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taken away by h

}

final state

ES : energy scale of process

Parton (quark/gluon) fragmentation “model” from probability:

XS(? → h + X ) = XS(? → i + X ) × FF(i → h + X )

FFs: probability for parton i to fragment to h

XS(? → i + X ): partonic final state, pQCD at high ES

→ series in QCD coupling as(ES ) ∼ 1
lnES/ΛQCD
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Outline of factorization

Convolution ⊗ in dσh = dσq,g ⊗ Dh
q,g , d

d ln Mf
Dh

q,g = Pq,gq,g ⊗ Dh
q,g

dσh(x ,ES ) =
∑

i

∫ 1
x

dz dσi

(
x
z
,ES ,Mf

)
Dh

i (z ,Mf )
d

d lnM2
f

Dh
i (z ,M2

f ) =
∑

j

∫ 1
z

dz ′

z ′
Pij

(
z
z ′

, as(M
2
f )
)
Dh

j (z ′,M2
f )

x = produced hadron momentum / available momentum
z = produced hadron momentum / fragmenting parton momentum

∼ inclusive hadron-initiated process (PDF convolution)
−→ PDF evolution techniques can be used:

Parameterize FFs at Mf = M0, Dh
i (z ,M2

0 ) = Niz
αi (1 − z)βi

Solve DGLAP in Mellin space Dh(ω,M2
f ) =

∫ 1
0 dzzωDh(z ,M2

f )
convolution ⊗ → product ×:

d
d lnM2

f

Dh
i (ω,M2

f ) = Pij

(
ω, as(M

2
f )
)
Dh

j (ω,M2
f )

gives Dh
i (ω,M2

f ) = Eij (ω, as(M
2
f ), as(M

2
0 ))Dh

j (ω,M2
0 )

dσh(ω,ES ) = dσi(ω,ES ,Mf )D
h
i (ω,M2
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1 Single hadron inclusive production and pQCD
Introduction
Measurements of single hadron inclusive production
Outline of factorization

2 FFs at large x

Cross section in the fixed order approach
Global fits
Predictions using FFs from e+e−

Theoretical improvements
Latest global fit: AKK08 (Nucl. Phys. B)

3 Improving the small x region
Soft gluon logarithms in splitting functions
Unified approach
Fits to data
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Cross section in the fixed order approach

Basic approach

Fixed order pQCD

P(ω, as) =
∑∞

n=1 an
s P

(n−1)(ω) = asP
(0)

︸ ︷︷ ︸

LO

+ a2
sP

(1)

︸ ︷︷ ︸

NLO

+ . . .

dσi(ω,ES ) =
∑∞

n=0 an
s (ES )dσ

(n)
i (ω) (Mf = O(ES) fixed)
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Global fits

Data

e+e−

Hadrons: Light charged (π±(u, d), K±(u, s), p/p̄(u, u, d)),
neutral strange (K 0

S (d , s), Λ(u, d , s))

Σ Hadron (quark) spins, charge (h+, h− not distinguished)

much accurate data @
√

s = 91 GeV ≫ ΛQCD ≃ 0.2 GeV
(e.g. DELPHI, SLD)

some exp. constraints @
√

s < 91 GeV (e.g. TPC @ 29 GeV)

(heavy) quark flavour tagging → flavour separation of FFs

OPAL tagging probabilities separate light flavours

exclude x . 0.05 due to failure of FO series

pp(p̄)

BRAHMS, CDF, PHENIX, STAR

h+, h− separately
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Global fits

Quality of fits
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(no unidentified particle data, maybe contaminated with e, µ, . . .)
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Global fits
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Such fits give e.g. αs(MZ ) = 0.117+0.005
−0.007 (KKPötter)
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More recently: HKNS, DSS, AKK08
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Predictions using FFs from e+e−

γ
∗p → h + X data from HERA

Ratios of quark fragmentation contributions in ? → h + X
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(This is for unidentified hadrons ≃ charged pions)
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Predictions using FFs from e+e−

γ
∗p → h + X data from HERA

Albino et al. 2007
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If good constraints on all pion FFs → agreement at large Q,

then disagreement at small Q from theoretical errors

(e.g. large/small x resummation, detected hadron mass, etc.)
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Predictions using FFs from e+e−

γ
∗p → h + X data from HERA

Perturbative errors from scale variation

0.2 0.4 0.6 0.8 1
xp

10
−3

10
−2

10
−1

10
0

10
1

1/
σ 

dσ
/d

x p

12 GeV
2
 < Q

2
 < 100 GeV

2

µ/Q=1
µ/Q=1/2
µ/Q=2

0.2 0.4 0.6 0.8 1
xp

10
−3

10
−2

10
−1

10
0

10
1

1/
σ 

dσ
/d

x p

100 GeV
2
 < Q

2
 < 8000 GeV

2

µ/Q=1
µ/Q=1/2
µ/Q=2

Largest at small Q and small/large x → resummation may help
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Predictions using FFs from e+e−

γ
∗p → h + X data from HERA

New improved data from HERA
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Detected hadron mass effects (Albino et al., 2006-2008)
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Theoretical improvements

Detected hadron mass effects (Albino et al., 2006-2008)

dσh

dx
(x ,E 2

S ) =
∑

i=q,g

∫ 1
x

dz
z

dσi

d(x/z)

(
x
z
,

E2
S

M2
f

, as(M
2
f )
)

Dh
i (z ,M2

f )

identify x , z as ratios of light-like momenta

Simon Albino AKK08



Single hadron inclusive production and pQCD FFs at large x Improving the small x region Conclusions

Theoretical improvements

Detected hadron mass effects (Albino et al., 2006-2008)

dσh

dx
(x ,E 2

S ) =
∑

i=q,g

∫ 1
x

dz
z

dσi

d(x/z)

(
x
z
,

E2
S

M2
f

, as(M
2
f )
)

Dh
i (z ,M2

f )

identify x , z as ratios of light-like momenta

find x = x(xmeasured)

Simon Albino AKK08



Single hadron inclusive production and pQCD FFs at large x Improving the small x region Conclusions

Theoretical improvements

Detected hadron mass effects (Albino et al., 2006-2008)

dσh

dx
(x ,E 2

S ) =
∑

i=q,g

∫ 1
x

dz
z

dσi

d(x/z)

(
x
z
,

E2
S

M2
f

, as(M
2
f )
)

Dh
i (z ,M2

f )

identify x , z as ratios of light-like momenta

find x = x(xmeasured)

take dσh

dxmeasured
= dx

dxmeasured

dσh

dx

Simon Albino AKK08



Single hadron inclusive production and pQCD FFs at large x Improving the small x region Conclusions

Theoretical improvements

Detected hadron mass effects (Albino et al., 2006-2008)

dσh

dx
(x ,E 2

S ) =
∑

i=q,g

∫ 1
x

dz
z

dσi

d(x/z)

(
x
z
,

E2
S

M2
f

, as(M
2
f )
)

Dh
i (z ,M2

f )

identify x , z as ratios of light-like momenta

find x = x(xmeasured)

take dσh

dxmeasured
= dx

dxmeasured

dσh

dx

Modification at low x ,ES — e.g. HERA data:

Simon Albino AKK08



Single hadron inclusive production and pQCD FFs at large x Improving the small x region Conclusions

Theoretical improvements

Detected hadron mass effects (Albino et al., 2006-2008)

dσh

dx
(x ,E 2

S ) =
∑

i=q,g

∫ 1
x

dz
z

dσi

d(x/z)

(
x
z
,

E2
S

M2
f

, as(M
2
f )
)

Dh
i (z ,M2

f )

identify x , z as ratios of light-like momenta

find x = x(xmeasured)

take dσh

dxmeasured
= dx

dxmeasured

dσh

dx

Modification at low x ,ES — e.g. HERA data:

0.2 0.4 0.6 0.8 1
xp

10
−3

10
−2

10
−1

10
0

10
1

1/
σ 

dσ
/d

x p

12 GeV
2
 < Q

2
 < 100 GeV

2

default
 mh = 0.5 GeV
MRST2001
no gluon

10
1

10
2

10
3

Q
2
 (GeV

2
)

0

5

10

15

1/
σ 

dσ
/d

x p

0.1 < xp < 0.2

 mh = 0
 mh = 0.25 GeV
 mh = 0.5 GeV
 mh = 0.75 GeV

Simon Albino AKK08



Single hadron inclusive production and pQCD FFs at large x Improving the small x region Conclusions

Theoretical improvements

Large x resummation

Simon Albino AKK08



Single hadron inclusive production and pQCD FFs at large x Improving the small x region Conclusions

Theoretical improvements

Large x resummation

dσi

dx
, large x (≡ large ω), ≃ 1 + Aas lnω + Ba2

s ln2 ω + . . .
→ perturbation theory fails

Simon Albino AKK08



Single hadron inclusive production and pQCD FFs at large x Improving the small x region Conclusions

Theoretical improvements

Large x resummation

dσi

dx
, large x (≡ large ω), ≃ 1 + Aas lnω + Ba2

s ln2 ω + . . .
→ perturbation theory fails

resum to get f (as lnω)

Simon Albino AKK08



Single hadron inclusive production and pQCD FFs at large x Improving the small x region Conclusions

Theoretical improvements

Large x resummation

dσi

dx
, large x (≡ large ω), ≃ 1 + Aas lnω + Ba2

s ln2 ω + . . .
→ perturbation theory fails

resum to get f (as lnω)
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Single hadron inclusive production and pQCD FFs at large x Improving the small x region Conclusions

Theoretical improvements

Large x resummation

dσi

dx
, large x (≡ large ω), ≃ 1 + Aas lnω + Ba2

s ln2 ω + . . .
→ perturbation theory fails

resum to get f (as lnω)

Likewise, subleading Āas + B̄as(as lnω) + C̄ as(as lnω)2 + . . .
→ as f̄ (as lnω)

Albino et al. (2008): resummation in DGLAP evolution
→ modifies theoretical errors
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Latest global fit: AKK08 (Nucl. Phys. B)

Detected hadron mass effects

“Naive” FO calculation is sufficient
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Main caveat: mass effects for heavier particles
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(Second caveat: Complex decay patterns)
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Latest global fit: AKK08 (Nucl. Phys. B)

Detected hadron mass effects

“Naive” FO calculation is sufficient
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Main caveat: mass effects for heavier particles
(Second caveat: Complex decay patterns)

Fitting mh subtracts unaccounted-for small x ,ES effects
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Latest global fit: AKK08 (Nucl. Phys. B)

Detected hadron mass effects

AKK08: Fit mh to e+e− data

Particle Fitted mass (MeV) True mass (MeV)

π± 154.6 139.6

K± 337.0 493.7

p/p̄ 948.8 938.3

K 0
S 343.0 497.6

Λ/Λ 1127.0 1115.7
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S ≃ for K± → SU(2) isospin
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Latest global fit: AKK08 (Nucl. Phys. B)

Detected hadron mass effects

AKK08: Fit mh to e+e− data

Particle Fitted mass (MeV) True mass (MeV)

π± 154.6 139.6

K± 337.0 493.7

p/p̄ 948.8 938.3

K 0
S 343.0 497.6

Λ/Λ 1127.0 1115.7

π±: overshoot −→ e.g. ρ(770) → π+ + π−

K s: undershoot −→ complicated decays (K ∗ → π + K , . . . )
undershoot for K 0

S ≃ for K± → SU(2) isospin

baryons (p/p, Λ/Λ): ≃ +1% −→ resonances slightly heavier
good environment to study partonic fragmentation
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Latest global fit: AKK08 (Nucl. Phys. B)

Detected hadron mass effects
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Latest global fit: AKK08 (Nucl. Phys. B)

Large x resummation
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Unknown systematic effects may give |λK | ≫ 1
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Latest global fit: AKK08 (Nucl. Phys. B)

Systematic errors
π± production data

Expect |λK | ≃ 1

AKK08:

Collaboration

√
s # Norm.

χ2
DF

λK(GeV) data (%)

TASSO 12 5 20 0.50 0.21
TASSO 14 10 8.5 0.92 -1.26
TASSO 22 1 6.3 0.01 -0.08
TASSO 30 4 20 0.57 0.69
TASSO 34 10 6 1.07 0.62
TASSO 44 7 6 1.99 0.66
ALEPH 91.2 22 3 0.61 -0.55

BRAHMS, y ∈ [2.9, 3]
200

8 11,7,8(13), 0.96 -1.76, -1.12, -1.22, -0.32, -0.13
y ∈ [3.25, 3.35] 7 2,1(3) 2.68 -2.01, -1.28, -1.80, -0.37, -0.32

PHENIX (π0), |η| < 0.35 200 13 9.7 0.54 -0.48

STAR (π0), η = 3.3 200 4 16 0.70 -0.70
STAR (π0), η = 3.8 200 2 16 0.57 -0.31

STAR, |y | < 0.5 200 10 11.7 0.49 -0.34
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Latest global fit: AKK08 (Nucl. Phys. B)

pp → h + X data from RHIC

Ratios of proton’s valence/sea quark fragmentation contributions

(can be given scheme / scale independent definition)
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Latest global fit: AKK08 (Nucl. Phys. B)

pp → h + X data from RHIC
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Fits to data

Procedure

Use hadron-unidentifed data
Large M0 → assumptions for Di(z ,M2

0 ) from DLA:

Behaves like Gaussian in ξ = ln 1/z at small z
∑

q Dq,q̄ ≃ CF

CA
Dg

Fit ΛQCD and mh
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