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Lifting energy degeneracies

Goal: understanding a quantum mechanical system through its spectrum
e Coinciding energy eigenvalues often signal the presence of symmetry
o Lifting the degeneracy can help discover new symmetries/features

Example: Heisenberg XXX spin chain
Problem: Finding the precise relation between energies and solutions to its
Bethe equations
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Motivation: AdS/CFT correspondence

free type IIB superstring
theory on AdSs x S°

@ strong/weak duality

planar V' =4 SU(N) [Maldacena

super Yang-Mills theory | 1999

@ To test the hypothesis one can study the spectral problem

string energies

<= scaling dimensions

very accessible due to integrability
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Timeline of the spectral problem for N’ = 4-SYM-theory

Integrability in  All-loop
su(2)-sector Bethe ansatz

Thermodynamic Bethe ansatz
2002 2004 & Quantum spectral
Y -system curve

2009 2014

[Minahan, [Beisert,
Zarembo] Dippel,
Staudacher] .
[Arutyunov, Frolov] [Gromov,
[Bombardelli, Fioravanti, Tateo] Kazakov,
[Gromov,Kazakov,Vieira] Leurent,
Volin]

The quantum spectral curve
@ reduces the problem to a simple set of equations
@ allows to analyze the complete spectrum perturbatively up to very
high order (14 loops)
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Quantum Spectral Curve

Unknown functions: P, P2, piap = —pips, a,b=1,--- 4.

P p-system:

fiab — ptab = PaPp — PP,
Isa = Nabpba
P.P?=0, Pf(u)=1
The 6 charges parametrizing

PSU(2,2|4) multiplets occur in
the asymptotics: as (for u € R)

u— o0
-X
P,~ Au "2,
A—J
H12 = U . adapted from
[Gromov, Kazakov, Leurent, Volin 2014]
Rob Klabbers The Trigonometric Quantum Spectral Curve September 27, 2017

5 /17



Quantum Spectral Curve

Triumphs:

@ Perturbative analytical and numerical solution of the spectrum of N' =4

[Marboe,Volin 2014-2017],[Gromov, Levkovich-Maslyuk, Sizov 2015]
@ Access to QCD pomeron [Gromov, Levkovich-Maslyuk,2014], [Alfimov, Gromov, Kazakov 2015]
Questions:
@ How does the quantum spectral curve fit into the integrability framework?
@ |s there any hidden structure present in the resulting anomalous dimensions?

@ Can we use the quantum spectral curve for different observables or theories?
Other (non-local) field theories, non-commutative geometries, etc.?
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Integrable super string deformations

AdSs x S® <+ N =4 SYM

A deformation

Uq(psu(2,2/4)), g = e/ | |
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Integrable super string deformations

AdSs x S® <+ N =4 SYM

! twisted deformations

A deformation

Uq(psu(2,2/4)), g = e/ \
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Properties

This model

@ reduces to the famous AdSs x S® model as n — 0

@ remains to be classically integrable [peiduc, Magrot and Vicedo, 2013]
@ is not supersymmetric
o

has x symmetry, but does not admit embedding in a consistent

Ssu pergravity theory [Arutyunov, Frolov, Hoare, Roiban, Tseytlin, 2015][Arutyunov, Borsato, Frolov, 2016]
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Roadmap: building the n-deformed QSC

S-matrix

[Beisert,Koroteev 2008]

mirror Thermodynamic
Bethe Ansatz

[Arutyunov, van Tongeren, de Leeuw 2014]

due to presence

Finding right Finding analytic

of Hirota equation

QSC77 boundary conditions | properties of Y functions

analytic
T-system

is hard problem on the cylinder

analytic

requires spectral theory | Y-system

a

for periodic functions

Hirota: T . T . = Ta+1,s Ta—l,s + Ta,s+1 Ta,s—l

a,s 'a,s
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n-deformed QSC

Algebraic simplifications of the spectral problem

@ TBA equations: infinitely many coupled integral equations for
unknown periodic functions Y s

log( Y Zlog 1+ Y o) xK® (a5)
(a,s)

o Y system: infinitely many finite-difference equations
(1 + Ya s+1)(1 + Ya sfl)

YYo= ’ ’ . ()= f(uticn
A (R VA AT (Vi A ML Al
o T system/Hirota equation: Y /T hook
T;_s Ta_s = la-15s Ta+1,s + Ta’5,1 Ta,s+1 a

by reparametrizing

Ya = Ta,s+1 7_a,s—l

)

Ta+1,s 7_a—l,s S
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n-deformed QSC

Transferring analytic properties

@ A string energy corresponds to a particular solution of the equations

@ Specify this solution by a set of analyticity data

Y analyticity

Analyticity data:
@ TBA equations: driving terms,
difficult to construct
e Y/T system: discontinuity
relations and asymptotics
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7n-deformed QSC

P system
Algebraically
T = PLHeIplel _ pl-lplte] for s > 0,

T, o = pA+sip3l—sl _ p4l—slp3l[+s] fors <0

and p1p = Té/lz parametrize all T functions.

Nicely repackaging the analyticity data by introducing more .5, and
P,,P?, leads to the Pu-system: for a,b=1,--- ,4

flab — thab = Paf’b - be’m Isa = ,uabpba P,P° =0, Pf(:u) =1

with all functions 27 (anti-)periodic.
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Asymptotics

[ flab — Hhab = Paf)b - be)av I‘:“)a = Nabpba Papa =0, Pf(ﬂ) =1 ]

Which solutions should we pick? Undeformed case:

lu
@ Look at asymptotics of P and pp

u —r 00
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Asymptotics

[ flab — Hhab = Paf)b - be)av I‘:“)a = Nabpba Papa =0, Pf(ﬂ) =1 ]

Which solutions should we pick? Deformed case?:

@ Look at asymptotics of P and f1,5 /\
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Asymptotics

[ flab — Hhab = Paf)b - be)av I‘:“)a = Nabpba Papa =0, Pf(ﬂ) =1 ]

Which solutions should we pick? Deformed case?:

@ Look at asymptotics of P and pp

>
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Asymptotics

[ ﬁab — MHap = I:)al?)b - Pblsav I.:“)a - Nabpba PaPa -

0, Pf(u)=1 ]

Which solutions should we pick?
@ Look at asymptotics of P and pp
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Asymptotics

[ fiab — ptab = PaPp — PpPa, P, = papP?, P,P?=0, Pf(u)=1 ]

Which solutions should we pick? Deformed case?:

@ Look at asymptotics of P and pp /\
\_P_/'
T

~— |

N——
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Asymptotics

[ ﬁab — Hab = Paf)b - Pblsaa I.53 = Nabpba PaPa =0, Pf(”) =1 ]

Which solutions should we pick? Deformed case?:

@ Look at asymptotics of P and pp /\
How can we check this?
@ Undeformed limit is ambiguous \
@ But we can compare with the R s
TBA-equations \\_//

~— |

N——
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Asymptotics from TBA

[ ﬁab — Hab = Paf)b - Pblsaa I.53 = Nabpba PaPa =0, Pf(”) =1 ]

Which solutions should we pick?

@ Look at asymptotics of P and pp
How can we check this?

@ Undeformed limit is ambiguous

@ But we can compare with the
TBA-equations

2 A A
M[fzr : _ T10To3
H12 T01T32

Deformed case?:

Y
\\;ﬁ
T

~— |

N——
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Asymptotics from TBA

[ ﬁab — Hab = Paf)b - Pblsaa I.53 = Nabpba PaPa =0, Pf(”) =1 ]

Which solutions should we pick?

@ Look at asymptotics of P and pp
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@ Undeformed limit is ambiguous
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Asymptotics from TBA

[ ﬁab — Hab = Paf)b - Pblsaa I.53 = Nabpba PaPa =0, Pf(”) =1 ]

Which solutions should we pick?

@ Look at asymptotics of P and pp
How can we check this?

@ Undeformed limit is ambiguous

@ But we can compare with the
TBA-equations

+2
N:[Lz ]

= exp (Iog (14 Ypo) * K‘Dy)
H12

Deformed case?:

Y
\\;ﬁ
T

~— |

N——
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Asymptotics from TBA

[ ﬁab — Hab = Paf)b - Pblsaa I.53 = Nabpba PaPa =0, Pf(”) =1 ]

Which solutions should we pick?

@ Look at asymptotics of P and pp
How can we check this?

@ Undeformed limit is ambiguous

@ But we can compare with the
TBA-equations

e
B2 — exp (Iog(l + Ypyo)*KPy)
H12

~ exp (cE +0 (ei“))

Deformed case?:

R

~—~ |

12 =~ e 3 as u— ico, with 8 < |Re(u)| < &
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n-deformed QSC

P .-asymptotics

Postulating

P, ~ Aae"“'(/’a/2 as u — ioo, with 6 < |Re(u)| <=
we use

@ consistency of the Pu-system
@ weak coupling comparison
to constrain the Ma and A;:
L1
M = §{J1+J2—J3+2,J1—J2+J3,—J1+J2+J3,—J1—J2—J3—2}
A, depend on all 6 charges
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P .-asymptotics
Postulating

P, ~ Aae"“'(/’a/2 as u — ioo, with 6 < |Re(u)| <=

we use
@ consistency of the Pu-system
@ weak coupling comparison

to constrain the Ma and A;:

L1
M = §{J1+J2—J3+2,J1—J2+J3,—J1+J2+J3,—J1—J2—J3—2}
A, depend on all 6 charges

Sidenote:
@ Deriving the dual Qw-system is straightforward
@ The Q carry the other 3 quantum numbers in their asymptotics

@ These can be embedded in the GL(4|4)-QQ-system
Rob Klabbers The Trigonometric Quantum Spectral Curve September 27, 2017 15 / 17



n-deformed QSC

n-deformed Quantum Spectral Curve

Pu-system: fora,b=1,--- ,4

flab — [ab = Paﬁb - I:)bl?)av /—\

lsa = /,Labpb, \/
P,P? =0, Pf(u)=1. U
The 6 charges parametrising
PSUq4(2, 2|4)-multiplets occur M/
in the asymptotics: as e - ’
z=e /2 4 I
Pa ~ Aazil\?’au \‘/
H12 = ZE.
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Discussion

Conclusions

We have constructed a trigonometric QSC!

@ Algebraically it is identical to the undeformed QSC

@ But its analytical properties are very different

So we see that

@ the rational-to-trigonometric concept applies to the QSC
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Discussion

Conclusions

We have constructed a trigonometric QSC!

@ Algebraically it is identical to the undeformed QSC
@ But its analytical properties are very different

@ the rational-to-trigonometric concept applies to the QSC

Future directions:
@ Generalize the analytic perturbative algorithm to the trigonometric case
@ Compute energies, e.g. " g-deformed Konishi”

@ Use mirror duality to analyze the relationship between spectral data and
thermodynamics

@ Thermodynamics of the AdSs x S°-string
@ Treat the root-of-unity case
@ Find an elliptic QSC?
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Discussion
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The AdSs x S° world-sheet theory

Let g € SU(2,2|4) and define the current
Aw=—g "0 = A&O) + Ag) + A<(11) + A(()?)

with a decomposition under the Z4-grading of su(2,24).

Langrangian density [Metsaev and Tseytlin, 1998][ Bena et al., 2003]]

L=—g(y* — e*P)str (A,dAg)

_ 7% Bty (AQ)A(;)) + ke Bstr <AS)A(ﬁ3)>

kinetic term Wess-Zumino term

P = kB —h, d= P +2P,— P3
Symmetry algebra: centrally extended psu(2,2|4)
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The AdSs x S° world-sheet theory

Bosonic Polyakov action of the NLSM: with v*% = h*8\/—h

1
sb— —58 / dodry*P 9, X" 95 X" Gun

Target space metric:

dsags, = — (L+ p?) dt? + dr”
AdSs — P (1 + pz)
+ p? (dC? + cos® Cdyi) + p? sin® Cdy3
d52 — (1 _ r2) d¢2 4 dr2
¥ (1-r7)

+ r? (d€? + cos® £dp3) + r?sin” £d g3
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The (AdSs x 55)7] world-sheet theory

Bosonic Polyakov action of the NLSM: with 4% = h*#/—h

1 (1407
Sb=-= < A g> / dodr (*P 0. X0 X" Gy —¢*7 0, XM 03 X By )

2 \1—1?

[Delduc, Magrot and Vicedo, 2013]

Target space metric:

1+p2 dp?
ds;; =— t?
*(AdSs), 1—2p2 + (1+ p?)(1 — 52p2)
2
P 2 2 2 2 02 2
——————— (d(¢" + cos” (dy1) + p~sin” (d
1+72p4sin2C( ¢ ¢ 1/’1) P Cdys
1- dr?
d 2 2
(5 1+/2 A ) )
2
r

— (d€? 4 cos? £d¢?) + r’sin® Edp?
1+%2r4sin2£( ¢ £d01) $do3

with 5 = =15 and 7 € [0, 1[.
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n-deforming the AdSs x S° world-sheet theory
Let g € SU(2,2|4) and define the current

Aw=—9 "0 = A(()O) + A((f) + A<(11) + Aff)

with a decomposition under the Z4-grading of su(2,2|4).
Langrangian density [Delduc, Magrot and Vicedo, 2013]

L= —5(1 + 12 (v — eP)str (Ao[d77 o

1
e —
4 1— 7R, od, 5)

v = heBy/—h, d, =P+

1—7]2P2_P3

Symmetry algebra: centrally extended Uy, (psu(2,2[4))
Ry(M) =g 'R (gMg~') g where R solves the

modified classical Yang-Baxter equation:
[RIM), R(N)] — R([R(M), N] + [M, R(N)]) = [M, N] for all M, N € SU(2,2|4)
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Appendix

Polyakov action

When restricted to the bosonic sector, the Polyakov action becomes

1 (147
[ <+ 7 g) / dodr (P9 XM s XN Gy — 70, XM 95 XV By

2\ 1—7?

with (3¢ = 13—”2)

n
1+p? dp?
dstags,), = — dt®
S(AdSs)., 1 52,2 + (14 p2)(1 — 22p?)
2
P 2 2 2 202 2
——————— (d(" + cos” (dy1) + p~sin” (d
o (& Cdy?) + p?sin? Cdy
1—1r2? dr?
dsigsy = ———5—5d¢”
5(5%)n 1+ 222 ¢+ (1— )1+ 272
2
r

— (d€% + cos? £dd?) + rPsin Ed >
1+%2r4sin25( ¢ ¢ ¢1) risin”£d

Taking n — 0 reduces to the undeformed action and target space metric.
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Appendix

Discontinuity relations

log V)] () =[] () Ly = log(1+1/Yy),
[10g Yl(f;whl (u) = [/\(_“)]O (u), Ay = log(1+ ),
{Iog %] W= PXN; AP on_py () for N> 1

(AL () = 3 ([ WO ME (L850 ] 4y )+ [t Y] (u>> ,

where

A(u) := [log Y1] (u)
A(iu+€) — A(iu — €) = 2xLi, for u € R

September 27, 2017 17 /17

Rob Klabbers The Trigonometric Quantum Spectral Curve



Appendix

Properties of the undeformed S-matrix

One can find the S-matrix from sym-
metry assuming integrability on the

quantum level putilg
@ parametrized by shifts of the bu
Zhukovsky coordinate 5 )
xF(u) =x(u+i/g). -

@ The branch point locations £2
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Appendix

Properties of the n-deformed S-matrix

One can find the S-matrix from sym-
metry assuming integrability on the
quantum |eVe| [Beisert, Koroteev, 2008].

@ parametrized by shifts of the
Zhukovsky coordinate
xFT(u) = x(u =+ ic(n, g)).

@ The branch point locations +6
depend on 1 and g

@ exhibits mirror duality
@ Undeformed limit:

lim x(gcu) = xynd ()
c—0

.

O

*uﬁ»ic

bu

S~
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Building the n-deformed QSC

” Going from rational to trigonometric”

Short representations of psu(2|2)®2 are parametrized via x* 1= x(u % i/2)

with
1(u u?
X(U) = 5 E + 1 4 — ?
@ solves Zhukovsky identity
u 1
— =x+4=
g X

@ 1 square root branch cut between +2g

@ behaves as x(u) ~ u as u — oc.
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Building the n-deformed QSC

” Going from rational to trigonometric”
Short representations of psii,(2]2)“? are parametrized via x* = x(u = ic)
with

x(u) = —icsch (ei“ —cosf + (14 e") \/COS(U) — cos(9)>’

cos(u) +1
with @ = 2arcsin(hsinh ¢)). Note h = h(g, q) and ¢ = c(g, q).
@ solves deformed Zhukovsky identity

b X+ EHE+
T t=¢

@ 1 square root branch cut between £6 on the strip with |[Re(v)| <7

with £ = itan(6/2),

@ behaves as x(u) ~ e’V as u — —ioo.
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Appendix

Solving difference equations: rational case

Let g be upper-half-plane analytic.
Question: solve for f in

fr—f =g
Formal solution:
o0
P Zg[zn—u
n=1
Summing

If limy— oo g(u) = 0 in the uhp

> 1 1 iv
1 pe(Vv) . _ ~ )

n=0
with spectral density yields the regularized solution:
pe(u) = 26“_% Re(g(u + ie)). f~ / dvip™ (v — u)pg(v) in the uph
R
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Appendix

Solving difference equations: periodic case

Let g be upper-half-plane analytic.

Question: solve for f in
o0

fr—f =g Formal solution: fr = Zg[z"*ll.

n=1

If limysico g(U) € R,

1 T pe(v) .
=—— —PelY) iy the uh
g(u) i ) dvtan(u _— in the uhp

Summing

= 1 1
Z (tan(v +2icn)  tan(2ic(n + 1))) ~

with spectral density n=0
~ W. := combination of g-polygammas.
pe(u) =2 Iirr}) Re(g(u + i€)). ‘ TPoE
e—
yields the regularized solution:

In our formal solution:
s

o /7: dvi 1 ) f~ B dvWl(u— v)pg(v) in the uhp.
F o tan(u — v + 2/'cn)pg '

n=1
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Appendix

[1;sinh ( M™%
AaoAaO =2 7 i . (1)
[ 154 sinh —
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Appendix

x-functions

i iy _ju\ [cosu —cosf
Xm(U)chc@ et -(1-e) cosu—1 (2)
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Motivation: finding integrability

On the CFT-side:
@ su(2) subsector:

Tr(ZZpZppZpZ ---) ~ A [Minahan,

Zarembo

dilatation ~  spin chain hamiltonian  2002]

operator

@ Perturbative approach:
D) =J+)> H&k  e=)F
k=1

@ H; = Hyxx = Integrability (Bethe ansatz)
On the string side:

o Classical world-sheet theory was found to be an integrable [Bena et al.
o-model. 2004]
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