Improved DATA MODELLING
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1. GOF tests for
checking data wodelling
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Searches with Likelihood ratio
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Searches with Likelihood ratio
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Searches with Likelihood ratio
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1072 —> Proper modelling of
2 4EF, } “ I I background over whole
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blinded signal region!




Goodness-Of-Fit Tests in ATLAS and CMS searches
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Goodness-Of-Fit Tests In ATLAS and CMS searches
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“This test (optical pull inspection) shows good
agreement between data and SM

-> Optical inspection of bin-wise pulls is crucial but should do
also global tests as discussed in the following slides!




Goodness-Of-Fit Tests — basics

Basic question: how well does H, describe the data?

N /
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T ity
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100[— : :
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= Since no H, specified = many different GOF tests possible
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Goodness-Of-Fit Test — y? tests

AT
e-pize e il

correlated +shifts

" x2=20.1 " y2=24.2

60 |

18 20 16 18 20
Run i Run i

- 2 throws away all sign and order info - not very sensitive to
correlated shifts in a certain region.
- apply further GOF tests to check all data/model facets!

Note: p-values for y2: TMath::Prob(y?,.s,ndf)
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GOF-tests: exemplary analysis Hypothetical pp data@100 TeV
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GOF-tests: exemplary analysis

KolgomorOV- F_: Cumulative distribution function

Smirnov test

F.: Empirical distribution function

qGoF,KS:SUP‘FC(X)_Fe(X)‘
Analysed
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- Test result bad!
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GOF-tests: exemplary analysis

Anderson-
Darling test
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. Goodness of Fit - Run test

= 50

§ Example from “Data Analysis in High Energy Physics” Wiley-VCH
45Edited by 0.B., K. Kroeninger, G. Schott, T. Schoemer-Sadenius

R

o] = I et

.
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0 2 4 6 8 10 12 14 16 18 o 20
+-——F+++++-————- ++—-—)

Runs

-> Easy to do test!

Idea: count runs = regions
with same sign of deviation

r = #runs
N, = #bins data>model
N = #bins data<model

r should follow Binomial statist.
2N, N_
N, + N_
2Ny N_(2N,N_ - N, — N_)

Elr] = 1+

V] (Ny 4+ N_A(Ny + N_—1)
_ r=Elr] Approximate
V[r]  Significance

Here: r=6, E(r)=10.61+2.1

- p-value = 0.0285 "



1 Summary GOF tests of modelling

Perform GOF tests through various analysis stages:

v Control plots (1)

v Signal Extraction (1)

v' Comparisons to theory (1)

-> essential for understanding/control of analysis
results and theory!

- Apply = two different tests, e.g 5{2 and K.S.
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@ Use 2 tests for

outlier rejection

+++ 4T

v iR

0.06—| 2/ ndf 714219

:_ p0 -0.01047 = 0.00316 O
vl nonloonollonoolaonsolanonl o lralonnallonaclor
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Role of y2: Combination of two measurements

2 (ﬂf— fy’ijﬂ
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I E_ﬁmgﬂ!&ﬂ]‘ * E—H(ﬂ—ﬂjgfg
/ / - GOF test and
GOF-test Info on a

parameter Info decoupled!
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Combination of n measurements

Example: track fit of horizontally flying particle in n detector layers

x2 I ndf 5.816 /9
0.025

0.02 p0 0.002949 + 0.003162

0.015

0.01
0.005

i E— E,[ <«— Weighted average position

0

-0.005

-0.01

-0.015

t

-0.02

AT T TN T T O T A O O I S S N S B
1 2 3 4 5 6 7 8 9 10

Repeated experiments: Xoin = X (@) follows f(x2,n-1) distribution

1 91 a2
f(?{gﬂn) — F(ﬂ/z)zrlfﬁ ) (YE) 2=t e X /2

'111\f“Iai.h::PrDb(}(2?n) :/f(j{ﬂgn) d}(f'?
-,LE

with [(n/2) :/ﬂ dt et/ uniformly distr. in [0,1], why? .
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Track fits to 10 hits — Interactive work with ROOT, Run 1000 Fits

1) No noise: uncertainty of &, means of x2and prob(y2,9) distr.
EY2) Repeat with noise hits

i a) just fitting

o« b) discard fits with bad y?

1 c) outlier rejection + repeat track fit

0.01

0.005

i E— .{} <«— Weighted average position

0

-0.0051

-0.01

-0.0151

F Lo b by b b b b b Ly g i L
1 2 3 4 5 6 7 8 9 10

t

-0.02

Repeated experiments: Xoin = X (@) follows f(x2,n-1) distribution

. 1 )
f(x*n) =

(1{2)11;'?—1 e X /2

['(n/2)2n/2 I TMath::Prob(x?, n) = /f{j{ﬂ,n) dy”
2

X

i . > —tyn/2-1
with I'(n/2) = /.] dte 't uniformly distr. in [0,1], why? 5

0




Track fits to 10 hits — Interactive work with ROOT, Run 1000 Fits

1) No noise: uncertainty of &, means of x2and prob(y2,9) distr.
12) Repeat with noise hits:

a) just fitting

o« b) discard fits with bad y?

1 c) outlier rejection + repeat track fit

FIL

0.01

i E— .{} <«— Weighted average position

0.005

0

-0.005

-0.01—

'ROOT 6 Macro available at
www.desy.de/~obehnke/stat/school_18feb/pOtoyf.C
Instructions available at
www.desy.de/~obehnke/stat/school_18feb/compueb_pOtoyf.pdf

9 . 1 —1.‘_2'..-"2 . ; :
f(X",n) = TMath::Prob(y%, n) = / fF(X?,n) dx?
2

X

R¢

( 2 )11;'2—1 _

F(n},@)i”fg. X c

. B > —tn/2-1
with F(ﬂ-;"fz) _/u dte "t uniformly distr. In [0’1]’ Why? 21


http://www.desy.de/%7Eobehnke/stat/schoolfeb18/p0toyf.C
http://www.desy.de/%7Eobehnke/stat/school_18feb/compueb_p0toyf.pdf

‘ x? tests for outlier rejection - Summary

track .
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1T gt
+
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=
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-0.04

-0.06 x2 I ndf 71.42/9

po -0.01047 = 0.00316

-0.08
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.;_
N
of
'S
1

- Can use y? tests as powerful tool for Pattern recognition tasks

Note: Rejecting hits with 2 >5 is hard cut, tune (e.g. try 10) 29



3 GOF+Likelihood-ratio tests for
optimal background parametrisation

. test
Hy: plis a good model Entries 101000
— Mean 4.095
4000 - RMS 0.5691
35003— e input data

3000}

— fit

2500
Ns = 826.59 + 103.46

- s
2000 ]
- po = -360.43 + 53.28
Hl: need more p1 = 715.79+ 13.53

background pars
SOOE 13/ndof = 34.7/37 = 0.94
0 ' | l I I | 1

| —— | - — | 11 1 | - — | —— 1 1 1 1 1 | L1 | | ) —— | 1 1 1
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3 GOF+Likelihood-ratio tests for
optimal background parametrisation

. test
Hy: plis a good model Entries 101000
= Mean 4.095
4000 :_ RMS 0.5691
3500:— e input data
3 ®;
3000— — fit
25002—
- o Ns = 826.59 + 103.46
2000— .
- / - LR = L(H,)/L(H,) provides optimal
H,: need more test (Neyman-Pearson)
background pars - Choose optimal parametrisation
500
E based on GOF+LR tests
0 | - | L1 1 | 11 1 l llllllllllllllllllllllllllll
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#of background fit pars — How many are needed?

test
Entries 101000 ' I -
i sniries 101000 Fit function:
4000 RMS 0.5691 gauss+ pO
35003— ¢ input data
L oy -
3000 — fit e
é | A*Hﬂ******
2500F =
r o0 g ®*® _ .
2000 ;_++_“++’ P s Ns = 827.87 + 103.47
1500 ;— poO = 2502.20 + 8.29
1000 L n :
L - ~ 2
- o (HDN) oS e mn(n/ )
00F L(n|n) i
0:I 1 | 11 1 | 11 1 l 1 11 | 1 L1 | 1 1 1 l 1 1 1 l 11 1 | 1 1 1 I 1 1 1 I - ~_2
3 32 34 3.6 3.8 4 4.2 4.4 46 438 5 X — 2880
-> Very poor fit: TMath::Prob(2880,38) = 0.
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#of background fit pars

test
Entries 101000
e Mean 4.095
4000 RMS 0.5691
3500 f— e input data
- o
3000— — fit
2500—
E Ns = 826.59 + 103.46
2000 —
. po = -360.43 + 53.28
1500—
1000 E_ p1 =715.79+ 13.53
500 E_ ¥%ndof = 34.7/37 = 0.94
0 : 1 1 | 1 1 1 | 1 1 1 l 1 1 1 I 1 1 1 | 1 1 1 l 1 1 1 l 1 1 1 I 1 1 1 | 1 1 1
3 3.2 3.4 3.6 3.8 4 4.2 4.4 4.6 4.8 5
~
- Reasonable X© TMath::Prob(34.7,37) = 0.58

Fit function:
gauss+pl

L

X =347

Should we
stop here? 26



#of background fit pars

test
Entries 101000
Mean 4.095
RMS 0.5691

4000

3500 e input data

3000 — fit

2500

2000

1500

1000

500

wc

> Reasonable X° TMath::Prob(34.7,37) = 0.58

Fit function:
gauss+pl

= 34.7

Should we

stop here? 7



#of background fit pars

4000

3500

3000

2500

2000

1500

1000

500

wo

test

¢ input data

— fit

p2

Entries 101000
Mean 4.095
RMS 0.5691

=933.43+ 108.37

= 896.96 + 378.08

= 66.31+ 193.98

= 82.01% 24.43

x2/ndof = 26.0/36 = 0.72

1 | L1 __1 | L1 __1 l | L__1 | | —— I L1 __1 l ) — l |

1 | 1 __1

~32 34 36 38 4 42 44 46

4.8 5

> Reasonable X°

TMath::Prob(26.0,36) = 0.89

Fit function:
gauss+p2

~2
X =26.0

AX = 87

Should we
stop here?
28



#of background fit pars

Fit function:

gauss+p3
~ 2
X =240

~ 2
p1 = -3416.69 + 448.41 AX — -20

test
Entries 101000
= Mean 4.095
4000 RMS 0.5691
3500 E— e input data
3000 —fit
2500
- Ns = 925.54 + 109.97
2000— po = 5392.16 + 610.64
1500—
r p2 = 969.95+ 115.23
1000—
L p3 = -74.50 + 10.30
500— ¥2/ndof = 24.0/35 = 0.69
0 : 1 1 1 I 1 1 1 | 1 1 1 l 1 1 1 | 1 1 1 | 1 1 1 l 1 1 1 l 1 1 1 I 1 1 1 | 1 1 1
3 32 34 36 338 4 42 44 4.6 4.8 5

> Reasonable X° TMath::Prob(24.0,35) = 0.92

Lets stop
here ©
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#of background fit pars

~2

g+p0 X
~2 ~2

g+pl X =347 AX =-2845.3
~9 ~ 2
X =260 AX =-87
~2

~9
g+p3 X =240 AX =-2.0

See also: www.pd.infn.it/~dorigo/rolkelrvsftest.pdf
= 2880 i 2 i
g+p2

When to stop adding further parameters?
H, Hypo: Additional parameter not needed (= zero)

. _ ~ 2
If H, correct then according to Wilks’ theorem: —A'X" should
follow 2 function with ndf=1 (in asymptotic regime of large n)

TMath::Prob(8.7,1) = 0.003 - g+p2 favoured over g+pl
Tmath::Prob(2.0,1) = 0.15 - g+p3 not favoured over g+p2

/
Gaussian z-scores:V8.7~3 and V2=1.4

30



Wilks' theorem

e H,: Additional parameters (as predicted by H,) not
needed (= zero)

¢ If H, correct then according to Wilks’ theorem:
—Ay? = -2In[L(H;)/L(H,)] should follow for n=> oo
v? function with ndf = #added parameters
(e.g. ndf = 3 for p2 = pb5)

Wilks’ theorem only applies for nested hypotheses:

v' H,: 15t order polynomial > H,: 2"d order
polynomial

X H,: 1st order polynomial - H;: a-exp(bx+cx?)

Samuel S. Wilks
(1906-1964)
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3 ) Optimal background parametrisation - Summary

Stop adding parameters k = k+1 when
> 'l’h-IaJth::Pmb(ﬂi?ndf) > 5%
» TMath::Prob(vi., — Yz, 1) > 5%

. ~2 ~
Equivalent X, qVs _‘{i test:
» Fisher F-test

What about background shape systematics?
—> Discuss next
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‘ Background shape systematics: intro+spurious signal

> weights / Ge V

Y weights - fitted bkg

T
WU:‘ ij 45m 7TV ATLAS
- ij 20371 {s=8TeV
—+-Data
S/B weighted sum
140 Signal strength categories

Conventional shape systematics:
* repeat fits with different functions (e.g.
polynomials, exponential)

e changes on signal strength u — A u

180

= Signal+background
===: Background

— Signal

m, =125.4 GeV

120f
1003
bgr
Sys

80[

Spurious signal idea': absorb systematics in
fit functionf = u - signal + u’ - signal + bgr
with u' = extra fit par. for spurious signal

m., [GeV]
| constraint on p'
4
fi W]
-9 i
) =2 i—ﬂé—'nélﬂ——|—[ :|
ﬂtj [::E;::-ufr Tli ] ﬁi&!ﬁtgéiz;

—> effective way of treating systematics as statistical uncertainty
—> Perhaps looks a bit ‘ugly’?
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Spurious signal In practice i e oo, 112015 2014

Determine A uff: from MC background toys

* generate with one function - fit with another function + signal

N

signal
strength background
bias* model
R b

true background

*too little signal measured in this case

- Lets look now at another method used in CMS
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Discrete profiling method standard Profile likelihood:
P. Dauncey, M. Kenzie, N. Wardle and G. Davies Scan /(}Z-ZAIH(L) VS X; prOfIIIng 6

350
300 +
250
4.t 1 M
200 t “‘&
+ g

150 2y +

Events /(1)

100 ¥ -

DUrs

| Full profile fit
1

-2ALL
o

50

A

1
: Fit freezing nuisance paramelter to best fit |

RN T TR TR N TN TN SNNN TN NN S NN TN SN N TN SN SR T SN S T
900 110 120 130 140 150
Invariant Mass

Fit gaussian signal + exponential background —

1

Parameters: x = signal mass; 6 =

N R REETE RS b | i

0
t fit

| I

background exponential slope (nuisance) = = e iE e ez g

I
68% C.L.
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Play around with nuisance parameter

Events/ (1)

4.t
g1 “‘K

Yoo

PR N T T
110

PR I R
120

PR R T T
130

[ R T T T
140 150
Invariant Mass

A =-2ALL

Fix 0 to a few random
values - red dashed lines

5”_ ........... Full profile fit /

- Fit freezing nuisance parameter to best fit é
Al
3
of
1_

_llllillllilllli|||||| I 1|I|I|i||||i||lli||||
fbo 121 122 123 124 125 126 127 128 129 130

X
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Play around with nuisance parameter

Events/ (1)

Fix 6 to many random values
- more red dashed lines

o F e\ T

4 < L Fits freezing nu
300 t ) .
250 i
200 { + ‘“ -

& ]

150 14 -
100 iadP e :
50 -

RN IS T NS S R SR SRS E S S N
Q00 110 120 130 140 150 {56525 1255

Invariant Mass

isance parameter to best fit

isance parameter to arbitary values

I|IIIIIIIII1IIII|IIII

0 121 122 123 124 125 126 127 128 129 130

X

Draw minimum envelope (green line)
—> begin to recover original curve
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Play around with nuisance parameter

Events/ (1)

Fix 6 to huge number of random
values = more red dashed lines

j -
| | | | < = Full profile fit
350 -ﬁl 5 —_ Fit freezing nuisance parameter to best it~ Lidf
300 ;\ + < : ----------- its freezing nuisance parameter to arbitary values
" 4 __ .......... . nvelope M.
250 + ‘ : o
+ e, : -“ 4 I ) + i i i
200 it SR
N - i 1 3 f
150 2 i
' + 2_— """""""" L A USRS Ty et e el 1
100 f
50 Um\¥;
? L L 1 1 I L L 1 1 I L L L L I 1 L L L I L L L 1 :>i : i i i
00 110 120 130 140 1 . Sty i lIJIlIilIIIiIIIliJIlI
!’ ? 123 124 125 126 127 128 129 130

Invariant Mass X

Minimum envelope = original curve
- One can mix discrete nuisance parameters with continuous ones
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A more realistic example

fi
Fit i -signal-model + background A =2 Z fi —=ni—n;iln n—] (Baker-Cousins X")
z
Test background functions with same #fit parameters
> 250 < 220 < 220~
1)) B B L\
° 1 4} — Laurent . 218 — Laurent | 218l & — Minimum Envelope
% 200§ ~ Sxponenta :  xponental \ - 68.3% Interval
:>j — Power Law 216 — Power Law 2161\ 270
_ — Polynomial C — Polynomial -\ 95.4% Interval
150 214 214 \ %
212}~ 212
100f 210i— w10l
i 208}~ 208_
50 - :
Iul claa ool L b b S b |
0r0~Tis 720 125 130 135 140 145 150 -1 05 0 05 1 15 2 25 204
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- Minimum envelope prowdes
* best fit value [
e Confidence interval (AA < 1)
o Systematic from background model choice 39




A more realistic example

Fit u -signal-model + background A = Q[Z fi —ni —niln f] (Baker-Cousins X)

Z

Test background functions with sar Are we yet at the beach?
~ 250 < 220
& I ‘} — Laurent -
:05 N — Exponential 218
c 200 B
L%’ — Power Law 216
150: + — Polynomial o14 i
212}
100}~ 210]
L 2083
50 B
i 206}
TR TR 204:....%...!...
910 115 120 125 130 135 140 145 150 -1 -0.5 0 5
m,, (GeV)

- Minimum envelope provides:
* best fit value [
e Confidence interval (AA < 1)
o Systematic from background model choice 40




Bias and Coverage

Generate toy MC from variou:c. background hypotheses and study
bias and coverage® of fitted /¢t as function of generated true p

Power Law

Bias Coverage/Expected Coverage
08E- ® Laurent 115 oL
= = 0 aurent
0.6 O Power Law =
06E- o Poverlar |5 14E 68.3% Interval o Power Law
A 02 v Envelope S 105 O Exponential
| e e e . G el
04E =5
=. _0_6;@@@@@@@@%@@@ D?O'QSEP&@ {]ﬂ@@ﬁ@@@@@
I 08E 0.9
(3 e T TR SEnEEE PR
~ -1 0.5 0 0.5 1 1.5 2 -1 0.5 0 0.5 1 1.5 2
v H U

- Minimum envelope provides small bias and good coverage

TCoverage: correct coverage means that in 68.3% of repeated experiments the
true parameter value is contained within the estimated +1 sigma region.




Fits with background functions of different orders

Events/ (1) _

250

200

150

100

50

Polynomial (2pars)
Polynomial (3pars)
Polynomial (4pars)
Polynomial (5pars)
Polynomial (6pars)
Exponential Sum (2pars)
Exponential Sum (4pars)
Exponential Sum (6pars)
Power Law Sum (2pars)
Power Law Sum (4pars)
Power Law Sum (6pars)
Laurent Series (2pars)

Laurent Series (3pars)

Laurent Series (4pars)
Laurent Series (5pars)
Laurent Series (Bpars)

10

115 120 125 130 135 140 145

mW

- need to correct A for different npars

A =-2In(L) + c npars

150

Minimum A envelope:
functions with large
#fit parameters
(npars) yield lower A

c=1 2 “approximate p-value correction”
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A scans and minimum envelope A =-2In(L) + ¢ npars; c=1
g 222 ‘-_‘; "' Polynomial (2pars) 8 222 - "-.
= ‘.‘ A% A Iue :Zo:ynom?a: Eipars; -l(:'—) \
\ 1y . - olynomial (4pars . _
8 590 \ ppI‘OX p va Polynamial (spars) ® 220 Minimum Envelope (Approx. p-value)
t | Polynomial (6pars) t -
O - Exponential Sum (2pars) o - -
(] - R\ e Exponential Sum (4pars) o - 68.3% Interval
+ 218 P o o) + 2181
< o e < 0 95.4% Interval
216 Laurent Series (2pars) 216
— Laurent Series (3pars) —
— Laurent Ser?es (4pars) :
214 Lauren Secs (o) 214
2121 ’ 2121
2101 o10f~ NN T
208(~ 208[
206_| L1 1 | |- ‘ L1 1 1 | L1 1 1 T L1 1 1 | L1 1 | | L1 1 1 | 2 l_‘-|--|--|--|--|--|--\--|--|-.l--|-T-T-| L1 11 -l--\--l--l-T-T-T-I--I--I--I--
-1 05 O 0.5 1 1.5 2 2.5 06—1 -05 0 0.5 1 1.5 2 2.5
U u

Best fit: 2 parameter power law

Choice of c:
e Large, e.g. 5 ->prefer lower order functions ->potential biases
« Small, e.g. 0.1 ->prefer higher order functions >blow up o

stat
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Summary of Discrete Profile Likelihood method

» Method shows good coverage in toy experiments - perform toy
experiments for your specific analyses

» Choices (open questions):
» function models to include?
» Cterm

» Method has been used e.g.
In CMS H - yy analysis

19.7 b (8 TeV) + 5.1 fb' (7 TeV)

*

—

Q
)

- CMS
- H—yy
X

S/(S+B) weighted sum
¢ Data

w
o

w

S+B fits (weighted sum)

------ B component

n
6)}
T[T

na
TTTTTT

1.5F

0.5F

S/(S+B) weighted events / GeV

110 115 120 125 130 135 140 145 150

m,, (GeV)
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test

Summary 13 ' =
4000 RMS __ 0.5691
. — e input data
Goodness-of-Fit tests for T .
. . 2500;-
1 Checking data modelling v o
2000

po0 =-360.43 + 53.28

- Perform = 2 tests, e.q.
Ouitlier rejection

pl =715.79 + 13.53

¥2Indof = 34.7/37 = 0.94

500 —
— XZ tests pOWQ[’fU' tool 0333 54 36 38 4 42 44 46 48 5l
Likelihood ratios for Background | ‘
9 Optimal parametrisation ™} —+— JT+ 4 |
o
- Stop k=>k+1 when: WoF ——
TMath::Prob(Ys | — X5, 1) > 5% & | + %
TMath::Prob(y:, ndf) > 5% 0.04~
’ Shape systematics | it 4219
(dISCl'ete prOflllng) -0.08;— p0 -0.01047 = 0.00316 +

—> stat+syst error in one go

-
N_
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Final riddle — part |
Meggie has two children and
the older one Is a girl
- What is the probability that the
other child is also a girl?
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Final riddle — part I
From all families with two children, at
least one of whom Is a girl, a family Is
chosen at random - What Is the
probability that both children are girls?
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Backup slides
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ccccc

'GEU: 100~ .
1. Optimal ’ q 2. Signal searches,
S/B Separation “F E fItS of all kind of interesting
4°;- ] physics parameters to data
| O and limits
9’% ":_ o E 10 19.7 fo' (8 TeV) + 5.1 o' (7 TeV)
§ E 35 f_ Hc_'\.": S/(S+B) weighted sum
~ £ ¢ Data
Worst lepMVA 5 2: ok e sl
4 gCMs Simuiation, (s = 7 Tev ” é 2
983_ 1500% § '-5§ =
% 05 5 E n.sg— o= 12470 0.3 Gov
3. Unfolding 10008 ? sl ke
. . 8 o 2 wt Tt
differential o O
.05 500 R T R TR R R VR VR

m,, (GeV)

it -0.5 0 0.5 1

"Reconstructed cos Chy)

5. Data combination

4. Systematic uncertainties

CMS 2510 |-

CMS+LHCb |

preliminary
L 1 1 1 1 1
0 1 2 3 4 5 6 7 49
B(B'— wu) [107]
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