PIER Graduate Week, Hamburg, 2017

% % Central concepts 1n

(bio-)crystallography

4. Electron Density Maps

UNIVERSITAT ZU LUBECK
STIFTUNGSUNIVERSITAT
SEIT 2015




Electron density

Fourier pair of equations:
Fou=V Ly, p(xyz) exp>tx+ v+l dxdydz
0(xyZ) = 1/V 3 IFy | expl2mhx+ ky +12) + ia(hkD)
p(xyz) = '/ IF o0l + ?/yv 2 ot IEpal cos[270(hx + Ky + 12) - oy ]

L)

y] Discrete y Continuous
NN
0 1 x X
fxy) = %) + X, +x; + X, + X5 f(x)) = Io_.l f(x)dx
= 2x f(xa) {the area under the function curve}

* Note that e* = cos(x) + isin(x).



Bragg's Law & Ewald Movies

Ewald sphere

X-ray detector

http://escher.epfl.ch/x-ray/diff. mpeg

n/d=(2-sin@) /A




Convolution of Lattice and Motif

Lattice determines
position and
arrangement of spots:
Distance between spa
reveals unit cell
parameters

Motif influences
intensities of spots

4-fold Symmetry —

Screw-axis:
systematic
absences




The size of the electron cloud is temperature independent under
biological conditions. However, thermal vibration smears out
the atom position thereby increasing the “size” of the atom.
Therefore, atomic scattering factors must be multiplied by a
“temperature dependent factor” !

Correction along S equal to
T(isotropic) = exp [(-B/4)(2sin(0)/1)?]

The thermal parameter B 1s related to the mean square
displacement u? of the vibration: B = 87 - u?

For B = 30 A2, the thermal displacement (r.m.s.) = 0.62 A



f(s) electron number

Thermal vibration leads to y Cabo

diminished scattering at B0

. . ‘% B=10

higher scattering angles . B0
0 I 2 40 (2sm8)/a

Example from PDB database (B factor displayed in red):
CRYSTI1 58.452 85.756 46.746 90.00 90.00 90.00 P 21 21 2 8
ATOM 1N PROA128.72140.079 5.613 1.00 36.25 N
ATOM 2 CAPRO A 129.61038.9715.1851.003547 C
ATOM 3C PROA129.03438.2723.988 1.0033.71 C
ATOM 40 PROA127.89038.5313.6471.0027.370
ATOM 5 CBPRO A 129.61038.012 6.382 1.00 36.82 C
ATOM 6 CG PRO A 1 28.502 38.398 7.164 1.00 37.19 C
ATOM 7 CD PRO A 1 28.240 39.862 6.980 1.00 37.01 C
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Crystallographic Phase Problem

p(xyz) = '/ IF o0l + 22 221 IFpgl cos[2mt-(hx+ky+1z)-0t ]

How to obtain information about o.?

1) Isomorphous crystal structure (difference-Fourier synthesis)

2) Molecular replacement technique (MR)

3) Multiple isomorphous replacement (MIR)

4) Multi-wavelength anomalous diffraction (MAD) Patterson

5) Ab initio




ED calculation

p(xyz) = 1/V 211 IFp eXp[—2m’-(hx +ky + 1z) + io(hkl)]
p(xyz) = Y IE ol + 2y 3 s Fl cos[2m(hx + Ky + 12) - o]

100 Fyg 0109 The electron density at a position Xyz can be

200 Fyyp 0tp00 calculated by summing the contributions of
3 00 F3qy 0399 as many F,,, as possible: the more F,,, the
400 Fygg 0409 better the resolution of the single atoms i.e.
5 00 Fspg o500 the better the quality and the higher

6 0 0 Fgoo 0600 information content.

700 Frg9 01700

etc.
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https://utopia.duth.gr/glykos/GraphEnt-html/node92 .html




A crystal with 50% 2M (NH,*),SO, and 50% protein has a
mean e.d.of £ 040 e A3 >>> F,,, =040V, €.

For the majority of macromolecular problems this is an
overestimate which 1s no harm as the maps will not be too
sharp and 1t will hard to misinterpret them.

Average specific protein density is 1.35 g cm™, and average
protein electron density therefore is 0.44 e~ A-3.



(difference) electron-density maps

p(xyz) =1/ [Fyool + 2y 2 1 1E sl €O [270-(hx+ky+1z) - o, 4(hk]D)]

Unweighted maps of type (nlE,, /- (n-DIE .. *:

1) p(XYZ) — 1/V IEoool + 2/V thl (lEObsl - lEcalcl) COS [. .o ]
2) p(xyz) = Yy [l + 2y Sy (Fop | 4 Fp [ IF.. 1) cos [.....]

calc



F ,.and F

calc

F . 1s calculated from the diffraction experiment:

lFobsl — \/Ihkl

F_ .. 18 derived from the structure model build (pgciure) 1-€-
amino acid sequence threaded into the electron density maps:

Ecalc - V J;( fy L p structure(XyZ) €Xp [2ri(hx + ey + 12)] dXdde

A comparison of | F . | and | F_,,. | is useful in refining (i.e.
model rebuilding) the correct 3D structure.



1:()bs - F

-1 €lectron density map

p(xyz) =/ 2y (E (hkD)I - IE (hkD)I) exp[-2mi-(hx+ky+lz)+iou(hkl)]

Case 1: if the model, e.g. |IF
measure/observe, e.g. IF

~c(hkDI, is equal to what we
(hkD)Il, then p(xyz) =0

obs

Case 2: if the model 1s incomplete with respect to what we
measure/observe, then p(xyz) > 0 (positive)

Case 3: if the model is over-complete what we measure/observe
then p(xyz) < 0 (negative)



egative F -F_: remove atoms from model
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21::obs - F

-1 €lectron density map

p(xyz) =/ X1q Q-IF (hkDI - IE (hkD)I) exp[-27ti-(hx+ky+lz)+io(hk])]

This map can be regarded as the sum of the electron density of a
model plus a difference electron density map.




3F,, . - 2F

-1 €lectron density map

p(xyz) = Yy 341y IF, (hkD)I - (2-IF (hkD)I) exp] ...... ]

3F,, - 2F.,. = (2F,,,

) + (Fobs calc)

calc — calc

In other words, this shows a summation of the map covering the
model and the map showing the differences.

M. Vijayan: ,,as the amount of missing structure increases, the
relative height of peaks for missing atoms drops, so a higher n 1s
needed to equalise peaks from modeled and missing atoms*



p(XYZ) 1 /V hz kzl |F(hk1)| eXp[ -2mi(hx + ky + 1z) + iou(hkl)]
=1/ yFo + 23 o IF(KDI cos[27t-(hx + Ky + 12) - ou(hk])]

p(XyZ) =/yF \Y% OOO + / VZ +hkl (2|Eobs| calcl) COS [ ]

it F ;s = K., then map covers whole model

p(XyZ) =/yF \Y% OOO + 2/ VZ +hkl (lEobsl calcl) COS [ ]

it F ;s = K., then there is no map ( clean/empty )

p(XyZ) =1/ VFOOO + 2/ VZ +hkl (3 IEobsI B ZIEcalcl) COS [ ]
summation of 2F -F_and F-F_and it F ;= F
equal to F

F_.. then map



Simple scaling vs. Babinet scaling

I:model = koverall(Fcalc + kmaskaask) vs. I::total = _ksoleroteXp('BsolSin26/ 7\‘2)

Bulk solvent mask artifacts can only occur at narrow channels,
where the mask radius is too big > negative difference density
Remedy: changing from simple scaling to Babinet scaling
(Refmac but ,,uncheck® calculate contribution from the
solvent region) and/or you can optimize the solvent mask
parameters by running Refmac with the keyword "solvent
optimize* which determines optimum parameters




Errors 1n the e.d. maps

* Occupancy errors look like
1s orbitals

* B errors look like 2s
orbitals

* Positional errors look like
2p orbitals

* Anisotropic B errors look
like 3d orbitals

But only if you ignore series
termination...

Negative difference density in a
big hydrophobic cavity >
wrongly determined low-
resolution |Fobsl

Remedy: cut very low resolution
data

3s Spo 3do




Lang et al., PNAS 111, 237-242

Two problems with normal maps:

e maps are not on an absolute scale (e7/A3)
e calculating noise at every point in map
Consequently:

e g-scaled maps cannot be compared
correctly

e at 1o noise 1s overestimated (6-8 fold)
e information 1s ignored



SigmaA weighting (mFo-DFc)*

R. Read:

,.the weighted difference map (mFo-DFc)* 1s much less affected
by considerations of relative heights of peaks for included and
missing atoms .... but look at 2mFo-DFc¢ and 3mFo-2DFc maps
to see which shows regions of error more clearly*

* Accounting for incomplete and/or erroneous models

m: Sim weights as a structure factor (later on, maximum likelihood by
French/Bricogne/Read) probability distribution correction and further
modified to account for errors in the model (sigma-A by Srinivasan and
Ramachandran)

D: Luzzati factor as weighted average over the complex error distribution of
Fcalc



SigmaA weighting (mFo-DFEc)

Dale Tronrud:

,,the common practice of the field 1s to contour maps at 1 sigma
and difference maps at &= 3 sigma* but this habit throws away
some significant information:

— Once you have built a model, you can calculate maps on an
absolute scale (i.e. electrons/ﬁﬁ) - the absence of an atom
should result in a peak of a particular height when expressed in
e-/A3, but will not be consistent when viewed in sigma’s

— The sigma of a difference map will drop as refinement
progresses, but that does not mean that peaks are becoming
more significant

— The sigma of a density map will depend on the solvent
fraction of the map calculated.



Simulated-annealing OMIT maps

Any atom that is located within the OMIT or border regions (2 A)
1S given zero occupancy 1n all calculations, 1s however included in
geometric restraint calculations and model building but do not
contribute to the structure-factor calculation!



RAPID map

End of conventional refinement

1}

F,.F..and 2mF -DF_END Map

—

Add random number proportional

to noise of interest to F_

e 1 ~
Perturbed F' Perturbed F'_ Perturbed F'_ Perturbed F' Perturbed F’_
#1 #2 #3 #4 #5
|
Refine coordinate model
against perturbed data
l
2mF’' -DF_ 2mF’ -DF_ 2mF’ -DF_ 2mF’_-DF, 2mF’_-DF,
Perturbed Map Perturbed Map Perturbed Map Perturbed Map Perturbed Map
#1 #2 #3 =4 #5
s ~ | T A

Subtract 2mF _-DF_END Map from perturbed, refined density

and calculate root mean squared deviations across map

v
RAPID Map

Refinement against perturbed input data (RAPID): introduce errors / simulated
noise to Fobs in order to analyse spatial distribution of errors in map



Praznikar et al., Acta D65, 921-931

AK maps (reduced model bias):

average of series of kicked (random modified
atom positions) maps

ML theory proposes that a current model can
be corrected by introducing random errors and
suggests structure-factor corrections after
theoretical averaging of such models



D. Liebschner et al: Acta Crystalloer
D Struct Biol. 2017 Feb 1; 73(Pt 2):
148—-157.




p://bl831.als .lbl.govmesh/moi'i s/
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