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Introduction

• M5-branes: open problem in string theory N = (2, 0) SCFT6

Recently: progress in N = (1, 0) SCFT6

• AdS7 duals [Apruzzi,Fazzi,Rosa,AT’13; Gaiotto, AT ’14; 
Apruzzi,Fazzi,Passias,Rota’15;Cremonesi,AT’15]

• Classification results
in F-theory [Heckman, Morrison, Rudelius, Vafa ’15]

perturbative [Bhardwaj ’15]



Part I: M5 ‘Fractionation’ 

• Applications: M5-branes at singularities
N 0�V

R � R4/�G VLQJ�

TG,N
�L,�R

nilpotent � G

Part II: More general ‘nilpotent’ phenomena 



R � R4/Zk VLQJ�
N 0�V

• N = (1, 0) VXSHUV\PPHWU\

• QXPEHU�RI�GRI� a � k2N3

• If we reduce to IIA:
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N 16�
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• superconformal

�zXi = �ijk[Xj , Xk]

BPS equations on D6:
Nahm equations

Xi

z

I. M5s on singularities



• ‘Effective description’ with gauge groups by separating M5s or NS5s
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IIA

nonperturbative D7’s

lift

T-duality

???
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M-theory
R � R4/�G VLQJ�
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directly
• F-theory allows to include more general gauge groups 

. . .

what is this ‘link’? no longer 
just a tensor+hyper



. . .

several blowups
E8 = “E-string”

(no gauge group)
E8 ÀDYRU�V\PPHWU\

It also appears for M5’s near M9

E6
. . .68(3) E6 E668(3) E6

tensor multiplets
gauged SU(3) � E6 � E8

. . .

M5 fractions

F-theory predicts new phenomenon: M5 fractionation
[del Zotto, Heckman, AT, Vafa ’14]
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E6
. . .68(3) E6 E668(3) E6

E6 ‘frozen’ E6 ‘frozen’ to SU(3)

a ‘discrete flux’ is created whenever
 a fractional M5 is crossed

dual to ‘fractional M2’:  
domain walls for gauge triples 

[Ohmori, Shimizu, Tachikawa, Yonekura ’15]



. . .

fractions can recombine
in various ways

anomaly-matching arguments
[Mekareeya, Ohmori, Shimizu, AT wip.]

MH
Mtens

Mgen
H

dim(MH) = N + dim(G)

M5s

positions of 
M5 fractions: 

field theory interpretation:

?

. . .

. . .



only these extremal nodes can support a primed gauge group.

Let us note that here we do not distinguish between one long chain, and shorter small

instanton chains with the same number of total curves, i.e., we identify I�sgI�t and gI�(s+t).

For now, this is simply a convenient bookkeeping device, though we should also note that

when there is no further decoration of the fiber, such configurations turn out to flow to the

same SCFT point [20].

Additionally, we shall also find that the instanton links attached in the interior are always

limited to at most two curves, i.e., the configuration 1, 2. Moreover, at five nodes and above

the only option available is zero or one instanton.

Another outcome from our analysis is that we have a sequence of partially ordered gauge

groups for the nodes:

G1 ✓ G2 ✓ ... ✓ Gm ◆ ... ◆ Gk�1 ◆ Gk. (5.15)

Moreover, the structure of the base is just a linear chain of curves, up to some possible

decoration which can occur at the ends.

Let us note that some bases may be comprised entirely of side links, that is, there are no

DE-type nodes at all. This covers all of the ADE graphs with just �2 curves. Additionally,

there are some more exotic tree-like side links. We collect all of these possibilities in an

Appendix.

Finally, here is an overview of the various elements which go into our general constraints

on the structure of base geometries:

• In subsection 5.2 we derive a number of constraints on the properties of links. We list

all interior links, and introduce the notion of a minimal and non-minimal link. The

full list of possible links is collected in an Appendix.

• In subsection 5.3 we turn to the constraints on the nodes of a base. The major con-

straint we discover is that a node can join to a maximum of two other nodes. In

particular, this limits the topology of the base to a line, with only a small amount of

decoration by links at the ends. We also uncover a “stability condition” on the minimal

gauge algebra supported over each node: In a base these nodes obey a partial ordering

condition such that the largest rank algebras appear in the interior of the base. We

also show that the primed nodes E 0
7, E

000
8 and E 00

8 can only occur on the two leftmost

and rightmost nodes, while the primed node E 0
8 can appear in the middle of a five node

base, but otherwise is also constrained to the two leftmost and rightmost nodes.

• In subsection 5.4, we turn to the structure of the end nodes. We find that a non-

minimal link can only attach in between the two leftmost or rightmost nodes, and so

there can be at most two such non-minimal links. Further, only the two leftmost and

rightmost nodes can support a side link. Additionally, we also show that only the
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• Gauge groups go ‘up and then down’:

•General classification: 

[Heckman, Morrison, Rudelius, Vafa ’15]
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[Gaiotto, Witten ’08; Gaiotto, AT ‘14]• alternative realization: each D6 ends on a single D8

D8-branes

[(Blum,)Intriligator ’97, Hanany, 
Zaffaroni ’97, Brunner, Karch ’97…]

[Gaiotto, Witten ’08; Gaiotto, AT ‘14] �
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D8-branes =
Dirichlet boundary cond. for Xi

II. T-branes
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move away some D6 segments:
a new conformal theory!RG flow

YR

TYL,YR

YL



dim(MH) = N + dim(G)

dim(MH) = N + dim(G) � dYL � dYR

dimensions of nilpotent orbits

RG flow

these flows are triggered by vevs in the ‘missing’ directions



AdS7 duals

L = 5

R = 6
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• Start with partitions:

L = 5

R = 6

s

rranks
• ‘integrate’:
gauge groups.

[Apruzzi,Fazzi,Rosa,AT’13; Gaiotto, AT ’14; 
Apruzzi,Fazzi,Passias,Rota’15;Cremonesi,AT’15]
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only these extremal nodes can support a primed gauge group.

Let us note that here we do not distinguish between one long chain, and shorter small

instanton chains with the same number of total curves, i.e., we identify I�sgI�t and gI�(s+t).

For now, this is simply a convenient bookkeeping device, though we should also note that

when there is no further decoration of the fiber, such configurations turn out to flow to the

same SCFT point [20].

Additionally, we shall also find that the instanton links attached in the interior are always

limited to at most two curves, i.e., the configuration 1, 2. Moreover, at five nodes and above

the only option available is zero or one instanton.

Another outcome from our analysis is that we have a sequence of partially ordered gauge

groups for the nodes:

G1 ✓ G2 ✓ ... ✓ Gm ◆ ... ◆ Gk�1 ◆ Gk. (5.15)

Moreover, the structure of the base is just a linear chain of curves, up to some possible

decoration which can occur at the ends.

Let us note that some bases may be comprised entirely of side links, that is, there are no

DE-type nodes at all. This covers all of the ADE graphs with just �2 curves. Additionally,

there are some more exotic tree-like side links. We collect all of these possibilities in an

Appendix.

Finally, here is an overview of the various elements which go into our general constraints

on the structure of base geometries:

• In subsection 5.2 we derive a number of constraints on the properties of links. We list

all interior links, and introduce the notion of a minimal and non-minimal link. The

full list of possible links is collected in an Appendix.

• In subsection 5.3 we turn to the constraints on the nodes of a base. The major con-

straint we discover is that a node can join to a maximum of two other nodes. In

particular, this limits the topology of the base to a line, with only a small amount of

decoration by links at the ends. We also uncover a “stability condition” on the minimal

gauge algebra supported over each node: In a base these nodes obey a partial ordering

condition such that the largest rank algebras appear in the interior of the base. We

also show that the primed nodes E 0
7, E

000
8 and E 00

8 can only occur on the two leftmost

and rightmost nodes, while the primed node E 0
8 can appear in the middle of a five node

base, but otherwise is also constrained to the two leftmost and rightmost nodes.

• In subsection 5.4, we turn to the structure of the end nodes. We find that a non-

minimal link can only attach in between the two leftmost or rightmost nodes, and so

there can be at most two such non-minimal links. Further, only the two leftmost and

rightmost nodes can support a side link. Additionally, we also show that only the
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[Cordova, Dumitrescu, Intriligator ’15]

FRQIRUPDO�DQRPDO\ a

• &RPSXWH�JOREDO 68(2)5 DQG�JUDYLWDWLRQDO�DQRPDO\

�Tµ
µ � � a(XOHU+ :H\O�FRPE�

reproduces the famous cubic scaling.
(# gauge groups)3

�

• Cancel gauge anomalies [Green,Schwarz,West’86, Sagnotti ’92]
[Intriligator ’14, Ohmori, Shimizu, 

Tachikawa, Yonekura ’14]

. . . . . .ri ri+1

fi+1fi

10 1010 10 10 10 109 98 874 46 2

1 1 1 12

ranks of  gauge groups

• a = 192
7

�
i,j C�1

ij rirj+ subleading

Cartan of SU(N)

A check: anomalies [Cremonesi, AT ’15]

• We proved it always reproduces the holographic result. Heuristically:

Cij = 2�ij � �i�1,j � �i+1,j ‘discrete double derivative’
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D8’s

D6’s

. . .

NS5’s

IIB dual:

. . .

D7’s

D7’s

T-duality [del Zotto, Heckman, AT, Vafa ’14]

Nahm’s equations Hitchin’s equations

. . .�=

but actually the D7’s 
fuse together:

� = X1 + iX2 � t
z�z0

residue is nilpotent

“T-brane”

�
 Chain of curves,

decorated by Hitchin poles

. . .

nilp.nilp.

�=



. . .

nilp.nilp.
F-theory predicts 

[classified by mathematicians: “Bala–Carter labels”]

� SCFT TG
YL,YR

any ADE

nilpotent elem. � G

[del Zotto, Heckman, AT, Vafa ’14]

E6
. . .68(3) E6 E668(3) E6

[Heckman, Rudelius, AT ’16]for example, E6:

. . . E668(3) E6f4g2
2A2

Bala–Carter 
label

RG

. . . E668(3) E6

68(3)

D4

Bala–Carter 
label

RG
etc.

dim(MH) = N + dim(G) � dYL � dYR

again we checked



we really checked!
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[all dimensions 
are quaternionic]



Conclusions

•Recent progress in 6d SCFTs

• M5 fractionation

‘frozen’ singularities

interesting phenomena 
for M5 on singularities



nilpotent
ADE elements 

•More general Higgs phenomena TG,N
�L,�R

Nρ� ρ�

• ,Q�WKH Ak FDVH�

• nilpotent = pattern of D6s ending on D8s

• AdS7 duals systematically known

. . .68(3) E6 E6

27

• ,Q�WKH Dk� Ek FDVHV�
more exotic ingredients

•What implications for M5-dynamics?


