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Massive scattering amplitudes in planar N = 4 supersymmetric Yang-Mills
theory

@ Setup and Amplitude
@ Kinematic limits

@ Regge limit
Wilson line operators

@ Wilson loop with a cusp: Cusp anomalous dimension

@ Wilson loop with operator insertion at the cusp
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Massive scattering amplitudes
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o Consider N/ = 4 SYM in the planar limit.

@ Introduce masses via Higgs mechanism (all masses equal):

SSB

SU(N.) = SU(N. —4) x SU(4) x U(1)

N = 4 SYM Lagrangian before SSB:
1 ny Y aBypuyA l wol
L =tr _EFMVF + 2l)‘dAUu D )\,3 + ('Du(ﬁ )(D 10} )
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with: DED = OED — jg[AH, ®], S =T & = {¢ A\ A}
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o Consider N/ = 4 SYM in the planar limit.
@ Introduce masses via Higgs mechanism (all masses equal):

SU(Ne) 2285 SU(N. — 4) x SU(4) x U(1)

Scattering amplitudes
Consider color-ordered amplitude YY — YY.
@ Y': massless gauge boson, corresponding to an off-diagonal generator
of the SU(4).
@ At loop level and in the planar limit, the interactions are mediated by
massive W bosons.

These amplitudes have a dual conformal symmetry!
[Alday, Henn, Plefka, Schuster, '10]
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4am? 4m?
A= Atree M <) )
—s -t
Variables:
s=(p1+ p)?, t=(p2 + p3)?, m = mass of W bosons

Perturbative expansion in a = (g2, Nc)/(872):
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Remarks on the amplitude / integrals:

o UV-finite

@ |R-finite: mass of W bosons regulate infrared and collinear divergences.

= Can calculate the integrals in D = 4 dimension.

Remarks on the calculation:

@ Integrand derived using unitarity cuts. [Bern, Carrasco, Dennen, Huang, Ita,
'10]

@ Loop integrals evaluated up to three loops analytically in D = 4
dimensions using the differential equation method. [Caron-Huot, Henn,
'14]
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Kinematic limits

There are several interesting kinematic limits:

o High energy limit s, t — oo

infrared and collinear divergences regulated by mass
Threshold expansion s ~ 4m?

relation to hydrogen-like system

@ Soft limit s, t — 0
effective action

e Forward limit t =0
total cross section, conjectured exact formula for lim o(s)
$—00
@ Regge limit s — oo

Wilson line description, integrability
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Calculation of the kinematic limits

Use the known differential equation for the integrals [Caron-Huot, Henn, '14]
df = dA(s, t, m?) f .
Solve the it in an asymptotic expansion [Wasow, '65]

Cof 9AL  0A - )

-

Solution: f(x) = P(X)e'a0 log() £y , P(x) =1+ Pix+ O (x°)

—am?/t
Transportation of the e s<— soft limit
. forward limit X
(regularized) boundary ‘
=4 l
value fy: - w
Regge limit : forward limit
I
|
high energy limit .. ‘
Regge limit !
\ > —am?/s
Y )
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Regge limit

In the Regge limit s > t, m?, the leading term is given by a simple power
law [Henn, Naculich, Schnitzer, Spradlin, '10]

. 4m2 4m2 4m2 JB(t)
S|l>no]oM <—S’—i_‘> = r()(t) (—5) +O(1/S),
with

Jjo(t) = —Teusp() — anomalous dim. of a cusped Wilson loop,
t = 4m?sin?(p/2).
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Regge limit

In the Regge limit s > t, m?, the leading term is given by a simple power
law [Henn, Naculich, Schnitzer, Spradlin, '10]

. 4m2 4m2 4m2 JB(t)
Jim M <_5’_t> = ro(t) < _5> +0(1/s),

with

Jjo(t) = —Teusp() — anomalous dim. of a cusped Wilson loop,
t = 4m?sin?(p/2).

Single power law does not work for O(1/s) term.

Can improve situation by using better variables. J
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Regge limit

First improvement by a partial wave expansion.
2t
A= Zaj cosHso )) cosbflsoz) =1 + —

This uses the rotational symmetry SO(3).

In our setup we have a larger SO(4) symmetry, due to dual conformal
symmetry. The corresponding angle is given by

2t t
C05950(4) = ]. + ? - ﬁ .

Using the SO(4) variable Y = /%504 we find in the Regge limit Y — 0

1+Y
- Jn(t
\I/ITO 1— M Z ()Y
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Regge limit

Leading and subleading terms are described by single power laws:

mo 1— Y M= ro(t) YO 4 1y (1) YR+ L 0 (v?)

with (4m?)/(—t) = 4x/(1 — x*) we have

n=1+0(a), n=2+0(a),
- 1—x
o= 22 10g() + O () = Tap(i).
. 11+x (4log’(x) 4,
— 2at+ |- Ry
il a+a 41_X< 5 T3 logx)
1—x 272
2 3
+ 2log (x)—|—41+xlog(x)—|—T+4 + 0 (a°)

(calculated up to three loops)
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Wilson loops
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Cusp anomalous dimension in A" = 4 SYM

We consider the Maldacena Wilson loop operator

WIC] = Pexp [igYM (/C dx, AH +/C!dx|\/>§ﬁ- 5)]

and choose 7= (1,0,0,0,0,0).
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Cusp anomalous dimension in A" = 4 SYM

We consider the Maldacena Wilson loop operator

WIC] = Pexp [igYM (/C dx, AH +/C!dx|\/>§ﬁ- 5)]

and choose 7= (1,0,0,0,0,0).

In particular interested in a Wilson loop with a cusp:

Robin Briiser (JGU Mainz)

1
Weusp = ETr(W[Cl]W[CQ])

Regge limit and Wilson loops
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Cusp anomalous dimension in A" = 4 SYM

o In the case of a straight line ¢ = 0, the operator W,sp is protected.

@ Known in planar N' =4 SYM up to 4 loops. [Drukker, Forini, '06] [Correa,
Henn, Maldacena, Sever '12] [Henn, Huber, '13]

o Planar case governed by integrability. [Drukker, '12] [Correa, Maldacena,
Sever, '12]
Result for the anomalous dimension of Weysp:

g\2(|\/| N
872

1—x :
[eusp = —al+xlog(x)+(’)(az) , x=e'?, a=

checked up to three loops

lim i M = ro(t) + n(t) YO L o (v?)

Yy—o0l-—
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Wilson loop with scalar operator insertion

We want to reproduce j; with a Wilson loop calculation. J

Let us consider a Wilson loop with a scalar inserted at the cusp
Wy = W[G] ¢1(0) WIC].

Even in the straight line case, this operator give rise to an anomalous
dimension. [Alday, Maldacena, '07]
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Wilson loop with scalar operator insertion

We want to reproduce j; with a Wilson loop calculation. J

Let us consider a Wilson loop with a scalar inserted at the cusp
Wy = W[G] ¢1(0) WIC].

Even in the straight line case, this operator give rise to an anomalous
dimension. [Alday, Maldacena, '07]

How to calculate the anomalous dimension I'4?

o No tree level contribution to (0| W,|0).

o Therefore consider correlator with on-shell scalar ¢1(p3) (p3 = 0) in
the initial state

(0| Wolé1(p3))
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Wilson loop with scalar operator insertion

Typical Feynman diagrams for (0| W;|é1(p3)):
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Wilson loop with scalar operator insertion

Typical Feynman diagrams for (0| W;|é1(p3)):
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Divergences:

e UV divergences from the cusp: — Zj(x)
@ IR and collinear divergences from on-shell scalar: — Zg(s1, s2)
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Wilson loop with scalar operator insertion

The IR and collinear divergence are universal and have the form

log ((ZIR)_l) _ Z (Sl—2eL +S2—26L> oL (iLLl + (SIL_’)22> :

L>1

This allows us to use the “normal” Wilson cusp Wc,sp to determine Zg.
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Wilson loop with scalar operator insertion

The IR and collinear divergence are universal and have the form

0 ((Zir)™") = Z ( —2el +S2—26L> L (C;LLl n (SIL_)22> .

L>1

This allows us to use the “normal” Wilson cusp Wc,sp to determine Zg.

Renormalization

Zius Z <0’Wcusp|¢1(P3)> = finite

cusp

— Zr and Zzﬁ
Z; Zig! (0| Wyl61(pa) = finite

> 114x (4log’(x) 4 » 1

Jl41—x< 3 +37r log(x) ) + 2log” (X)+41+ log(x)
work in @+ o (2 verified
progress \_3
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Summary and Outlook

Summary

o Massive scattering amplitude YY — YY

o calculated up to three loops
e studied various kinematic limits

o Wilson loops

o Regge limit described by anomalous dimension of Wilson loops:
leading term — [cysp (checked up to three loops)
subleading term — 'y, (checked up to two loops)

Outlook

e [, from integrability?
[Gromov, Levkovich-Maslyuk, '15] — Calculation for the case where the
inserted scalar does not couple to the Wilson line.

@ Study subsubleading term in Regge limit.
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Backup slides

Robin Briiser (JGU Mainz) Regge limit and Wilson loops 27.09.2017 1/4



Three loop result for j;

. —Hyq1q1 — 272H 872
j1=—4g2+g4[ 2 ¢ EMEL +4H1,1—8H1§+§+16}

+ g6 |: — 1652H1’1 + f( — 32H1’1 + 28H1’1’1 + 87T2H1 + 96H; — 64H2>

+ ( — 87T2H171 — 24H171 -+ 32H1’2 + 16H171’1 — 20H1’1’1’1
8rt 3272

96¢; — L 2T 128)
+96(3 3 3
1/8 ,
+ g(gﬂ Hii1+4H1 11 —8Hi12 —4H1 111

+6H11111 — 24G3H +

44-7['4H1 4 87T2H1)
45 3

Hz = H3(1 — x?) [Harmonic Polylogarithm], £ = (1 — x)/(1 + x).
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From the Regge limit to Wilson lines

[Henn, Naculich,

AN m m e Schnitzer
‘ Amplitude: '
! phitu Spradlin, '10]
m ! m 4m? 4m?
! = =
‘ —s’ —t
oom meooos dual
conformal
M M Symmetry
M—=m ; M—=m Amplitude:
|
m ! m L Am A
M—m . M—m T o—s T —t
M M
m<E«M<Ks
Wilson line;

cusp angle ¢
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Obtaining the SO(4) angle 0504

We start with a change of variables to dual coordinate space

Yi—Ya=p1, Y2—Y1 =Pp2, Y3 —Y2=p3, Y4 —¥3 = Pps.

Next we introduce vectors, which transform linear under the dual conformal
symmetry SO(4,2)

2 2 2 2
Sy —m B0y —m H 2 2
Y: _— - - - q Y — .
<y7 2# +27y7 2/11 2>’ m

In the center of mass frame we have (1 = v4m? — s/2)

p1 0 —Pa 0

I 77 IO S VR B} B B
Yl_ 0 7Y2_ \/5/2 7Y3_ 0 7Y4_ _\/5/2

—m’/p —p —m’/p —p

so(a) is the angle between the spacelike components of Y7 and Y3
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