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Telescoping in difference fields

Indefinite summation

Simplify

where S, (k) = Z% (= Hy).

1=1
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Telescoping in difference fields Modern summation technologies in computer algebra

GIVEN f(k) = (1— (n— 2k) Sy(k)) <Z) .
FIND g(k):

[f(k) = g(k+1) —g(k)|
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Telescoping in difference fields Modern summation technologies in computer algebra

GIVEN f(k) = (1— (n— 2k) Sy(k)) (Z) .
FIND g(k):

[f(k) = g(k+1) —g(k)|

Sigma computes
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—1
GIVEN f(k) = (1— (n— 2k) Sy(k)) (Z)
FIND g(k):

[f(k) = g(k+1) —g(k)|

Summing the telescoping equation over k from 0 to a gives

> (- m-25®)(;) |t D -g0)]

k=0

“14 (14 a)Si(a) <">_1.

a
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Telescoping in difference fields Modern summation technologies in computer algebra

GIVEN f(k) = (1— (1 — 2k) Sy (k)) (Z) -
FIND g(k):

| f(k) = g(k +1) = g(k)]

A difference field for the summand:

Construct a rational function field

F:= Q(n)
and a field automorphism ¢ : F — [ defined by

o(c) =c VceQn),
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Telescoping in difference fields Modern summation technologies in computer algebra

n —1
GIVEN f(k) = (1 — (n—2Kk) S;(k)) <k>
FIND g(k):

| f(k) = g(k +1) = g(k)]

A difference field for the summand:

Construct a rational function field

F:=Q(n)(k)
and a field automorphism ¢ : F — [ defined by

o(c) =c¢ YeeQ(n),
ok)=k+1, Sk=k+1,
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—1
GIVEN f(k) = (1 — (n - 2k) S1(k)) (Z)
FIND g(k):

| f(k) = g(k +1) = g(k)]

A difference field for the summand:

Construct a rational function field

F:=Q(n)(k)(h)
and a field automorphism ¢ : F — [ defined by
o(c) =c¢ YeeQ(n),
o(k)=k+1, Sk=k+1,
1 1

o(h) = h+k—|—1 SSl(k):Sl(k)+k—H,
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Telescoping in difference fields Modern summation technologies in computer algebra

—1
GIVEN f(k) = (1 — (n— 2k) S1(k)) <Il>
FIND g(k):

[f(k) = g(k+1) —g(k)|

A difference field for the summand:
Construct a rational function field (F, o) is a I1X-field

F:=Q(n)(k)(h)(b) Karr 1981

and a field automorphism ¢ : F — [ defined by
o(c) =c¢ YeeQ(n),

o(k) = k+1, Sk=k+1,
1 1
o(h) —h+k—+1a S S1(k) _Sl(k)+k—4—1’
n—k n n—=k(n
o(b) =177 b S<k>:k+1<k)'
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—1
GNENf@y:u—wn—QmSﬂm)CD
FIND g(k):

[f(k) = g(k+1) —g(k)|

|

GIVEN f:=(1—(n—2k)h)b~! €F.
FIND g € F:

f=0(9)—g
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Telescoping in difference fields | R L
nil
(HVEN(f@ﬂ::(l—(n——Zk)Sl@ﬂ)<k)

FIND g(k):
| f(k) = g(k +1) = g(k)]
|
GIVEN f:=(1—(n—2k)h)b~! €F.
FIND g € F:
f=0lg)—y
| Sigma

g=(n—k+1)hd!
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Telescoping in difference fields | R L
nil
(HVEN(f@ﬂ::(l—(n——Zk)Sl@ﬂ)<k)

FIND g(k):
S =g+ 1) — )|
|
GIVEN f:=(1—(n—2k)h)b~! €F.
FIND g € F:
f=0lg)—y
h=Si(k)
| Sigma b= (Z)

g=(n—k+1)hd!
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Discovering identities Modern summation technologies in computer algebra

A family of identities

i (1+ c(n — 2k)S:1(k)) (Z>oz B

k=0

(1= (n = 205000

a=—1: a

k=0
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Discovering identities Modern summation technologies in computer algebra

A family of identities

i (1+ c(n — 2k)S:1(k)) (Z>oz B

k=0

3" (1 (n—2k)51(k)) <Z> (DS ) +1

k=0

a=—1:
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Discovering identities Modern summation technologies in computer algebra

A family of identities

i (14 a(n —2k)S1(k)) <Z>Oz B

k=0

2\ !
(1— (n—2k)S1(k)) (k) =(n+1)S(n)+1

(1—2@1—2@Sﬂkﬁ<z>_2

(n+1)? N (a+1)(—a+2n+2(a+1)(n+2)Si(a) +3)
(n+2)? (n+2)2(") 7
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Discovering identities Modern summation technologies in computer algebra

A family of identities

i (14 a(n —2k)S1(k)) <Z>Oz B

a=—1: n = n -1
1—(n—2k)Si(k) =(n+1)Si(n)+1
> ) ;) :
a=—2 " .
k:0(1 —2(n — 2k)S1(k)) <k>

(n+1)2 (n+2(n*+3n+2)S1(n)+3)(n+1)
(n+2)? " (n+2)?
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Discovering identities Modern summation technologies in computer algebra

A family of identities

i (14 a(n —2k)S1(k)) <Z>Oz B

a=—1: n = n -1
1 —(n—2k)Si(k) =(n+1)Si(n)+1
> @) (}) 1
a=—2: " .
k:O(l —2(n — 2k)S1(k)) <k>
C(n+ 1?2 (n+2(n*4+3n+2)S1(n)+3) (n+1)
“mr2? (n+2)?
a=—-3

Zn:(1 — 3(n — 2k) Sy (k)) (Z) o

k=0
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Discovering identities Modern summation technologies in computer algebra

Telescoping § B
GIVEN SUM(n) := >~ (1 - 3(n — 2k)S1 (k) (Z)

k=0 7

FIND g(n, k) and

L9k +1) =g k) |=|  f(nk)]

forall 0 <k <nandalln>0.

no solution @
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Discovering identities Modern summation technologies in computer algebra

Zeilberger's creative telescoping paradigm

GIVEN SUM(n) := i (1= 3(n — 2k)Sy (k) (Z) B
—: f(n, k)

FIND g(n, k) and co(n), ci(n) :

Lo(n B+ 1) — g0, k) | =] co(m)f (1. k) + ex(n) (0 + 1K) |

forall 0 <k <nandalln>0.

no solution @
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Discovering identities Modern summation technologies in computer algebra

Zeilberger's creative telescoping paradigm

GIVEN SUM(n) := i (1= 3(n — 2k)Sy (k) (Z) B
—: f(n, k)

FIND g(n, k) and co(n), ci(n), ca(n) :

Lok +1) — g(n. B) | = [co(m)f (1. F) +ex(n) F(n + 1 F) + ea(n) f(n + 2. 1)|

forall 0 <k <nandalln>0.

| Sigma computes: | co(n) = (n+2)*(n+3)2, c1(n) = (n+1)*(n +3)2(2n+5),
c2(n) = (n+1)3(n+2)3, and

ot = (1) patem, 51069,

-3
n
g(nvk+1) = (k) p?(k,nasl(k))



Discovering identities Modern summation technologies in computer algebra

Zeilberger's creative telescoping paradigm

GIVEN SUM(n) := i (1= 3(n — 2k)Sy (k) (Z) -
—: f(n, k)

FIND g(n, k) and co(n), c1(n), ca(n)

Lok +1) — g(n. B) | = [co(m)f (1. F) +ex(n) F(n + 1 F) + ea(n) f(n + 2. 1)|

forall 0 <k <nandalln>0.

Summing this equation over k from 0 to n gives:

‘g(n,nJrl)fg(n,O)‘:

co(n) SUM(n)+
ci(n) [SUM(n+1) — f(n+ 1,n+ 1)]+
c2(n) [SUM(n+2) — f(n+2,n+1) — f(n+2,n+2)].
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Discovering identities Modern summation technologies in computer algebra

Zeilberger's creative telescoping paradigm

GIVEN SUM(n) := i (1= 3(n — 2k)Sy (k) (Z) -
—: f(n, k)

FIND g(n, k) and co(n), c1(n), ca(n)

Lok +1) — g(n. B) | = [co(m)f (1. F) +ex(n) F(n + 1 F) + ea(n) f(n + 2. 1)|

forall 0 <k <nandalln>0.

Summing this equation over k from 0 to n gives:

‘g(n,nJrl)fg(n,O)‘:

co(n) SUM(n)+
ci(n) [SUM(n+1) — f(n+ 1,n+ 1)]+
c2(n) [SUM(n+2) — f(n+2,n+1) — f(n+2,n+2)].
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Discovering identities Modern summation technologies in computer algebra

A family of identities

i (14 a(n —2k)S1(k)) <Z>Oz B

k=0

(1— (n— 2k)S1(k)) <Z> (DS ) +1

(1—2(n — 2k) Sy (k)) <Z> -

(n+1)2 (n+2(n*+3n+2)S1(n)+3)(n+1)
(27 (n+2)?

3 (1 - 30— 20)51(4) (Z)_?’ -

k=0
— 5(—1)"S_3(n)(n + 1)}
= 6(=1)"S-21(n)(n+1)° +6S1(n)(n+1) + 1



Discovering identities Modern summation technologies in computer algebra

A family of identities

i (14 a(n —2k)S1(k)) <Z>Oz B

k=0
o = —4:
- n\ "' (10(n +1)Si(n) + 3)(n +1)
k0(14(n2k)51(k))<k) = on & 3
(_1)"(277)’ n+1 7T 2’)Sl()
* (An(n + 2) <§ pat Z
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A family of identities discovered by S. Ahlgren (see Paule/Schneider 03):

;0 (1+ Culn — 26), (k) (Z) Y extended
a: kzzo s <Z> Krattenthaler/Rivoal 7
o : 3. (14 2(n — 20)8 (k @
T :0(1+3(n2k 151 (k @3
e (14 4(n - 26)$1(0) (Z) — (-1 (QH”)
T B msen () -or £6)'(7)
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Sigma summation spiral Modern summation technologies in computer algebra

1. Creative telescoping
GIVEN a definite sum

n
S(n) = Z f(n, k); f(n,k): indefinite nested product-sum;
k=0

n: extra parameter

FIND a recurrence for S(n)
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Sigma summation spiral Modern summation technologies in computer algebra

1. Creative telescoping
GIVEN a definite sum

n
S(n) = Z f(n, k;); f(n,k): indefinite nested product-sum;
k=0

n: extra parameter

FIND a recurrence for S(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aqs(n), h(n):
indefinite nested product-sum expressions.

ap(n)S(n) +--- + aq(n)S(n + d) = h(n);

FIND all solutions expressible by indefinite nested products and sums
(Norlund 24, Abramov/Petkoviek 94, Hendriks/Singer 99/Sigma 01)
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Sigma summation spiral Modern summation technologies in computer algebra

1. Creative telescoping
GIVEN a definite sum

n: extra parameter

n
S(n) = Z f(n, k;); f(n,k): indefinite nested product-sum;
k=0

FIND a recurrence for S(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aqs(n), h(n):
indefinite nested product-sum expressions.

ap(n)S(n) +--- + aq(n)S(n + d) = h(n);

FIND all solutions expressible by indefinite nested products and sums
(Norlund 24, Abramov/Petkoviek 94, Hendriks/Singer 99/Sigma 01)

NOTE: By construction, the solutions are highly nested.
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Sigma summation spiral Modern summation technologies in computer algebra

1. Creative telescoping
GIVEN a definite sum

n
S(n) = Z f(n, k;); f(n,k): indefinite nested product-sum;
k=0

n: extra parameter

FIND a recurrence for S(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aqs(n), h(n):
indefinite nested product-sum expressions.

ap(n)S(n) +--- + aq(n)S(n + d) = h(n);

FIND all solutions expressible by indefinite nested products and sums
(Norlund 24, Abramov/Petkoviek 94, Hendriks/Singer 99/Sigma 01)

3. Indefinite summation
Simplify the solutions:

» No algebraic relations occur among the sums

» The sums have minimal nested depth.
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Sigma summation spiral Modern summation technologies in computer algebra

1. Creative telescoping
GIVEN a definite sum

n
S(n) = Z f(n, k;); f(n,k): indefinite nested product-sum;
k=0

n: extra parameter

FIND a recurrence for S(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aqs(n), h(n):
indefinite nested product-sum expressions.

ap(n)S(n) +--- + aq(n)S(n + d) = h(n);

FIND all solutions expressible by indefinite nested products and sums
(Norlund 24, Abramov/Petkoviek 94, Hendriks/Singer 99/Sigma 01)

4. Find a “closed form”

S(n)=combined solutions.
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Examle 1: Recurrence solving
Example 1: In the non-singlet (3-loop) case ~ 360
diagrams contribute. The integrals are of the form:

)n+---+ri€+...

1 1 K p(xl To ©7
Fnz’—j :/dxl/ dx,? ) 5 Sy |
( | ) 0 0 i=1 qi(wl? T2, ... 7x7)"'+515+...

where K € N, r;,s; € Q, and p;, ¢; are polynomials in z1,...,z7.
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Example 1: Recurrence solving Modern summation technologies in computer algebra

Example 1: In the non-singlet (3-loop) case ~ 360
diagrams contribute. The integrals are of the form:

1 1 K . n4-+rie+...
F(n,e) = / dxy ... / dxy Z pz(.ﬂl(fl, ™2, 71) ot siet..
0 0 i=1 7 .%'1,372,-..7.%'7)

= F 3(n)e 3 + F o(n)e 2 + 5_1 +...

The 3-loop anomalous dimensions can be derived from the single pole part
of F(n,e). The other poles are needed for the renormalization.

J. Vermaseren, S. Moch: 3-5 CPU years (2004)
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Examle 1: Recurrence solving
Example 1: In the non-singlet (3-loop) case ~ 360
diagrams contribute. The integrals are of the form:

1 1 K n4-+rie+...
F(TL,E) — / dxl o / d.%'? z :pl(‘(17 2, ? 7) p——
0 0 i—1 i .%'1,.%'2,...73]'7)

= F 3(n)e 3 + F o(n)e 2 + 5_1 +...

| (J. Blimlein, DESY)

Initial values F_; (i), i = 1,...,450 (difficult, unsolved task)
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Examle 1: Recurrence solving
Example 1: In the non-singlet (3-loop) case ~ 360
diagrams contribute. The integrals are of the form:

)n+---+ri€+...

1 1 K p(xl To 2z
F(n,e :/dxl___/ d.%'72 i 1> TR |
( | ) 0 0 i=1 qi(wl? T2, ... 7x7)"'+515+...

= F 3(n)e 3 + F o(n)e 2 + 5_1 +...

| (J. Blimlein, DESY)

Initial values F_; (i), i = 1,...,450 (difficult, unsolved task)

| Recurrence finder (M. Kauers)

ap(n)F-1(n) +a1(n)F-iin+1)+ -+ a7(n)F_1(n+7) =0
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Examle 1: Recurrence solving
Example 1: In the non-singlet (3-loop) case ~ 360
diagrams contribute. The integrals are of the form:

)n+---+ri€+...

1 1 K p(xl To 2z
F(n,e :/dxl___/ d.%'72 i 1> TR |
( | ) 0 0 i=1 qi(wl? T2, ... 7x7)"'+515+...

= F 3(n)e 3 + F o(n)e 2 + 5_1 +...

| (J. Blimlein, DESY)

Initial values F_; (i), i = 1,...,450 (difficult, unsolved task)

| Recurrence finder (M. Kauers)

ap(n)F-1(n) +a1(n)F-iin+1)+ -+ a7(n)F_1(n+7) =0

!
| CLOSED FORM|




Example 2: Multi-Summation Modern summation technologies in computer algebra

Example 2: |. Bierenbaum, J. Bliimlein, and S. Klein, Evaluating two-loop
massive operator matrix elements with Mellin-Barnes integrals. 2006

o o e_e,y
GIVEN F(N) =) ") P
k=0 j=0

( Tk+1) TETA-5TG+1- TG +1+ 50 (k+5+1+N)
T(

k+24+N) FrG+1-5TG+2+N)I(k+5+2)
F(k+1) TEMA+35T0+ 1+l +1-5)I(k+j+1+5+N)
NCEPEDY) TG+ O +2+E+NI(k+j+2+2) ‘
F(N, k&, j)
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Example 2: Multi-Summation Modern summation technologies in computer algebra

Example 2: |. Bierenbaum, J. Bliimlein, and S. Klein, Evaluating two-loop
massive operator matrix elements with Mellin-Barnes integrals. 2006

GIVEN F(N §:§:r5+1

=075=0

( Tk+1) TETA-5TG+1- TG +1+ 50 (k+5+1+N)

[(k+24N) TG+1-5TG+2+NT(k+j+2)
Fk+1) T(EHFA+35MG+1+e)lG+1-5Tk+j+1+5+N)
NCEPEDY) TG+ O +2+E+NI(k+j+2+2) ‘
J(N, K, 5)

FIND the e-expansion
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Example 2: Multi-Summation Modern summation technologies in computer algebra

Example 2: |. Bierenbaum, J. Bliimlein, and S. Klein, Evaluating two-loop
massive operator matrix elements with Mellin-Barnes integrals. 2006

o o e_e,y
GIVEN F(N) =) ") P
k=0 j=0

Fk+1) TEHIA-35rGE+1-9rG+1+35k+i+1+N)
[(k+2+N) TG+1-5)TG+2+N(k+5+2)

F(k+1) TEMA+35T0+ 1+l +1-5)I(k+j+1+5+N)
I'(k+2+N) FrG+rG+2+<+N)Ik+j+2+%) '

SN K, j)

+

Step 1: the e-expansion

f(N,E,j) = Jo(N, k. j) + efi(N,k,j)+ ...

RISC-Linz Carsten Schneider



Example 2: Multi-Summation Modern summation technologies in computer algebra

Example 2: |. Bierenbaum, J. Bliimlein, and S. Klein, Evaluating two-loop
massive operator matrix elements with Mellin-Barnes integrals. 2006

GIVEN F(N §:§:r5+1

=075=0

( Tk+1) TETA-5TG+1- TG +1+ 50 (k+5+1+N)

[(k+24N) TG+1-5TG+2+NT(k+j+2)
Fk+1) T(EHFA+35MG+1+e)lG+1-5Tk+j+1+5+N)
NCEPEDY) TG+ O +2+E+NI(k+j+2+2) ‘
J(N, K, 5)

Step 2: Simplify the sums in

ZZf(N’k’]) = ZZfO(N’k’j) +5ZZfl(Naka]) +

k=0 j=0 k=0 j=0 k=0 j=0

RISC-Linz Carsten Schneider



Example 2: Multi-Summation Modern summation technologies in computer algebra

Simplify

ZZfO(Naka])

k=0 j=0

> fo(N,k,j) =
j=0

RISC-Linz Carsten Schneider



Example 2: Multi-Summation Modern summation technologies in computer algebra

Simplify

ZZfO(vavj)

k=0 j=0

. N (e D)(E=D)!(a+k+N+1)!(S1(a)—S1(a+k)—S1(a+N)+S1(a+k+N))
ZfO(N’k’J) = (ol ( N(a—f—k)—ig1)1!((a)—i—N}i—(1)!(k+N}|—(1)! S )
7=0

1 (k)+S1 (N)—S1 (k+N) (2atk+ N+2)alk! (atk+N)!
T NG NTDONT T @R D @ N ) @k D (o N+ D (RFNF D)

RISC-Linz Carsten Schneider



Example 2: Multi-Summation Modern summation technologies in computer algebra

Simplify
S > fo(N .k, j)
k=0 j=0
= o Si(k) + Si(N) = Si(k+ N)
jZ:;fo(N, k.j) = kN(k+ N + 1)N!

RISC-Linz Carsten Schneider



Example 2: Multi-Summation Modern summation technologies in computer algebra

Simplify

SO fo(N. k. j)

k—Oj—O

S1(k) + S1(N) — 81 (k + N)
;yz%foN]” g : k:N(l;-l—N-l—ll)N!

= Sigma

RISC-Linz Carsten Schneider



Example 2: Multi-Summation Modern summation technologies in computer algebra

Simplify
SO fo(N k)
k*Oij
S1(k) + S1(N) — Si(k+ N)
;]ZOfONk] Z kN(k+ N + 1)N!
_51( )2 + Sa(NV)
~ 2N(N +1)!
where
ARy
S2(N):¢Z1i_2

RISC-Linz Carsten Schneider



Example 2: Multi-Summation Modern summation technologies in computer algebra

if e oY < Nk+1) TErA-5rG+1-5TG+1+ 5T (k+j+1+N)

=0 i= T(e+1)\I'(k+2+ N) FrG+1-5)TG+2+ N)IC(k+j+2)

vt

D DETA+ TG +1+4a9rG+1—- 9Pk+s+1+5 +N)>
+ N) FG+DrG+2+5+N)D(k+5+2+ %) ’

= > > fo(N,k,j)+
k=0 j=0

Sigma computes

51( ) + 351(N)
kZo;)fONk NN+ 1)

RISC-Linz Carsten Schneider



Example 2: Multi-Summation Modern summation technologies in computer algebra

if e oY < Nk+1) TErA-5rG+1-5TG+1+ 5T (k+j+1+N)
k:o;:or(6+l) I'(k+2+ N) FrG+1-5)TG+2+ N)IC(k+j+2)

Pk+1) DEHPA+HTG+1+TG+H1 -5 )F(k+j+1+§+N))

T(k+2+ N) PG+DIG+2+5+N)T(k+5+2+5)
Z Zfole +EZ Zf1(\’ka)+
=0j=0 k=0 j=0

Sigma computes

szo (N k) = SN2 4381V

|
== 2N(N +1)!

S L _ —S1(N)? = 385(N)S1(N) — 8S3(N)
kZOjZOfI(Naka])_ 6N(N+1)! :

RISC-Linz Carsten Schneider



Example 2: Multi-Summation Modern summation technologies in computer algebra

if e oY < Nk+1) TErA-5rG+1-5TG+1+ 5T (k+j+1+N)
k:o;:or(6+l) I'(k+2+ N) FrG+1-5)TG+2+ N)IC(k+j+2)

Pk+1) DEHPA+HTG+1+TG+H1 -5 )F(k+j+1+§+N)>

T(k+2+ N) PG+DIG+2+5+N)T(k+5+2+5)
ZZfole +sZZf1<Nka +&? ZZfl(Vka)Jr
=0j=0 =03j=0 k=0 35=0

Sigma computes

ZZfQ (N, k,j) W(Sl(zv)‘* + (12G2 + 54S5(IN))S1(N)?

k=0 j=0
+ 104S3(N)S1(N) — 4855 1(N)S1(N) + 51S2(N)? 4 36(252(N)

+126S4(N) — 48851 (N) — 9651,1,2(N)>

RISC-Linz Carsten Schneider



Example 2: Multi-Summation Modern summation technologies in computer algebra

GIVEN

ff e ey < T(k+1) D(HrA-$rE+1-$rGE+1+5HTk+j+1+N)
o ZoTE+ D\ Tk +2+N) PG+1-5)TG+2+ N)I(k+j+2)

P(k+1) D50+ 5IG+1+a0G+1 - HIk+5+1+5+N)
T(k+2+N) TG+DLG+2+5+N)D(k+5+2+5)

oo

ZZfoNkJ +eZZf1(Nka 8222,«11”] +é°

k=0 j=0 =0j=0 k=0 j=0 k

8
Mg ~—

FUN B, G) +

0

Il

o
<
Il

Sigma computes

S5 ANk ) W(&(MS 4 (2065 + 130S5(N)) S (N )+

k=0 j=0
(40¢3 + 38053(N))S1(N)? + (13552(N)? 4 60¢252(N) + 51054(N)) S1(N)
— 240531<N)Sl (N) — 240517172<N)Sl (N) + 160(253(]\[) + Sg(N)(lQOC3
+38053(IV)) + 62455(N) + (—12081(N)? — 12082(N)) Sa,1(N)

— 240841 (N) — 240811 5(N) + 24052,2,1(N))
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Four fold multi-sums derive from:

» massive 2-loop operator matrix elements at general values of the Mellin
variable (e.g., I. Bierenbaum, J. Bliimlein, S. Klein, C.S., Nucl.Phys., 2008)

» general Mellin-Barnes representations in 2 — k, k > 2 scattering
amplitudes in one- and higher loops
(e.g., M. Czakon, J. Gluza, T. Riemann, Nucl.Phys., 2006)

» and similar problems in particle physics
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Four fold multi-sums derive from:

» massive 2-loop operator matrix elements at general values of the Mellin
variable (e.g., I. Bierenbaum, J. Bliimlein, S. Klein, C.S., Nucl.Phys., 2008)

1 —€ —1—e —
T O (€ 0w PC 20 i o 7o oY i e L e TVl
0 Lo Gbd \I/(902-1-964—964962)]\’*E

(_1)i+k(k)( ) (1=5),(5+1) (s (i+h+2)s D42 (i+k+1)
(i4+2) (——+z’+k+3)s PG+DI(i42)

s=0 j=0 k=0 i=0 ( 75)1
(

= F(N) + EF(N) +

RISC-Linz Carsten Schneider



Four fold multi-sums derive from:

» massive 2-loop operator matrix elements at general values of the Mellin
variable (e.g., I. Bierenbaum, J. Bliimlein, S. Klein, C.S., Nucl.Phys., 2008)

1 —€ —1—e —
T O (€ 0w PC 20 i o 7o oY i e L e TVl
0 Lo Gbd \I/(902-1-964—964962)]\’*E

(_1)i+k(k)( )(125),(5+1), (s (k42 P (i+h+1)
s=0 j=0 k=0 i=0 ( 75)1 (i+2)s (77+Z’+k+3)s FG+DTE+2)
(

= L(N) + EF(N) +
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Four fold multi-sums derive from:

» massive 2-loop operator matrix elements at general values of the Mellin
variable (e.g., I. Bierenbaum, J. Bliimlein, S. Klein, C.S., Nucl.Phys., 2008)

1 —e —1—¢ _
dor . dp, Qe tear) N T 0 mz)ay P 0w 2ay TR (1 )es )Y
0 Lo G \I/(902-1-964—964962)]\’*E

(_1)i+k(k)( )(1=5), (5+1) (Zs (i4k+2)s T (42T (it kA1)
(i4+2) (——+i+k+3)s PG+DI(i42)

s=0 j=0 k=0 i=0 ( 75)1
(

= L(N) + EF(N) +

N
+ §SQ(N)N + S5(N)N = 2851 (N)N + =

RISC-Linz Carsten Schneider



Massive 2-loop integrals [N o R R
Four fold multi-sums derive from:

» massive 2-loop operator matrix elements at general values of the Mellin
variable (e.g., I. Bierenbaum, J. Bliimlein, S. Klein, C.S., Nucl.Phys., 2008)

1 —€ —1—e —
T O (€ 0w PC 20 i o 7o oY i e L e TVl
0 Lo Gbd \I/(902-1-964—964962)]\’*E

oo N—2 j N—j—2 G\ (N—j—2 e e . ) A

ik DO (-5),(541) (-9 ((4k+2)s D420 (i4k+1)

; = kZ:O 2:30 (=1) (1)s(3*5)i+k(i+2)s(f§+i+k+3)s LG+ (i+2)

= 2Fy(N) + EF3(N) +

NSi(N)?  (=3N?—-5N+2)S(N) 1 , N

B3(N) = — “NSy(N)? — =
3(N) 2(N +1) 2(N +1)2 NN =
(—2¢aN2 + 3N2 — 203N + 2N — 2) S5(N)

1
+ J(4NG — N) + TR

3 1
+  VS3(N) + NSy(N) = 5 NS 1(N) = NS,1,1(N)

computation time: 14 minutes
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A massive 3—/oop integral for general N
5/2 5/2
r(2736/2)/ dxl.../ dz70(1 — m1 — w2) —1 (1= o1 — 22)

x3 1—24\2-3¢/2
0 0 (1+=’U1 z3 + x2 N )

x3—1+€/2(1 N x3)6/2x21+6/2(1 o x4)6/2(1 — x5y + ... .’E7)N

\L straightforward

Z Z Z _(_1)r+s+t

=0 =07r=0 s=0 =0
T OO T i), (e, ()
% r s t 2 n 2 m\2 m-+4n
o 3 (—etr+s+t+4)min
«T ,2+m+1,2+n+1 r41,5+1, s+1 —2+s+1 t41,t4+1, —2+t+1

m+1,n+1,s4+2,5 3 +n+s+2,t+2, 3 +m+t+2,—e+r+s+t+4
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A massive 3—/oop integral for general N
5/2 5/2
r(2736/2)/ das . / dz70(1 — m1 — w2) —1 (1= o1 — 22)

w3 T=24\2_3¢/2
0 0 (1+=’E1 os T2 )

x3—1+€/2(1 N x3)6/2x21+6/2(1 o x4)6/2(1 — x5y + ... .’E7)N

lS. Klein

3y 3
™7 r(2—3)
(NTD(N+2)(V+3)

Xii% (") AN+ Dmrn(—5+ N~ t+3)lt — §)m
m=0n=0 t=1 (7E+N+4)m+n

r S+m+1,5+n+1,N—t+3,-5S+N—-t+3,t,t—5

m+1ln+1l,—e+N+45+n+N—-t+4,5+m+t+1

X

N+3s-1 o e .
SR () ()t
(_€+5+1)m+n
m=0n=0 s=1 r=1

XF|:— s+m+1lLs+n+1lrr—5s—r,—5—r+s ]

m+ln+l,s+m+r+1l,—e+s+1l,5+n—r+s+1




A massive 3—/oop /ntegra/ for general N

(2 —3¢/2) dx dz-0(1 _ Ty P E/2(1*581*:22)
/0 1- /0 z7O(1 — x2) (1+x1731 +x21xf4)2 3¢/2
CE;1+€/2(1 N $3)6/2$21+€/2(1 o x4)6/2(1 —zszi ... $7)N
£ 3
constant term = AN+ 1)ffl\§]?2)(N +3)  (N+ 1)]2\[5\;&\[2))(1\/ +3)

2(3N + 5) 552(N) 2
((N F12(N+22(N+3) 2(N+1)(N+2)(N +3)> S1(N)
4 (z3N* +7(3N3 +17¢3N? + 17¢(3N — 2N + 6(3 — 3
+S1(N)((— ( N+ 13 (N1 22N +3) )
n 5NS(2,N) 2(2N + 3)S3(N) 4821 (N) )
(N+1D2HN+2)(N+3)  (N+DIN+2)(N+3)  (N+1)(N+2)(N +3)
(4N +9)S2(N)? 4 (¢aN* +7¢3 N3 +17¢3 N2 4+ 17¢3 N — 4N 4 6(3 — 6)
4N+ 1)(N +2)(N +3) (N + 1)4(N 4+ 2)2(N + 3)
2(7TN + 11)S2(N) 2(5N + 6)S3(N) (2N + 3)S4(N)
(N+1)2(N+22(N+3)  (N+1)2(N+2)(N+3) 2(N+1)(N+2)(N +3)
4NSs1(N) _ 2(3N +5)S3,1(N) 282,1,1(N)

S (N+1D2(N4+2)(N+3) (N+1)(N+2)(N+3)  (N+2)(N+3)

computation time: 3 minutes
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A massive 3—-loop integral for general N

linear term — 1 _ Si(N)® (13N +3)S; (N)* 22N2 + 55N + 30 S
TN+ DN +2)(N +3) 12 24(N + 1) 6(N+12(N+2) -
5/ (17N 4 5)S3(N) ¢3(N® 4+ 6N* + 13N3 + 12N2 + 4N) — 12N2 — 40N — 34
+ S1(N) (74(]“1) — S2,1(N) — N DI T 2
(6N — 1) 1 »  (38N? £ 97N +58) S5(N) 25, ,(N) (34N +27)S5(N)
R Ss(N) + <Z(4N_3)SQ(N) + 2(N + 1)2(N +2) T TN11 3(N + 1)

2 (945 NS 4+ 90¢Z N® + 20¢3 N® 4 360¢3 N* 4 135¢3 N* 4 738¢2 N3 4 350¢3 N3 4 819¢2N? + 435¢3N? — 5

5(N + 1)3(N + 2)2

(41N +21)S3(N)? 2 (3N2 + 8N +6) S2,1(N) . (76N + 205N +138) S3(N) (83N + 105)S4(N)
8(N + 1) (N +1)2(N +2) 3(N + 1)2(N +2) 4(N + 1)

2 (9451\16 + 90¢2N® + 10¢3 N® + 360¢Z N* + 60¢3 N* + 738¢3 N3 + 130¢3 N3 + 819¢2 N? 4 120¢3 N2 — 11
5(N + 1)4(N + 2)2
N 3¢3N® 4 24¢s N* + 75¢3 N3 + 114¢3 N2 4 26 N2 + 84¢3 N + 84N + 24C3 + 70
(N +1)2(N +2)2
2(4N +5)S3,1(N)
N +1

+ (N +4)S5(N)

+ S2(N) (552,1<N) SN+ 19)85(N)) - — 2(3N + 8)S3 2(N)
2(2N — 1)S5.1,1(N)

—9N —13)S4,1(N) —
+( )S4,1(N) N

—2(N +4)S2.2,1(N) + 2(N +4)S3,1,1(N)
+(v-35911 1(N)> computation time: 70 minutes
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