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Introduction
e0

Hadronic vacuum polarization (HVP)

@ EM current of quarks

Ju(x) = Zwa )7 (x)

Qr: electric charge of flavor f.

@ Hadronic vacuum polarization M(Q?) is defined through

HNV(Q) = (Qzéuv - QI—LQV) H(Q2)7

where
M. (Q) = / dx €% (j,(x)), (0)) =
on the lattice — %Z ( e Y) ) Gu (X )i (¥))
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Introduction
oe

Moments of HVP

) a';bo_HVP = 4a2/ d@* F(@)M(Q?) +— low @2 region dominates
0
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LO-HVP

@ M, and Ny provides a, within less then 2%

I—I(QZ) _ Z Q2n|—|n

@ [1, can be computed as moments of current-current correlator
[Feng et al. 2013; Chakraborty et al. 2014]
( 1 (r+D) \2(n+1) /- P
My, = -t t)ju(E
e Z YD G (1) ()
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Introduction
@00

Staggered definition

Current-current correlator

@ Introduce U(1) phase ¢, on links:
(f ab iQ Cx. ab —iQfcx— ab
( ) C))X7y 2 Z ( yoxtnU O =0y xps (UI—#,#) e l’“)"'mf(sxﬂy(;

Staggered phase is absorbed into Uy, .
@ Partition function:

Z(c) = /dU e %) H (det M(f)(c))1/4

f

@ Define current-current correlator as 2" derivative:

0

3Cx,u 3Ci,ﬁ

U () (%)) =

log Z(c)

c=0

= UH(X)jﬁ()_()>connected + U#(X)jﬂ()_()>contact + Uﬂ(x)jﬁ()_()>disconnected
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Introduction
(o] le}

Staggered definition

Contributions to correlator

° UH (X)jﬁ ()?)>connected =

@ o -1
- E ?f Retrc (M(f)x+u xUs, LLM i xﬂt xUsp+ MO x+u,x+u U]L “ X,x UX,#)
f

SN s Q7 -1
° OH(X)Jﬁ(X)>contact = 6X!;(5H:ﬁ Z Tf Re trc (UX,HM(f)X+H7X)

f
vanishes due to g = 0 subtraction

° UH(X) It ()?)>disc0nnected =
[ G i (20 ¢ [ G ()

foo
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Introduction
[o]e] ]

Staggered definition

Current conservation

@ Current is conserved in continuum:

&moﬁnm&»=5;UAnm@»=o

@ On lattice, on each configuration:
VO (D eom. + (Vi (Do ) =
= T (D) comn, + Ui V() et ) = 0
VE ()i gise. = V& (3 () gae, = 0

with backward derivatives

VO £ = 3 (fualeR) — fuplx = %))

m

> (FunC6X) = fup(x,% = i)

@ Consistency check of code possible
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Computation details

Outline

© Computation details
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Computation details
0000

Action

Gluon: Tree-level improved Symanzyk gauge action
Quark: Nf =2+ 1+ 1 staggered fermions
with 4 steps of o = 0.125 stout smearing
@ my, = myg = m; and ms fixed via m; and mg
@ charm quark mass is fixed via m¢/ms = 11.85
o RHMC
o det (M2M,)"* = det (MEM,M;3)"* . det (M)*/*
with mg = (my, + mg + ms)/3 = (2m; + my)/3
o RHMC for M.
@ Force gradient integrator

1/4

Tec = et VT @3 TT 3VT— A {VIIVTY) o377 o4 V7
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Computation details
0e000

Gauge ensembles

Ié] a[fm] TxL #conf-conn  #conf-disc

3.7000 0.134 64 x48 1000 1000
3.7500 0.118 96 x 56 1500 1500
3.7753 0.111 84 x 56 1500 1500
3.8400 0.095 96 x 64 2500 1500
3.9200 0.078 128 x 80 3500 1000
4.0126 0.064 144 x 96 450 -
500 | ® a:0.664fm 28
= a=0.078fm “ 26
s+ 00 i
= . iig};iﬁ »* 22 2
%490 * physi‘cal point v ° 1 ::‘ 2 / /'
§485 L M -t £ '8
16
480 [ a ] 1.4 /
o = 2
475 L L ! L hisq
126 128 130 132 134 136 Ry 0.08 0.1 0.12 o4 0.16
Mp [MeV] affm]
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Computation details
00e00

Effective masses, 5 = 3.7000

0.331 T T T T T
033 ke aAMg eff, o

0.329 | E
0.328 | | g
0327 | | .
0.326 -
0.325 -
0.324 -

0.0896 |-
0.0894 |}
0.0892 | \

0.089 | 5\& .

0.0888 | . S
0.0886 |- i I /}\
0.0884 | ‘ ‘ ‘ ‘ % 1

10 15 20 25 30
t/a
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Computation details
[e]e]e] o]

Effective masses, 5 = 3.8400

0.241 — . .

0.24 J@/" amg eff, ——
0.239 | |
0238 | |
0237 F | #
0236 F /| 1
0.235 \ A

\/ \ /R\ | T
0.234 ‘Y \\M%E‘GE—H—M'@&@'G}'@@\?/W |
Il Il Il Il Il \

AMp eff, =
0.065 4
0.0645
0.064
A A
0.0635

%\f\f %N\%\f fm Ay
0.063 L

10 15 20 25 30 35 40
t/a

45
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Computation details
0000e

Effective masses, 5 = 4.0126

0.17

0.168
0.166
0.164
0.162

0.16
0.158

0.044 | 1
0.0438 | |
0.0436 | *
0.0434 -
0.0432 -
0.043 |
0.0428 -
0.0426 *

10 20
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Disconnected

Outline

© Disconnected contribution
@ Current of the u, d, s quarks
@ Computing the correlator
@ Contribution of the charm quark
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Disconnected
[ o]

Disconnected contribution

- - o1
- |:Z % Im tI“C (UX,MM(f)erl#,X):| g |:Z % Im tI‘C (UX’MMU);%&’;)]
f
@ T(Q?) depends only on Q> — take @ =(0,q) and 1 =1,2,3

o (2)in (D) e, =, %

ZZ X 1 tre (UE,WM(”;H,“M) ZZ @ Lo tr ( Ugz p MO 2 z;)

J’u(t) jﬂ (E)

® Way to proceed: calculate j,(t) on each configuration, then correlate
with itself.
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Disconnected
oe

Reduction to even sites

ju(t) = Z Im tre (Uz,t,uM715+u,t;1,t) =

= Z Im tr, (Ul,t,u/\/l715+u,t;5,t) + Z Im tr, (Ul,t,uM715+u,t;5,t)

X even x odd

Il T
Since M ipx = xipex (M_l) = (M‘l) ,

X+, X X+, X
Odd part can be rewritten:

_ N\ T
E Im tre (Ul,t,ul\/l 15+Myt;57t) = — E Im tr. <(M 1) Ui,t,u) =
X+t x,t

x odd x odd
= Imtr. (U], M = Im tre (U] M~!
= mutre { Ux e Xt x4t | = muiTe | Us_ )t p X—p,t; Xt
x odd X even
Combined:

Ju(®) = 3 Imtre ((“3 . M))

Ut~ = (covariant shift in direction 1) + (covariant shift in direction —p)
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Disconnected
@0000

Computing j,(u, d, s)

Estimation with random vectors

0= 3 e (w0, )

X even

@ NN random vectors £§f2,a on even sites, < gla (f;'? 5) > = 0x,z 0,7 02,3

r

o-(A5m(STETE@) @), @

1y Ol yt= pm-ten 1~ 0
= (2 m{euim M) ) = N;Ju (t)

r=1

Our choice: Z> random sources.

@ We use isospin symmetric masses: m, = mqg = my

(W) 4 id) 4 i(s) _ £ _ = =
A o e o 3J 3J 31 3
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Disconnected
lo] lelele]

Computing j,(u, d, s)

Noise reduction

© Use same random vectors for / and s [Giilpers et al. 2014]
L
W e = n -1 _ pot) g
3030 = (33 el () €0) )
-1 -1 __ M m
M, My = MM

—  UV-part of noise is suppressed
© Compute lowest Neg eigenpairs of M: ), v;

Neig Neig

- :Z%|v,-><v,-|+/vrlp, . 172|v, il
i1 M
Neig

oS f3 ) < St urer)

—  IR-part of noise is suppressed
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Computing j,(u, d, s)

Disconnected
00e00

0.005

Noise of j, on one configuration, 3 = 3.7000

‘jl T
Jg —*— )
\ irls —=—
0.004 "\\
0.003
= \\L
b \x\x‘»,,
0.002 | e \\ B —
0.001
-
\\\.
0
0 500 1000 1500 2000 2500 3000 3500
Number of eigenvectors
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Disconnected
000e0

Computing j,(u, d, s)

Noise of j, on one configuration, 3 = 3.7000

0.01 b

0.005 | L. }i. I}? ]

-0.005 | #eig= 126 ———
#eig= 1008
#eig= 2304 —=—
#eig= 4032 o
exact e

jl'js

-0.01 ! ! ! ! ! !
0 1 2 3 4 5 6 7

t/a
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Disconnected
Q000e

Computing j,(u, d, s)

Truncated solver method

[Collins et al. 2007]
@ Need to compute M~1¢ on many random vectors.

@ Reduce work: N, < Ns, N, + Ns =N
For r=1,2,...,N;, compute M~ with low precision — js(')
For r=N;+1,...,N, both low and high precision —» j{?, j{")

Jj= <(5|0ppy)> + <(precise) - (Sloppy)> =

<Ns Zl (r)> < i (j’(yr) _js(r))>

P r=Ns+1
0.00015 -
0.0001
56-05
5
g
g
£
. 0
I
s }/T
g
T 5e05
242600 sloppy + 12760 precise —+—
-0.0001 Py ? 1
242600 sloppy without precise ~—s—
Precgpppy=0.03  PreCoaciso= 168
-0.00015 Spopy procee

2 4 6 8 10 12 14
ta
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Disconnected
@0000000

Computing Jjujy.

Estimator for the correlator

UV (D) e =~ %
ZZ*Imtrc( xtqux+ut xt) ZZ Qf Imtrc( xtuM(f) +ii,T; z?)

Ju(2) Jn(®)

1
)

=

N
Zjﬁr)(t) is unbiased estimator for  J,,(t).
r=1
1
(F) g . . . ~ < 3.
@ But (N ZJH (t)) (N ;jﬂ (t)) is biased estimator for j,(t)a(%):

L(t)iﬁ(f)—<<,{,ﬁ;j£”(r>)( Z <f>>> o(3)

@ Unbiased estimator: N2 N E _] Ju (t)
r#£7
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Computing Jjujy.

Unbiasing

-0.00013

-0.00014

-0.00014

-0.00015

114 (O)disc

-0.00015

-0.00016

-0.00017

Disconnected
[e] Ielelelele]e]

VINEN) (3 00 e

N2 3, 00

linear fit ——

exact

0

Bt f
0‘.2 0‘.4
B. C. Téth | BMWec

0.6 0.8
1/N
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Computing Jjujy.

Disconnected

0O0e00000

Disconnected computation parameters

alffm] T xL #eig +#rand

3.7000
3.7500
3.7753
3.8400
3.9200

0.134 64 x48 1920 9000
0.118 96 x56 960 6000
0.111 84 x56 960 6144
0.095 96 x64 960 3600
0.078 128x80 960 6144
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Disconnected
[e]e]e] lelele]e]

Computing Jjujy.

Disconnected correlator, 5 = 3.7000

1.4e-05

1.2e-05

1e-05

8e-06 [

6e-06

4e-06

<J(0) j(t) >gisc, Is

2e-06 [

2606 F ..

-4e-06 . . !
0 5 10 15 20 25 30

t/a
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Disconnected
[e]e]e]e] Telele]

Computing Jjujy.

Disconnected correlator, 5 = 3.7500

1.2e-05

1e-05

8e-06

6e-06 [

4e-06

<J(0) j(t) >gisc, Is

2e-06 [

-2e-06 RN

-4e-06 . .
0 5 10 15 20 25 30 35 40 45

t/a
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Disconnected
[e]e]e]e]e] lele]

Computing Jjujy.

Disconnected correlator, 5 = 3.7753

1e-05

8e-06 b

6e-06 b
i) £
%3 &
5 4e-06 b
A
S 2006 1
v

®e
0 oo ® EX i T
& * °°
-26-06 | *%.0" 1
-4e-06 I I I I I I I
0 5 10 15 20 25 30 35 40
ta
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Computing Jjujy.

Disconnected
00000080

Disconnected correlator, 5 = 3.8400

<J(0) j(t) >gisc, Is

8e-06

7e-06

6e-06

5e-06

4e-06

3e-06

2e-06

1e-06

-1e-06

-2e-06
0

GaCBBTD

mm¢®¢®m®@m
e ®

TTEE T

B. C. Téth
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20

25 30 35 40
t/a
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Disconnected
0000000e

Computing Jjujy.

Disconnected correlator, 5 = 3.9200

5e-06
4e-06 E
®s
3e-06 1
)
2
o
A
= 2e-06 1
= N
v -
1e-06 1
0 . =
° wmwwww N o
so®
EPY @m@®
-1e-06 Fo | | |
0 10 20 30 40 50 60
ta
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@00000

Charm contribution

Inclusion of charm in the current

(u . (s (c 1 ~ ~(s 2”’c
) 4 ) 4 o) .<J(/>_J()>+§J()

wl

@ No cancellation for ;(¢)
@ |IR-noise is irrelevant
— UV-noise is dominant

@ Noise reduction via hopping parameter expansion (HPE)
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Disconnected
(o] lelele]e]

Charm contribution

Hopping parameter expansion

[Thron et al. 1998; Bali et al. 2010]
@ M=m+D, Mt =m—D, MM = m? — D?
m—D
m2 _ D2

Mt = mf (MTM)A

@ Then the current:

~ m—D
Ju(t) = Z Im tre ((Uu m) ) =
X X, tix,t
1
X X,t;x,t

@ Rewrite the inverse using n'" degree polynomial ap + aix + - - - + apx”

n+1

1 . . 2\ k 1 2 2k
e~ o (O + g 2 (3 =) (D)
k=0 k=0 N e’
b
with a1 =1 and a1 =0. ‘
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Disconnected
[e]e] lele]e]

Charm contribution

Hopping parameter expansion

@ Current consists of two parts:

KO (6)
L(t)—ZakZImtrc( D) (D*)* )“”+
n+1 2
(D )"
+§bkzlemtrc< Uu(— D) — 2 e
@ Recipe: RP (1)

@ Calculate K;(Lk)(t) exactly.
@ Calculate R;(Lk)(t) using random vectors:
(D?)

N
1
k
R = 2 (e 52,
r=1

Use same random vector set for all k =0,1,...,n+ 1.
@ Choose coefficients ay such that the noise of >, kaka)(t) is
minimal.
B. C. Téth | BMWec Moments of HVP at physical m 33
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Disconnected
000e00

Charm contribution

Hopping parameter expansion

K;(Lk)(t) = Z Im tr. (Uu(_D) (D2)k) ,

@ Computing K;(Lk)(t) —+ calculate loops

o k=0 KO(t) =0
e k=1 1 loop of length 4 —
X
o k=2 8 additional loops of length 6
J—”“
X m X I X [ X X X j
e k=3 167 additional loops of length 8

o k=14 4402 additional loops of length 10
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Disconnected
0000e0

Charm contribution

Hopping parameter expansion

1 -
0.5 039 R
w 0.2 0.18 i
I
o
H
E 01 B U.UG/ 7
[S)
0.05 0.043 7
0.021
0.02 B
0.01
w/0 0 1 2 3 4
HPE HPE order

B. C. Téth | BMWc Moments of HVP at physical m 35



Disconnected
O0000e

Charm contribution

Effect of charm in correlator, 5 = 3.7000

1.4e-05 — — T

<J(O)g J(this >gisc =
1.2e-05 | 100 x < j(0)¢ j(t)is +j(0)is iV >gisc = 7]
1e-05 | 100 x < j(0)¢ j(t)e >gisc —=—'
8e-06 | .
6e-06 [ 1

@

4e-06 $ .
26-06 | .
0 o bd et d”lém%é $iids %lﬁ%

%9% TMZ$§§ T¥s ; SRR R RRE

<@
-26-06 | $ } oo E
&
-4e-06 © I I I I I I
0 5 10 15 20 25 30
t/a
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Connected

Outline

@ Connected contribution
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Connected
0000000

Reduction to even sites

M(Q?) depends only on Q> — take @ =(0,q) and n =1,2,3

Uﬂ(t)jﬂ(i)>conn. =
Q? -1 -1
== Z Z J Re tre ( ml*“’“z*f U’_“?aﬁM(f)iﬂi,?:z,tu&t,u +

(H1 t Ot
+ M X+ 4, tix A+, tUx H ‘L X, Tx,t Uzyt,u

@ Sufficient to take even sites at source
U ()ja () conn. =
Q7 _
= ST et (MO U MO )

X even X
with
Ut~ = (covariant shift in direction 1) 4+ (covariant shift in direction —p)
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Connected
[e] le]e]ele]e]e]

Connected computation parameters

@ Use randomly placed point sources &

@ Precondition inversion using eigenvectors

Neig
M =S L v (vi | €) + ML |PE)

B a[fm] TxL Hsrc| Fsrcs Hsrcc
3.7000 0.134 64 x 48 768 128 64

3.7500 0.118 96 x 56 768 64 64
3.7753 0.111 84 x 56 768 64 64
3.8400 0.095 96 x 64 768 64 64
3.9200 0.078 128 x80 768 64 64
4.0126 0.064 144 x96 768 64 64
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Connected
[e]e] le]ele]e]e]

Light connected correlator, § = 3.7000

< J(O) J(t) >(;(;|nr'|Y |

0.1

0.01

0.001

0.0001

1e-05

1e-06

1e-07

1e-08

1e-09
0

B. C. Téth
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BMWc

15 20 25
t/a
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Connected
[ee]e] lele]e]e]

Strange connected correlator, S = 3.7000

0.1
0.01 b
0.001 5 b

0.0001 e 1
1e-05 B -
1e-06 |- oL .
1e-07 E b

<J(0) i(t) >conn, s

1e-08 e h
1e-09 e E
1e-10 E! b

fe-11 N

1e_12 L L L L L L
0 5 10 15 20 25 30

t/a
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Connected
[ee]e]e] Telele]

Charm connected correlator, 5 = 3.7000

<J(0) j(t) >conn, ¢

1
1e-05 e i
B
=]
=)
=]
1e-10 °_ ,
=]
s
o
1e-15 e, —
=)
=]
=]
e
=]
1e-20 e b
e
=)
=]
e
1e-25 ° e
1e-30 : : : :
0 5 10 15 20 25 30
ta
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Connected
[ee]e]e]e] Tele]

0.1
0.01 E
0.001 ]

0.0001 as E
1e-05 fay b

1e-06 | a, ]

< J(O) J(t) >conn, |

=
1e-07 | 3
P
1e-08 | f ]

1e-09 ¢ E

1e-10 ! ! ! ! ! !
0 10 20 30 40 50 60

t/a
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Connected
[ee]e]e]e]e] o]

Strange connected correlator, S = 3.9200

1
8
0.01 - ,
=]
By
0.0001 F "o 1
B
§ 1e06 [ "o 1
o Bg
A Bg
= =
= Ba
S te0st Beg 1
= B,
v EIEIE
EIIEIEI
1e-10 oy .
EEE
&g
EEE
fe-12 = g
LI
u
1e-14 ! ! ? \dvj i
0 10 20 30 40 50 60
ta
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Connected
O000000e

Charm connected correlator, 5 = 3.9200

<J(0) j(t) >conn, ¢
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Outline

© Results
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Results
[ le]

Upper and lower bounds

[Lehner 2014]
/ [ 5 1 s 4 c 1 isc
((0)j(t)) = € {gcl(t)Jr g C(O+5C () + §Cd (1)
5 1. 4 _c 1 disc
I_I" = a''n a''n alln S!hn
gI_I +9ﬂ +9ﬂ +9|_| (1)
n = ( 1y Zt (741) ¢F (p)
" n—|—1) )!

@ lIsospin triplet/singlet correlators
%c’ =0 = Tls ¢ +2¢° +8C +2¢]
@ Bounds for C' at t > t.:

0 < C'(t) < C'(tc) exp (—Eon(t — to))
@ At large t: 0 < C'=%t) <« C'=(t) < (27 state)
@ Bounds for C¥*¢ at t > t:

0 > 2C°(t) +8C(t) + 2C%(t) > —C'(t.) exp (—Ean(t — tc))

CI:I _
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Upper and lower bounds

0.18 | : . ! 1
0.17
0.16
0.15
0.14
0.13 1

n,'[cevy

n 1disc[Gev-Z]

zero ==
2-pion —e—

20 25 30 35 40 45 50
t[fm]

o Cl: t.=3.1fm
o Cdisc. . =27fm
o Fort > t.:
replace C4i5¢ with average of upper and lower bounds

B. C. Téth | BMWc Moments of HVP at physical m 48



Results
@00

Continuum extrapolation

M} and I}

0.18 T 0.1 T
data HEH data HEH
fit) — fit) —
fitl -0.15
fit2 -
fit3 - fit3 - o
z 02 [
: R 1
= [ 1
g 01s s 3 025
NI g
0.14 -0.3 i
0.13 -0.35
0.12 -0.4
0 0.005 0.01 0.015 0.02 0.025 0 0.005 0.01 0.015 0.02 0.025
a® fm? a’ fm?

@ Combined fit to all ensembles:

@ continuum limit
@ interpolation to physical point

n}?t = nn (1 =+ Pade(A;ai) + B(M‘lzl' - M72r,phys.) + C(Mf2< - M’2<7Ph‘/5-))
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Continuum extrapolation

M5 and M¢

1T} Gev™?

Gev?

my
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25

Results
(o] e}
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[ ] ata +E-
-0.056 L] =

-0.057 s
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grey points: without Mk correction
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Results
[efe] ]

Continuum extrapolation

ncliisc and |-|disc

6.0
1.6
¢ o
2 12 )
ux x
= 08 o
- = 20
04 1.0
: : 0.0 :
0.00 0.01 0.01 0.01 0.02 0.00 0.01 0.01 0.01 0.02
a’[fm?] 2[m?]
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Results
L ]

Summary table of moments

M [GeV M, [GeV™1]
light 0.1653(17)(16) —0.295(10)(7)
strange x10? 6.57(1)(3) —5.33(1)(4)
charm x10* 40.3(2)(6) —2.66(3)(11)
disconnected x10? —1.5(2)(1) 4.4(1.0)(0.4)
=0 0.0167(2)(2) —0.018(1)(1)
I=1 0.0827(8)(8) —0.147(5)(4)
total 0.0993(10)(9) —0.165(6)(4)
I=1 FV corr. 0.0006(23) —0.016(10)
total + FV 0.0999(10)(9)(23)(13) —0.181(6)(4)(10)(2)

@ cf. Phenomenology [Benayoun et al. 2016]

My =0.990(7) GeV™> My = —0.206(2) GeV~*
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Conclusions

Outline

@ Conclusions & Outlook
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Conclusions
[ ]

Conclusions & Outlook

My [GeV 2] My [GeV 4]
total + FV  0.0999(10)(9)(23)(13) —0.181(6)(4)(10)(2)

@ Preliminary estimate for abo‘HVP;

oo 2,
JLO-HVP 4a2/ dQ? (Q?) Q% My
0

~ [691 + O(10)]star. £ O(10)|syst. = O(10)[ry] x 10%°

@ Outlook

o Investigate FV from lattice data
o Compute a0™VP with all statistical /systematic uncertainties
o Include isospin breaking and EM effects
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