / d*xtr [Fp. (X)Fpu(x)]

= Lattice action

Sl = —ZZRetrh Pov(aj)]
jev4u<u
Pu(x) = U(X)U(x+ap)U, " (x + ad)U, " (x)
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What is “Scale Setting”

@ In Quantum Mechanics (and all classical simulations):

» The lattice spacing a is an input parameter

» It can/should be varied to understand the discretization errors
@ inQCD

» The lattice spacing a is not a parameter of the lattice action
» It can be varied, by varying the (dimensionless) coupling go

ar t e 1@ by 21 b1/268

A

Simple (but impractical) example

Use the proton mass myoion for the scale-setting:
» Choose go=a
» Fix the bare masses my, = my, ms, ... such that some ratios take

experimental values, e.g.
amgy amyg
aMproton * @Mproton > *
» Determine athrough a = 27gon

proton
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Some Issues

@ If amproton OF mgrg’ton has a large error, it will propagate to a and to every

dimensionful prediction of lattice QCD
@ amproton Was computed at a finite go, i.e. at a finite a
» It has a discretization error
— a gets a discretization error
— Every dimensionful prediction inherits this error (in addition to its own)
» Depending on the quantity with which the scale is set, one obtains quite
different values for a
@ In the ratio 27gen

proton
> amproton IS computed in a simplified model, e.g Nr =2 + 1 QCD
» m>® has Ny =141414 141+ 1 plus the rest of the standard model

proton

= Some care is needed. Is myot0n the best choice? What else could be used?
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Desirable Properties of Scales

@ Relatively cheap and easy to measure
Some knowledge of a is needed already for the planning of a simulation
@ Small statistical errors
@ The experimental determination should be
» Precise
» Direct
@ The dependence on heavy quarks, electro-magnetism etc. should be
small (and/or well understood)
@ Weak quark mass dependence
(becomes important when simulations away from the physical pion mass
are considered)
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Masses

@ Two point functions of an operator O(xp) has a spectral decomposition

G(Yo — X0) = (O(x0) OT (Yo)) Z’ n|(’)|Q ‘ e~ En(yo—x0)

@ Use lattice symmetries to select a particular channel and momentum,
e.g.
> O(x) = 15 > U(x)sd(x)
X

— if |n) not a 0-momentum pseudo-scalar state: (n|O|Q) = 0
d/og( (t)) t—roo
— — am,

> (Xo) = ;eabo(UJ(X)Cvsdb(X))Uc(X)

— if [n) not a 0-momentum baryon state: (n|O[Q) =0
— *w o, alMproton
@ Use smearing or distillation to enhance the overlap with the ground state
@ Excited states: much more difficult
» Consider several operators for the same channel Oy, ..., Oy
» Compute N x N correlation matrix Gy(yo — Xo) = <Ok(xo)07(y0)>
» Solve the GEVP C';(t)Vn(l‘7 fo) = )\n(t, to)G(fo)Vn(f, fo)
> A\~ e‘E*’, Ao ~ e‘EZf,
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Example: Nucleon Correlator

[C.Alexandrou et al (2009)]

10°

sl ]
@ N, —2ETMC Y

ensembles _

@ L~213fm Sl et
@ 4~ 0.067 fm T A
@ m, ~ 489 Mev °

gﬁo.s» ................. ey

0 5 10 Va 1‘5 20 25

o C(t) =X (tr[(1+70)O(t,y)O'(0,x)])

Xy
@ O(x) = €apc (U (X)Crsdp(X)) Us(X), with smeared u and d quarks.
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Example: Nucleon Correlator

[C.Alexandrou et al (2009)]

10°
g"o R S, ey, L 4
@ N, = 2ETMC " ; ; ; ot
ensembles _ L -
@ L~213fm Sl
@ a~ 0.067 fm gﬂ_....-.;-.;::'.'.'.'. ...... A
@ m, ~ 489 Mev ‘ t
@ m, ~ 368 Mev _ : [
::0.5' * L S R R e . * |
Bl L A [ F [
0 5 10 Va 1‘5 2‘0 25
o C(t) =X (r[(L +0)O(t.y)O'(0,x)])

Xy
@ O(x) = €apc (Uy (X)Crsdp(X)) Us(X), with smeared u and d quarks.
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Masses, statistical precision

@ The variance of C(t) corresponds to a 2pt-function with different quantum
numbers

@ relative error ~ @ 1200, o—(E'-E)t

@ If E/ > E, we have an exponential signal/noise problem!
@ This is the generic case, almost all 2pt functions have this problem

t—oo

3
» Nucleon: relative error <~ e(mprmon—z’"w)
_3 physpt
» Q-baryon: relative error 2% g(ma—3mas)t g!/0-31fm

@ The ground state mesons in the PS channel are spared

phys pt g!/0:27m
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Masses, other properties

@ Experiments are often very direct and precise
@ Corrections due to neglected heavy flavors:
understood and often tiny (theory of decoupling)

» E.g. the difference between Ny =2+ 1 QCD and Ny =2+ 1+ 1 QCD in low
energy quantities (like Mproton) is

2
o((&))
@ Corrections due to iso-spin breaking and electro-magnetism:
For some cases understood in chiral perturbation theory.

@ Quark mass dependence:

» Very strong for would-be-Goldstone-bosons
» Rather weak for other states, e.g. Nucleon
» Exceptionally weak for mq on a ms = const trajectory
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Decay Constants

@ Defined through matrix elements (Q|A,.(0)|x(p)) = ip.fx,
A, = Uysd
@ Measurement (here, with Wilson fermions and open boundaries in time)
» P'®: pseudo-scalar density with quarks r and s
» A7: improved axial current
» Measure the 2pt functions

6

a r
fF(x0, %0) = *FZUDS(X)PS(Y))
f2(x0, %0) = LazA X)P*(y

» Form a ratio

Rog = |:fA(X07y0)fA(XO7 T—)/o)y/2 X—yp>1 /mps MMes goare
fo(T = Yo, ¥o)

» Renormalized, improved decay constant

fos = Za(&o) [1 + baatrM, + ba am,s] foare
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Decay Constants
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Decay Constants, Properties

Good statistical precision (~ 1%)
Moderate costs
No signal/noise problem

With Wilson fermions: needs renormalization and improvement
> Ca, Za known non-perturbatively
> ba, ba, by only known in perturbation theory

Experimental determination not entirely direct

» f.: experimentally accessible through 7 — fv: f: Vg
» fx: experimentally accessible through K — fv: fx Vs
Vs may depend on other lattice calculations

@ Quark mass dependence: understood well in chiral perturbation theory

Korzec (DESY Zeuthen) Scale Setting 10.04.2017 13/44



Scales from Wilson Loops

@ Two point functions can be formed with

r—1

O(xo,r Z¢ lH Uk(x + ik)

i=0

o(x + rR)

possibly smeared

Where ¢ is an infinitely heavy quark

@ The 2pt. function decays as G(t,r) ~ e~ V(! where
V(r) is the static quark potential (energy needed to pull two quarks apart
to a distance r

@ Integrating out the static quarks leads to
@ A lattice computation leads to aV/(r/a) at different r/a
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Static Quark Potential

“Determination of the Static Potential with Dynamical Fermions”
[M.Donnellan, F.Knechtli, B.Leder, R.Sommer (2011)]

@ N; = 2 improved Wilson
fermions (CLS)

@ Operator basis with
different levels of HYP
smearing ;

(=0 e

@ Energy levels from the
solution of a GEVP
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Static Quark Potential

“Determination of the Static Potential with Dynamical Fermions”
[M.Donnellan, F.Knechtli, B.Leder, R.Sommer (2011)]

@ N; = 2 improved Wilson 8
fermions (CLS) .l
@ Operator basis with
different levels of HYP =
smearing <ot
=T .l ™ 0] ¢
H | (0]
=7
s e ©
Z o} o ©
. . -3r e
::0,,,,,,,,,,L’,,,,‘,,,,’,J l.,,,,‘,,y,,,l e
@ Energy levels from the e ° ;()
solution of a GEVP 55 o - s o
r/ro
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Sommer Scale

@ V needs additive renormalization, differences of Vs do not
— static force F(r/a) = Y/a)=Vi/a)

e n=r+4+0(a),
with O(a?) computed such, that tree-level lattice artifacts are removed
from F

@ Family of scales defined implicitly

r2F(r/a) = c =r./a

@ Choose ¢ such that discretization errors and statistical errors are small
» ¢=1.65 = r. = rb, Sommer-scale
[R.Sommer (1994)]
» c=100=r.=n
Used for instance in [C.Bernard et al (2000)]

@ Properties
» Weak quark mass dependence
» Reasonable statistical precision (below 1%)
» No inversions, but computation costs still significant
» Not accessible to experiments
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The Gradient Flow

Gradient flow ~ (covariant) diffusion in “flow time” t
[M. Atiyah and R. Bott (1982)]

0B.(t,x) = D,G,.(tx), B,.(0,x) = A.(x)
D, = 0,+[By,]
G. = 9,B,-0,B,+[B,,B)]

@ Renormalization properties can be studied in a 5D theory where the fifth
dimension is the flow time

@ Correlators of B at t > 0 need no renormalization
[M. Lascher (2010)], [M. Lischer and P. Weisz (2011)]

» Action density
E(t, x) —7Ztr[Gw t, X) G (t, X)]

» Topological charge density
Q(t, x) =
Independent of t as longas t > 0
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Discretized Flow Equations

@ There is some freedom, how to define the flow equations on the lattice
» Wilson flow

&PVt Vit ) = —g6Oxu SwlV]
N——
plaquette action

Vu(t=0,x) = Uu(x)

Lie-algebra valued derivative: dy,,.f(U.(x)) = Ta%f(e”a Uu(x))|
» “Zeuthen flow” = Symanzik O(&?) improved flow
[A.Ramos, S.Sint (2015)]

e=0

7.
EPVENIV = - (14 ViV ) o Swl]
N——
improved action

Vu(t=0,x) = Uu(x)

@ Numerical solution of the differential equation: (adaptive) Runge-Kutta
methods
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Action Density

The simplest gauge-invariant operator that one may consider is the action
density E(t,x) = —% S tr[G,..(t, x) G, (t, x)] A discretization can be used that

v

differs from that of the action, or of the flow-action
@ Plaquette
EP(t,x) = — 555 32 [tr(Puu(t, X) + P (t, x)T) — 2N¢]
(has O(&?) artifa;gts)
@ Clover

E°(t,x) = =% > tr (G, (t, x)G2, (1, x))

G2, (t,x) —;HE D D D D —h.c.)

(has different O(a?) artifacts)

@ Improved
PRl — 4 EPI(t, x) — LECI(t, X)
(has O(a*) artifacts)

@ Other improved variants, e.g. E*W
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Flow Scales

@ Lattice artifacts depend on the combination of
» Lattice action
(cannot be changed easily)
» Flow action
» E discretization

@ Once (E(x,t)) is measured

(with hopefully small discretization errors)
One can form different scales

> Iy:
LS (E(x,t) =03 Y t=t [M.Ltscher (2010)]
X
> Wo.
t% (tzlv ZX:<E(X7 T))) =03 =S F=wd [S.Borsanyi et al (2012)]
> f11

As t, but with 0.3 — £ [R.Sommer (2014)]
— smaller O(&%) effects, larger statistical errors
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Properties of Flow Scales

determination of t, with (red) and without (black) reweighting

|
£ I
@ High statistical precision aou ]
(sub %) Tool e |
@ Somewhat largish lattice R i
artifacts g 1
8 | -
@ Weak quark mass ; 0'4,,,,,,,,,,,,,,,,ﬁj_ e
dependence T 0.2} e !
@ Inaccessible to experiments ™~ ok J
0 1 2 3 4
t/a? a-
0.09fm
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Properties of Flow Scales

determination of t, with (red) and without (black) reweighting

@ High statistical precision
(sub %)

@ Somewhat largish lattice
artifacts

@ Weak quark mass
dependence

@ Inaccessible to experiments
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Comparison of Scales

Mproton

stat. prec. "’
cost @

My.q.s dep. @

Exp. det. *

. fk l.t,wo n,n

&)

A
N
&)
N

55 o o
(| 0 30 58
S Tl

{|$¥»D 3|3
<w*ww;

OK if ms=const OK for fixing my, 4 OK as interm.
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Chiral Trajectories

@ In practice: most simulations do not have the physical m,, my, ...
@ Simulations at the physical point are limited to relatively coarse a
@ But if we simulate off the physical point, how are the masses chosen?
@ Vary the light quark mass /m, 4 while keeping ms = M2, me = MEM™®
* Typically indirectly, by keeping some meson masses fixed

* Needs already a good idea about the lattice spacing
* Needs tuning: choose gy, g, tune ks, ke
@ Vary the quark masses while keeping their sum constant
tr[M] = my + Mg + Ms + ... = const

* up to lattice artifacts this is equivalent to keeping the sum of bare masses
constant
Ky + kg + ks + ... = const

* The value of the constant has to be tuned such that the trajectory goes through
the physical point

* Needs tuning: choose gy, find (e.g. at the flavor-symmetric point) the const.
Partially a guess, because experiments do not tell us the hadron masses at
my = Mg = Mg
Alternative: tune at the physical point (impractical)

* The tuning is done only at the symmetric point, from there on:
change m,q4, while keeping the trace constant

* At heavy m,y, ms becomes light (expensive)
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Symanzik Improvement

@ With massive Wilson fermions there are, apart of the well known cqy
term, other terms at O(a), e.g.
tr[M]F,.. Fo..

@ They are absorbed in a re-definition of the bare parameters of the
continuum action, e.g.

o 1
=5 (1+ 3b,M)

@ If M is changed, at constant gy: the lattice spacing changes by lattice
artifacts
With (even improved) Wilson fermions, these lattice artifacts are O(a)

@ If M is changed, at constant gy and constant tr[M]
these lattice artifacts start at O(a?)
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Chiral Extrapolations

How hadron masses, decay constants etc. depend on the quark masses is

described by (various variants of) Chiral Perturbation Theory
Example

@ The pion and kaon decay constant in SU(3) chiral perturbation theory to
NLO

[J.Gasser, H.Leutwyler (1985)]

1
f7TK 7(fK+ 2 )
4 1 16BtrM
f 1_6LT['_§LK_§L77+T

Q

(Ls + 3Ls)

» Low energy constants L4, Ls defined at the scale u = 4xf
» Chiral logs Lx = m2/(4xf)? In[mZ/(4rf)?]
» Rather simple functional form if trf[M] = const

@ Depending on the quantity these formulae can become quite complicated
and full of unknown constants
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Mass Corrections

@ Before the scale-setting is complete, the relation
(/87I{U/d7l137 . ) AN (aa mﬂ'va7 t )
is unknown.
= Hitting a chiral trajectory that goes through the physical point requires
some luck + experience
@ Tuning (like a;’;’gon = const) is done only to some precision
(typically 1%-2%)
@ Statistical errors
= It would be very useful to be able to change the bare masses after the
simulation run

@ Mass reweighting
@ Corrections based on a Taylor expansion
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Mass Reweighting

det[D + m’]
det[D + m|
—_

Jios €5 O
Jietgs €50
Jietgs €5 WO
Jretgs €5 W
(OW)m

(W)m

detlD+ m'] = det[D+ m]

= (O)y =
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Mass Reweighting

“One flavor mass reweighting in lattice QCD”
[J.Finkenrath, F.Knechtli, B.Leder (2014)]

e if all eigenvalues of A+ A" are positive
71 = /Dn e—UTATI
detA

. . . A det[D+m']
@ This is the basis of a stochastical estimation of Gt

@ Improvements:
» Factorization w =[], w;, where w; are smaller shifts
» Even/odd decomposition of D — improved stochastical estimators
» Reweighting two masses in opposite directions reduces the errors
— allows larger mass shifts
@ Drawbacks
» Increased statistical errors
Costly (stochastic estimator needs inversions)
Correlators need to be re-measured at the target mass m’
The target mass needs to be known

vvyy
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Taylor-based Corrections

@ Small corrections in the bare masses am,, amy, ams, . . . or in twisted
masses au can be approximated by (m stands for a bare (twisted) mass
in lattice units)

+  O(AnT)

@ The necessary mass-derivative is
d(o) das das do
i = am0) (G @+ (G)

@ For many (purely gluonic) observables (e.g. t): ‘;—g =0
= measurements of % are enough
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Mass Dependence of the Action

@ Bare mass, Dy = Dy + myq
0S _
(omy) = X (@wato)
= =) (tr[D;" (x, x)]) P
@ Bare twisted mass, D, /g = Dw + Merit + iysp
0S
(5n) = 75 @000 ~ B0xprsc(e)
) _ 3 gauge
iy <tr {75(00, (x,x) — D;’ (x,x)}>
, gauge
~2uy" (ir [0 06 0)D; (1) )
Xy

noise

@ Stochastic estimator for traces: >°, tr[A(x, x)] = (n'An)
if (1)"%° = 0 and (" (x)ng(¥))""*® = dx.yda.b0a.s
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Mass Dependence of Meson Correlators

@ (22 depends on the observable in question
@ Example: pseudo-scalar (Uysd) correlator

@ The necessary derivative in this case is

00

om,

1 2 1
<D—|—mu) V5D+md75]

@ Measurements require an extension of the existing measurement
program

@ Measurements require additional inversions
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Derived Observables

A “derived observable” f((Oy1), ..., (On), m)
Has the mass derivative

df((Or),...,(On), ) Of =~ of d(O)
dm *a?+;a<o,> am

= Small shifts f(m+ Ap) = f(m) + Am%

4.0 T 0.064 T
I I
| 0.062} 1 j
I I
‘ 0.060} |
| | ¢
! 5 0.058 ! 1
I
| 0.056 1 4
I I
} 0.054}
I I
28l 1 . . . . 0.052 L1 . . - .
0.000 0.001 0.002 0.003 0.004 0.005 0.0000 0.0002 0.0004 0.0006 0.0008 0.0010
almy, almy
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Finite Volume Corrections

@ Hadron masses, decay constants etc. have different values at finite L
thanin L =
@ Due to confinement: these effects are exponentially suppressed if

» m.L>1
> fL>>1
@ Rule of thumb (depends on the quantity and target precision)
> m.L>4
> fL>24
@ A leading correction can be computed in chiral perturbation theory, here
for SU(2)
[G.Colangelo, S.Dirr, C.Haefeli (2005)]
Ma(L) = me = +5% Ky (myL) +O(e~V2mL
fo(L) — fr = — 2% Mo Ky (mL) +0(e V2L

» Ki Bessel function of the second kind, Ki(z) ~ /7 /(2z)e™*
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Standard Model vs 2[+1+1] QCD

For quantities like hadron masses, the two largest differences between the
standard model and pure Ny = 2[+1 + 1] QCD are due to explicit isospin
symmetry breaking and due to electro-magnetic interactions
@ In nature m, # my = explicit isospin symmetry breaking
» Can be added to a simulation by reweighting, or using mass-derivatives
» Can be “removed” from experimental values by chiral perturbation theory
@ Quarks have charge and interact via QED = even if m, = my,
Mproton 7& Mheutron
» Adding to simulations is difficult
(massless photon <« large finite L effects, need special boundary conditions
to accommodate charged states)
» Can be “removed” from experimental values by chiral perturbation theory
See [FLAG (2015/2016)] chapter 3.1.1 for an example, how to remove EM effects
from pion masses.
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A Real-Life Calculation

A real-life scale-setting calculation
“Setting the scale for the CLS 2+1 flavor ensembles”
[M.Bruno, T.K., S.Schaefer (2017)]

@ CLS 2+1 flavor Simulations

@ Scale setting with a combination of f, and fx as scale
@ [y is used as an intermediate scale

@ m, and mg are used to fix the quark masses

@ A final precision of ~ 1% is reached
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CLS Data Set: Algorithms

We use openQCD for large volume simulations
[M. Luscher, S. Schaefer (2013)]
@ Very good solvers

E/O preconditioning

SAP preconditioning

low mode deflation

mixed precision

optimized for intel and bluegene

@ Higher order integrators, multiple time scale integration
@ Mass preconditioning a la Hasenbusch
@ RHMC for third quark

@ Very high degree of flexibility
action — product of pseudo-fermion actions

v

vy vy VY
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CLS Data Set: the Ensembles

“Simulation of QCD with N = 2 + 1 flavors of non-perturbatively improved
Wilson fermions”
[M.Bruno et al (2014)]

@ Actions

» Luscher-Weisz gauge action

» 2+1 flavors of improved Wilson fermions
non-perturbative Csy [J.Bulava, S.Schaefer (2013)]

» Open boundary conditions in time
tree-level values for cg, cg

@ Chiral trajectory with m, + mg + mg = const
such that ¢4 = 81y (mﬁ + mé) = 1.15 at the SU(3) symmetrical point
(educated guess)

@ Many lattice spacings (also quite fine ones)

@ Various pion masses, down to ~ 200MeV
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Costs and Precision

Relative Precision of af

0.5 T T T T T T T T
|

Area  precision

045 o1 9= @) O @ 8 ]

0.4 -

0.35

03|

in GeV

O
@ @O
0 o @

0.25 | ]
02f ]
N 3
|
0.1 1 1 1 1 1 1 1 1
-1 0 1 2 3 4 5 6 7 8

Scale Setting 10.04.2017 38/44




Costs and Precision

Costs of Configuration Generation
0.5 T T T T T T T T

Area o core-h

0.4 -

0.35 |

in GeV

m

m

0.25 |

|
|
|
|
|
|
|
|
I
I
I
|
03Ff |
I
I
I
I
|
|
|
0.2 |
|

|

|

|

0.15 b
,,,,, *,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,g

0.1

Korzec (DESY Zeuthen) Scale Setting 10.04.2017 38/44



Dimensionless Quantities

The experimental input is
@ My, Mk
@ fx= %(fK + %")
has a weaker quark mass dependence than f, or fx
(along our chiral trajectory)

We use 1y as “intermediate scale” and compute

® ¢ =8hym? ~ My,qd
2

0¢4:8t0<m;2(+%) ~ My + My + Mg

° \/Efﬂ'K

(Is needed to replace f by something measurable in the end)
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Experimental Input
Particle Data Book (2014)

m* = 139.57018(35) MeV
m = 134.9766(6) MeV
mj; = 493.677(16) MeV
mY, = 497.611(13) MeV

f. = 130.4(2)MeV

fx = 156.2(7)MeV

Corrected Experimental Input

In pure QCD one expects
@ m, = 134.8(3) MeV
@ my = 494.2(3) MeV
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1.3
] . 1.25}
Physical points assum- J’
ing that
o 4B = 1.226(19)
[ALPHA], Nf = 2 ‘s ¢
o M =1117(52) ° . ¥
Bvw], N =2 +1 . » ' 4
o M = 1.049(12)
[HPQCD] ,
Ne=2+1+1 rost
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Scale Setting Strategy

@ Instead chiral trajectory with m, + my + ms = const, use mass-derivatives
to shift to chiral trajectory with ¢4 = const & m, + my + Mg

@ Choose the target value of ¢4, such that it is the physical one
But how? Wee would need £2"*

Mass shift

@ Guess t in fm? at the physical point: 3'°*°
se experimental input to compute an
Qu imental input t te ¢9°°*° and ¢

@ Change bare quark masses in all ensembles such, that ¢4 =
(we shift every quark mass by the same amount)

@ Compute /ff,x on all shifted ensembles
Combined chiral/continuum extrapolation
— function (2, &%) that describes /Tof,x VS ¢2

© Read off the value of t, at the physical point ty = f(#3"°%°, 0)? foys?
2 K

Q s this t, equal to 13"°*°? If not, goto 1, if yes ¢2'** = ¢2™*

guess
4

guess
4
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Continuum/Chiral extrapolations

Two fit functions
@ Taylor around the symmetrical point ¢3'™: linear term vanishes
Ansatz:  f(¢p,a) = Co + Ci(do — 93" )2 + Cgtf%
0
@ NLO Chiral perturbation theory
Ansatz: f(¢2,a) =
(Viofe)™™ [1 = §(Lr — LY™) - %(L — LR = 3Ly = L) + Cafm

At scale i = 4, logarithms: L, = w)z In [ 4:,)2}

0.115} 0.115} |
2 0.110} 0.110} |
g |
0.105F 0.105} |

|

1

0.100F 0.100} |

0.0 0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.0 0.1 0.2 0.3 0.4
o a/ty
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8P — 0.415(4)(2) fm

Alternatively: /fofrx — 1/ t5’" f-x in the extrapolations

8t5Y™ = 0.413(5)(2) fm

Since this was measured in lattice units for every j, the value of a can be read
off directly

15} a
3.4 0.08636
3.46 0.07634
3.55 0.06426
3.7 0.04981

98)(40) fm
92)(31) fm
74)(17) fm
56)(10) fm

Py
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