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Scalar Fishnet Feynman Graphs

We consider fishnet graphs of the type:
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Fishnet graphs have many nice features:

@ IR and UV finite

@ Fishnet Feynman integrals play a role in many QFT's

e Conformal symmetry

@ Can be interpreted as integrable vertex models [Zamolodchikov '80]

This talk: We add Yangian Symmetry to this list!
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Scalar Fishnet Feynman Graphs
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Fishnet graphs are in one-to-one correspondence with correlators in an
integrable bi-scalar QFT (Iimit of N =4 SYM) [Giirdogan, Kazakov '15]

L= t0(0"0] 0,1 + 0" P00 + 262 O] b d1 62)
[Fa) = (Tr(xa (1) -+ X ()

where y;(x;) € {¢>1($i)7¢2($i)a¢1($i)7¢£($i)}-
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The (Double) Cross Integral

|F4> :/ d4‘TO _ ¢(u’v)
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where u = =12-34 and v = =14-2% are the conformal
Ty3T Ti3T34

3724
Cross ratios. [Ussyukina, Davydychev '93]
|F > / d4$0 d4a:0/
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= unkown

Integrals can be related to momentum space integrals by introducing the dual
coordinates:
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Conformal Symmetry

Conformal algebra s0(2,4):

D2 = —iz,0" —iA L, = i2,0, — iz,0,
P, = —id, K = iz®0, — 2ix,x"0, — 2ilAz,

Its convenient to study the inversion Kﬁzo =1IP,1

xt xia? d*z
I[zH] = =— I3 = 2229 I[d4za] = —=2
[1’ ] 1‘2 [xm ] :L_ZQJ [ 170] I(S)
The (double) cross integral transforms under inversion as
[[|Fi)] = eiafaial|Fy) 1| Fo)] = aiafaiaiatag| Fy)

Fishnet integrals are conformal:

D KEATHR) =0 D KEATHFg) =0
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The Yangian Algebra

The Yangian algebra Y[g] of a semi-simple Lie algebra g is the enveloping
algebra spanned by

Level-0: {J*} Level-1: {J"}
satisfying the following axioms
(1) Lie Algebra [J5,3°] = fr05°
(2) Level-one Relation [J7,3°) = frrs 3°
(3) Serre Relation [T [32,09]) = & "% {37, 09,07}

~ 20
Y (g) is an infinite-dimensional, graded algebra, i.e. fj’“,J”] = frPsJ 4+ X*P.
Coproduct:
AT =T@1+10]° AJ)=T@l+10J +1f 10l
Tensor space representation:

=S Zchwf“,,gZJéJp

1<j
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Yangian Symmetry

Level-one Momentum Generator:

f"b‘i =—2> [+ n‘“’DjA:l)Pk,y —(j < k)]
i<k
Applied to the cross integral:
Pl Fa) = (P + 2P +3PY) |F)
Thus, we have

P, |Fa) = (P — Py —2P5 — 3P [Fy) = 0

Similarly, one can show that 13’}6|F6) = 0. The Yangian symmetry implies that
scalar fishnet graphs satisfy PDE's. For example, for the cross integral one finds

(14 3udy + (3v — 1)0, + u?d2 + (v — 1)vd?2 + 20ud, 8, ) P(u, v) = 0

where u and v are the conformal cross ratios.
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The Conformal Lax Operator

The Lax operator is defined as

Log{u, A} = udag + 5585 J5)

The conformal Lax operator that we use reads [Chicherin, Derkachov, Isaev '12]
L(U+,u_):( up-1-p-x P )
xp-x+(upr—u_)x u_-1+x-p
where
x = —iotz, = —Lo"9, uy =u+ 5(A—4) u- =u— 1A

Lax operator has nice properties:

@ Intertwining relation
215 Lo (u, #) Lo(x,u+ 1) = Ly (u + 1, #) Ly (x, u) 275
@ Vacuum action

Liu,u+2)-1=(u+2)1 LT(u+2u) 1= (u+2)1
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Yangian Symmetry - RTT Formulation

Inhomogeneous monodromy matrix:

To(u, {67}) := Lal0} 8, ] .. L2[03, 65 [La [0, 67 ]

where L;[0;7,6; ] :== Li(u+ 6, u+d; ).

R

Eigenvalue relations for

Yangian symmetr — .
g1an sy y the monodromy matrix

T (u, {67 1) Fa) = Au, {67 1)[Fn) 1
The monodromy packages all the Yagian generators
To(u, {05}) = AMu, {6F DL ~ 1T+ uJ +u?T+...

Yangian algebra encoded in RLL-relation:

Rio(u — v)Ly (ug, u—)Lo(vy,v_) = Ly (vy, v )Lo(us, u—)Ria(u — v)
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The Cross Integral Reloaded

Eigenvalue relation for the cross integral:

La[4,5]L3[3, 4] La[2, 3]L1[1, 2] | Fy) = [3][4]%[5] |F4)1
where [d] is shorthand for (u + dy).
First we extend the monodromy by inserting an identity operator

2]~ / dwo La[4, 5]Ls[3, 4]L2[2, 3L [1, 2] (Lg [2, 0] - 1) 275 w55 w50 240
[ / a0 La[d, 5]La[3, 4]La (2, 3]L1 [1, 2]T0[2, 02 20520500 2
Subsequently, we use the intertwining relation to pull the propagators through
Li[1,2]Lo[2,0] 278 = 278 110, 2]Lo[2, 1] = [2] 75 Lo[2, 1]
and use the vacuum relation
L4[0,2]-1=(u+2)1
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Yangian Symmetry of Generic Fishnet Graphs

We can use similar techniques to show that generic fishnet graphs

L2 L2 (12 L2 [L2]

[4,5)o4 1[2,3] [4,5)eF [272]|L,\
[4,5]o 2.3] [4,5]o 1[2,3]
| B4 | BA |BA
[475]4—< 2.3 1[4’5] 2,3] [4,5]{—0@1- —_——

TE TE

are Yangian invariant:

T (u, {87 DIFn) = Mu, {673 [ Fa) 1
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Generalized Fishnet Graphs

Fishnet graphs in 3 and 6 dimensions:

\

Liain = ENTH(V1Y,] YaY] Vi Y Loa,ine = N.Tr(E16] d2003 + E21056))

[Caetano, Gurdogan, Kazakov '16] [Mamroud, Torrents '17]

Fishnet graphs with fermions in 4 dimensions:

= NTr(E3olol6%0! + e2ghol ¢?0! i I - I - I i
+ 5152(1;@1@4—1#1(1)@4)) T T



Conclusions and Outlook

Conclusions:

@ Scalar fishnet Feynman integrals in 4d are Yangian invariant
o Purely bosonic Yangian Y[s0(2,4)]
o First appearance of Yangian symmetry at loop level
@ Yangian symmetry yields PDE’s for these graphs
o Generalized fishnet graphs in 3d, 4d and 6d are Yangian invariant as well

Outlook:

o Can we use the Yangian symmetry to compute/constrain these fishnet
integrals?

@ Relation to 4-point Fishnet correlator graphs from [Basso,Dixon '17]?

@ Consider other limits of N' = 4 SYM — several graphs at a given order

@ Understand on-shell limits in complete detail
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Conclusions and Outlook

Conclusions:

@ Scalar fishnet Feynman integrals in 4d are Yangian invariant
o Purely bosonic Yangian Y[s0(2,4)]
o First appearance of Yangian symmetry at loop level
@ Yangian symmetry yields PDE’s for these graphs
o Generalized fishnet graphs in 3d, 4d and 6d are Yangian invariant as well

Outlook:

o Can we use the Yangian symmetry to compute/constrain these fishnet
integrals?

@ Relation to 4-point Fishnet correlator graphs from [Basso,Dixon '17]?

@ Consider other limits of N' = 4 SYM — several graphs at a given order

@ Understand on-shell limits in complete detail

Thank you for your attention!
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