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NLO Cross Section

σNLO =
∫

N
dσB +

∫

N+1

[
dσR−dσA

]
ε=0

+
∫

N

[
dσV +

∫

1
dσA

]

ε=0

Based on soft and collinear factorization

IR singularities!

dσA ∼ dΓ ({p}N+1) V ⊗ |M({p̃}N )|2︸ ︷︷ ︸FJ ({p̃}N )

HH +
Real contributions

Virtual contributions

This is not a new problem and it has been already solved by Catani and Seymour in a 
very general way. Why do we need a new NLO scheme?



Motivation
Catani-Seymour dipole subtraction terms has the following structure:

dσA ∼ dΓ ({p̂}m+1)
∑

i,j
pairs

∑

k !=i,j

Di,j,k({p̂}m+1)FJ({p}(i,j,k)
m )

The number of the subtraction terms:

∼ N3

2
where N is the number of the jets

We should minimize this number. In our scheme the number of the counter-terms 
is equal to number of the possible collinear pairs.

∼ N2

2



Motivation

parton distributions

matrix element

σ[F ] =
∑

m

∫ [
d{p, f}m

] ︷ ︸︸ ︷
fa/A(ηa, µ

2
F ) fb/B(ηb, µ2

F )
1

2ηaηbpA ·pB

×
〈
M({p, f}m)

∣∣ F ({p, f}m)︸ ︷︷ ︸
∣∣M({p, f}m)

〉
︸ ︷︷ ︸

observable

The physical cross section is 

It is useful to write this as trace in the color and spin space

σ[F ] =
∑

m

∫ [
d{p, f}m

]
Tr{ρ({p, f}m)︸ ︷︷ ︸F ({p, f}m)}

density operator in color ⊗ spin space



Motivation

ρ({p, f}m) =
∣∣M({p, f}m)

〉fa/A(ηa, µ2
F )fb/B(ηb, µ2

F )
2ηaηbpA ·pB

〈
M({p, f}m)

∣∣

The density operator is 

or expanding it on a color and spin basis 

ρ({p, f}m) =
∑

s,c

∑

s′,c′

∣∣{s, c}m

〉
ρ({p, f, s′, c′, s, c}m)

〈
{s′, c′}m

∣∣

If we define the cross section based on the density operator, then 

✓ in the NLO calculation we can do Monte Carlo spin and color sum everywhere

✓ we can do the matching to parton shower in a straightforward way 



Motivation
In the subtraction terms we want to capture the soft and collinear physics more precisely

‣ correct color structure even for the g ➝ q + qbar collinear singularities

‣ better momentum mapping that can be generalized for NNLO calculation

‣ define the splitting function in a more systematic way 
(try to avoid structures those lead to spurious singularities in the NNLO calculations)

Actually, first we defined the parton shower algorithm and then basically without 
any modification we could do the NLO scheme. The NLO subtraction procedure is 
just one step of the inverse parton shower algorithm.



Splitting Operator
The physical states are given by the density matrix which is the direct product of the 
matrix element vector:

ρ({p, f}m+1) ∼
∣∣M({p, f}m+1)

〉〈
M({p, f}m+1)

∣∣

The splitting operator is based on the soft collinear factorization of the matrix 
element. Thus in the limit when parton   and             become collinear we havel m + 1

∣∣M({p̂, f̂}m+1)
〉
∼ t†l (fl → f̂l + f̂m+1)︸ ︷︷ ︸

V †
l ({p̂, f̂}m+1)︸ ︷︷ ︸

∣∣M({p, f}m)
〉

Color operator Spin operator

And in the soft limit we have

∣∣M({p̂, f̂}m+1)
〉
∼

∑

l

t†l (fl → f̂l + f̂m+1)V †
l ({p̂, f̂}m+1)

∣∣M({p, f}m)
〉



Splitting Operator

this is an exact 
Feynman graph

approximation is here, 
the kinematics is an m 

body configuration

p̂l

p̂m+1 = + · · ·

p̂lp̂l + p̂m+1

p̂m+1

pl

p̂l + p̂m+1

p̂m+1

p̂l

⊗≈
H

({
p̂,

f̂
} m

+
1
)

M
({

p,
f
} m

)

M
({

p̂,
f̂
} m

+
1
)

1 =
/pl

/nl + /nl/pl

2pl · nl

propagtor line in 
physical gauge



Splitting Operators

〈
{ŝ}m+1

∣∣V †
ij({p̂, f̂}m+1)

∣∣{s}m

〉
=




∏

k/∈{i,j}

δŝk,sk̃



 vij({p̂, f̂}m+1, ŝj , ŝi, sı̃)

For the splitting operator we have

and the collinear splitting function for the q ➝ q + g in the final state is 

For the soft singularities we can use the eikonal approximation, that is 

vsoft
ij =

√
4παs δŝi,sı̃

ε(p̂i, ŝj ; Q̂)∗ ·p̂i

p̂i ·p̂j

vij =
√

4παsεµ(p̂j , ŝj ; Q̂)∗
U(p̂i, ŝi)γµ[/̂pi + /̂pj + m(fı̃)] /nı̃U(pı̃, sı̃)

2pı̃ ·nı̃ [(p̂i + p̂j)2 −m2(fı̃)]



Momentum Mapping
What about the momentum mapping and phase space?

p̂l + p̂m+1 = λpl +
1− λ + y

2al
Q

λ =

√
(1 + y)2 − 4al(y + bl)

1− 4albl

al =
Q2

2pl · Q
, bl =

m2(fl)
2pl · Q

For the spectators we have

p̂µ
j = Λµ

ν(Q− p̂l − p̂m+1, Q− pl) pν
j j /∈ {l, m + 1}

Λ(K̂, K)µ
ν = gµ

ν −
2(K̂ + K)µ(K̂ + K)ν

(K̂ + K)2
+

2K̂µKν

K2

and the Lorentz transformation is

Emitter Spectator



Phase Space Factorization
∫

[d{p̂, f̂}m+1] g({p̂, f̂}m+1)

=
∫

[d{p, f}m]
∑

ζf∈Sf (fi)

∫
dζp θ(ζp ∈ Sp({p}m, ζf)) g({p̂, f̂}m+1)

The phase space measure factorizes 

For the final state splittings the integral measure for the unresolved phase space is 
basically a two body phase space integral 

dζp ≡ dy θ(ymin < y < ymax) λd−3 pı̃ ·Q
π

× ddp̂i

(2π)d
2πδ+(p̂2

i −m2(f̂i))
ddp̂j

(2π)d
2πδ+(p̂2

j −m2(f̂j))

× (2π)d δ

(
p̂i + p̂j − λpı̃ −

1− λ + y

2ai
Q

)



Subtraction terms

σR−A =
∫

m+1

[
dσR − dσA

]

=
1

(m + 1)!

∫ [
d{p̂, f̂}m+1

] fâ/A(η̂a, µ2
F) fb̂/B(η̂b, µ2

F)

4nc(â)nc(b̂) 2η̂aη̂bpA ·pB

×
[〈
M({p̂, f̂}m+1)

∣∣M({p̂, f̂}m+1)
〉

Fm+1({p̂}m+1)

−
∑

i∈{a,b,1,...,m+1}

∑

j∈{1,...,m+1}
j>i

Dij({p̂, f̂}m+1) Fm({p}ij
m)

]

Now the subtraction procedure is 

Dij({p̂, f̂}m+1) =
〈
M({p, f}ij

m)
∣∣Pij({p̂, f̂}m+1)

∣∣M({p, f}ij
m)

〉
where 



Subtraction terms

Pij({p̂, f̂}m+1) = C(f̂i, f̂j) Vij({p̂, f̂}m+1) V †
ij({p̂, f̂}m+1)

+
∑

k̃ !=i,j

Tı̃ · Tk̃

{
2Aik({p̂}m+1)V soft

kj ({p̂, f̂}m+1)V †,soft
ij ({p̂, f̂}m+1)

+ θ(i ≥ 1) 2Ajk({p̂}m+1)V soft
ki ({p̂, f̂}m+1)V †,soft

ji ({p̂, f̂}m+1)
}

And the splitting kernel we have

Here the Alk functions are arbitrary partitioning functions. They distribute the soft 
contributions along the collinear directions.  The requirement for them is 

Alk + Akl = 1

Trivial choice is of course
Alk =

1
2



Integral of the Subtraction terms
∫

dσA =
1
m!

∫
[d{p, f}m]

fa/A(ηa, µ2
F) fb/B(ηb, µ2

F)
nc(a)nc(b) ns(â)ns(b̂) 2ηaηbpA ·pB

×
〈
M({p, f}m)

∣∣I({p, f}m)
∣∣M({p, f}m)

〉
.

Now, we have integrate analytically the subtraction terms over the unresolved phase 
space

I({p, f}m) =
∑

l=a,b,1,...,m

∑

ζf∈Φl(fl)

∫
dζp θ(ζp ∈ Γl({p}m, ζf))

× nc(a)nc(b)
nc(â)nc(b̂)

ns(a)ns(b)
ns(â)ns(b̂)

ηaηb

η̂aη̂b

fâ/A(η̂a, µ2
F) fb̂/B(η̂b, µ2

F)
fa/A(ηa, µ2

F) fb/B(ηb, µ2
F)

×
{

θ(f̂m+1 #= g)TR wll({p̂, f̂}m+1)

− θ(f̂m+1 = g)
∑

k "=l

Tl ·Tk

×
[
wll({p̂}m+1)− 2Alk({p̂}m+1)wlk({p̂}m+1)

]}

The singular operator I is 

This integral is rather complicated but it can be done and leads to well know 
singularity structure which is cancelled after we combine with the virtual 
contributions.



Simple examples
Same simple cross sections have been calculated with this scheme, like e+e- ➝ 2jet and the 
Drell-Yan process. 

Tania and Cheng-Han are working on the e+e- ➝ 3jet process and we have some 
progress also on the general implementation.



Summary

✓ General phase space generator implemented with multi 
channel important sampling in all singular region. 

✓ It is also generates the color structure randomly, so MC 
color sum is available.

✓ General structure, mapping, splitting functions 

✗ Missing the virtual part + finite remaining part

✗ Interface to the matrix element generators


