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defined in QCD (non-SUSY theory), while
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s (MGUT)

SUSY theory

Need consistent

running

matching

MS – DR conversion
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huge activity:
LHC-D BSM, Spectrum Codes, SPA project, . . .
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Running in QCD

µ2 d

dµ2
α

(nf )
s = β(nf )(α

(nf )
s )

β function through 4 loops:
[v. Ritbergen, Larin, Vermaseren 97]
[Czakon 04]

but: MS scheme
→ no “automatic” decoupling

instead:

α
(nf )
s (µh) = ζα α

(nf +1)
s (µh)

ζα: decoupling coefficient

[from Bethke ’06]
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Decoupling coefficients

LQCD =
6
∑

i=1

q̄i (iD/−mi) qi −
1

4
Ga

µνG
a,µν
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effective theory for mt → ∞:

L′

QCD =
5
∑

i=1

q̄′

i (iD′/−m′

i) q
′

i −
1

4
G′a

µνG
′a,µν

q′

i = ζqqi , m′

i = ζmmi , g′

s = ζggs , · · ·

decoupling condition:

Γ
(6)
light fields = Γ

(5)
light fields + O(

1

m2
t

)
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Decoupling coefficients

∫

d4xeipx〈TA′(x)A′(0)〉eff = ζ2
A

∫

d4xeipx〈TA(x)A(0)〉full + O(
p2

m2
t

)

= 1+O(αs) = ζ2
A (1+O(αs))

+ +

p2 = 0 + )

Robert Harlander — Running in DRED – p. 6



Decoupling coefficients

∫

d4xeipx〈TA′(x)A′(0)〉eff = ζ2
A

∫

d4xeipx〈TA(x)A(0)〉full + O(
p2

m2
t

)

= 1 + O(αs) = ζ2
A (1 + O(αs))

+ +

p2 = 0 + )

Robert Harlander — Running in DRED – p. 6



Decoupling coefficients

∫

d4xeipx〈TA′(x)A′(0)〉eff = ζ2
A

∫

d4xeipx〈TA(x)A(0)〉full + O(
p2

m2
t

)

= 1

+O(αs)

= ζ2
A (1

+O(αs))

+ +

p2 = 0 + )

Robert Harlander — Running in DRED – p. 6



Decoupling coefficients

∫

d4xeipx〈TA′(x)A′(0)〉eff = ζ2
A

∫

d4xeipx〈TA(x)A(0)〉full + O(
p2

m2
t

)

= 1

+O(αs)

= ζ2
A (1

+O(αs))

+ +

p2 = 0

+ )

Robert Harlander — Running in DRED – p. 6



Decoupling coefficients

∫

d4xeipx〈TA′(x)A′(0)〉eff = ζ2
A

∫

d4xeipx〈TA(x)A(0)〉full + O(
p2

m2
t

)

= 1

+O(αs)

= ζ2
A (1

+O(αs))

+ +

p2 = 0 + )

Robert Harlander — Running in DRED – p. 6



Decoupling coefficients

∫

d4xeipx〈TA′(x)A′(0)〉eff = ζ2
A

∫

d4xeipx〈TA(x)A(0)〉full + O(
p2

m2
t

)

= 1

+O(αs)

= ζ2
A (1

+O(αs))

+ +

p2 = 0 + )

Robert Harlander — Running in DRED – p. 6



Decoupling coefficients

∫

d4xeipx〈TA′(x)A′(0)〉eff = ζ2
A

∫

d4xeipx〈TA(x)A(0)〉full + O(
p2

m2
t

)

⇒ ζ2
A = 1 −

∣

∣

∣

∣

p2=0

Robert Harlander — Running in DRED – p. 7



Decoupling coefficients

∫

d4xeipx〈TA′(x)A′(0)〉eff = ζ2
A

∫

d4xeipx〈TA(x)A(0)〉full + O(
p2

m2
t

)

⇒ ζ2
A = 1 −

∣

∣

∣

∣

p2=0

calculate through 3 loops using
FORM, MINCER, MATAD, EXP, . . .
[Vermaseren; Larin, Tkachov; Steinhauser; Seidensticker; R.H.; . . . ]
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Matching

consistency: n-loop running ↔ (n− 1)-loop matching

[from Bethke ’06]

4-loop running in QCD: [v. Ritbergen, Larin, Vermaseren 97][Czakon 04]
3-loop matching in QCD: [Chetyrkin, Kniehl, Steinhauser 97]
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Higher orders in SUSY

Dimensional Regularization (DREG) [’t Hooft, Veltman 72]

extremely successful in the Standard Model
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Higher orders in SUSY

Dimensional Regularization (DREG) [’t Hooft, Veltman 72]

extremely successful in the Standard Model
but: breaks SUSY! (Nfermion 6= Nboson)

→ consequence: Zg 6= Z̃g

finite SUSY-restoring CT’s required

alternative(?): Dimensional Reduction (DRED) [Siegel 79]

keep vector fields 4-dimensional

compactify space-time to d = 4 − 2ε < 0

seems consistent with SUSY so far (in practical calc’s)

but: restricted algebraic operations (inconsistencies with εµνρσ)
[Siegel 80][Stöckinger 05]
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Dimensional Reduction
4-dimensional (vector-)fields on d-dimensional space, d = 4 − 2ε < 4:

g(4)
µν = g(d)

µν + g(ε)
µν ,

g(4)
µν g

(4),µν = 4 , g(d)
µν g

(d),µν = d ,

g(ε)
µν g

(ε),µν = 2ε , g(d)
µν g

(ε),µν = 0
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4-vector v(4)
µ :

v(d)
µ = g(d)

µν v
(4),ν , v(ε)

µ = g(ε)
µν v

(4),ν ,

v(4)
µ = v(d)

µ + v(ε)
µ
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Dimensional Reduction

L(4)(A(4)
µ , ψ, . . .) = L(d)(A(d)

µ , ψ, . . .) + L(ε)(A(d)
µ , A(ε)

µ , ψ, . . .)

A(4)
µ (x) = A(d)

µ (x) +A(ε)
µ (x)

A
(ε)
µ (x): “epsilon scalar”

example:

A(4)
µ ψ̄ψ = A(d)

µ ψ̄ψ +A(ε)
µ ψ̄ψ

+

→ additional Feynman rules for epsilon scalars
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Renormalization

SUSY: Z(d) !
= Z(ε)

non-SUSY: Z(d) 6= Z(ε) in general

→ αs → αe

even worse:

→ αs f
abef cde

→ λ1 f
abef cde, λ2 δ

abδcd, λ3 d
abedcde
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Running of αs in SUSY

β function to 3 loops [Jack, Jones, North 96]

decoupling:
1-loop: [Hall 81][R.H., Steinhauser 04]

2-loop: [R.H., Mihaila, Steinhauser 05]

consider various scenarios:
(A) . . .
(B) . . .

(C) MSUSY � mt � mb: α
(5)
s → α

(6)
s → α

(full)
s

(D) MSUSY,mt � mb: α
(5)
s → α

(full)
s

note: input is α(5)
s (MZ) in MS scheme!

need conversion: αMS
s ↔ αDR

s
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MS − DR conversion

value of αs in physical scheme independent of regularization:

αph
s = zph

MS
αMS

s , αph
s = zph

DR
αDR

s ,

⇒ αDR
s = (zph

MS
/zph

DR
)αMS

s .

αDR
s = αMS

s



1 +
αMS

s

4π
+

11

8

(

αMS
s

π

)2

−
nf

12

αMS
s

π

αe

π
+ . . .





[R.H., Kant, Mihaila, Steinhauser 06]
even 3-loop: [R.H., Jones, Kant, Mihaila, Steinhauser 06]
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α
(5)
s

(MZ) → αs(MGUT)

Example:

α
(5),MS
s (MZ) → α

(5),MS
s (MSUSY) — QCD running in MS

→ α
(5),DR
s (MSUSY) — MS – DR conversion

→ α
(full),DR
s (MSUSY) — matching (scenario D)

→ α
(full),DR
s (MGUT) — SUSY running
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αs(MGUT) from αs(MZ)

[R.H., Mihaila, Steinhauser]
preliminary

µdec (GeV)

α sG
U

T
(µ

)

0.39

0.392

0.394

0.396

0.398

0.4

0.402

0.404

0.406

x 10
-1

200 400 600 800 1000 1200 1400 1600 1800
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α
DR
s

in QCD

coupled differential equations:

µ2 d

dµ2
αs = βs(αs, αe, λr) ,

µ2 d

dµ2
αe = βe(αs, αe, λr) ,

µ2 d

dµ2
λr = βr(αs, αe, λr) , r = 1, 2, 3

βs and βe calculated to 3 loops [R.H., Kant, Mihaila, Steinhauser 06]

[βr to 1 loop]

βs even to 4 loops from MS result by using

αMS
s ↔ αDR

s conversion
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Side remark: SUSY Yang Mills

βs and βe known to 3 loops in QCD

SUSY Yang Mills by setting

CF = CA = T , nf =
1

2

result (through 3 loops):

βSYM
s = βSYM

e

→ consistency of DRED with SUSY!
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m
DR
b

(MZ)

important input quantity for precision observables

RGE

µ2 d

dµ2
m(µ2) = m(µ2)γm

γDR
m calculated in QCD through 4 loops

mMS ↔ mDR conversion to 3 loops
[R.H., Jones, Kant, Mihaila, Steinhauser 06]

evaluate mDR
b (MZ) from mMS

b (mb) in two different ways:

mMS
b (mb) → mMS

b (MZ) → mDR
b (MZ)

mMS
b (mb) → mDR

b (mb) → mDR
b (MZ)

→ consistent?
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