
 BFKL, Dipols, 𝝺-Fits and AWAKE-VHEeP  

Motivation:  
Confinement forces emerge from complicated gluon-gluon interaction, 
experimental studies of confinement are difficult because everything  
happens very quickly, 10-23 sec  

However, at very high energies time dilatation slows down all physics 
processes what allows to describe complicated gluon structures from 
first principles 
➤  BFKL resummation of all Feynman diagrams for gluon-gluon 
interaction 

➤  highlight of AWAKE-VHEeP + …. physics studies      

 Henri Kowalski  
x-Fitter Meeting, Krakow,  5th of March 2018 



the talk is based on: 

Decoupling of the leading contribution in the discrete BFKL
analysis of high-precision HERA data

H. Kowalski, L. N. Lipatov, D. A. Ross, O. Schulz

✦Discrete spectrum of BFKL eigenstates 
✦Analysis of HERA-F2  ☛ BFKL-Ground State has to be saturated  
✦Dipole Picture as a natural framework for analysis of saturated  
✦Ground State 

Eur. Phys. J. C (2017) 77:777

𝝺-Fits with A. Luszczak

AWAKE-VHEeP project



The dynamics of Gluon Density at low x is determined by the 
amplitude for the scattering of a gluon on a gluon, described by 
the BFKL equation

 solved by the Green function method, 
in terms of the eigenfunctions of the 

kernel 
�

dk� 2K(k,k�)f�(k�) = �f�(k)

⇤

⇤ ln s
A(s,k,k�) = �(k2 � k� 2) +

�
dq2K(k,q)A(s,q,k�)

in LO, with 
fixed αs            ⌅ = �s⇤0(⇥)

Green f. method - preserves the scaling 
(conformal) invariance of BFKL 
⇒ most consistent solution of BFKL  

a possible bridge to Pomeron-Graviton?  

f�(k) = exp(i� ln k2)/k

3
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𝝺-Fit
F2 ∝ (1/x)𝝺In LO with fixed 𝛂s 

BFKL predicts that F2 is 
dominated by the leading 
trajectory  F2 ~ (1/x)ω 

ω =  4 𝛂s ln 2 ≈ 0.5

independent of Q2

with NLO with resummation

ω ≈ 0.3
also independent of Q2

⇒ 
clear contradiction to HERA data



with running αs,  the eigenfunctions of the BFKL Kernel are given by 
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f!n(t) =

r
⇡

�0(!n)
N!n(t)Ai(z(t)).

Eigenfunctions
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the only free parameter of fn(t)
is the phase η  ⇔  ω , kcrit    

Nω  , z, 𝜙 are known
functions of  t = ln(k2/𝚲)

KLRO ⇒
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     ω  = A/(n+B) 

 tc = ln(kcrit2 /𝚲QCD)



Comparison with HERA data

Integrate the gluon density with the 
photon impact factor
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xg(x, k) =

Z
dk0

k0
�p(k

0)
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 Construct the Green Function and integrate it with the proton 
impact factor

F2(x,Q
2) =

Z 1

x
d⇣

Z
dk

k
��(⇣, Q, k)xg

✓
x

⇣
, k

◆
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 Q2 > 6 GeV2

 x < 0.001
Np = 51

very low 𝞆2/ Ndf  = 0,72
due to uncorrelated errors

DPS

x

F
2

0.8

1

1.2

1.4

1.6

1.8

10
-4

10
-3

b (GeV�2) 10 20
A 0.51844 0.51913
B 1.58697 1.58657

⌘neg -0.0911 -0.0550
�2 33.9 33.3

b (GeV�2) 10 20
A 0.48771 0.47905
B 1.37933 1.34020
C 0.001578 0.002424

⌘neg -0.0754 -0.0518
�2 32.9 33.1
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  Q2 dependence 

KMS photon form factor, computed beyond LO  

Q2 cut (GeV2) 4 6 9
A 0.51852 0.51844 0.51818
B 1.58847 1.58697 1.58356

⌘neg -0.0911 -0.0911 -0.0911
Np 59 51 37
�2 68.5 33.9 17.4

�2/Ndf 1.25 0.72 0,52
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Decoupling of the leading eigenfunction

∫ 𝚽p(k) f1(k) d(lnk) ≈ 0

 𝚽p(k)  =  Ak2 exp(-bk2)

 ____    b = 10 GeV-2

……..   b =  20 GeV-2

the fit selected always a phase for which 

Eigenfunctions
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⇒ f1 (t)  cannot be the 
    Ground State of BFKL 
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     extrapolation to n=0 gives
     kcrit of the Ground State  ~700 MeV
     i.e. a state  similar to             ☛   ☛   

   kcrit  = 1.05
   η  =  - 2.35
   ω  =  0.37

such a state will 
multiply interact  
with itself  
☛ saturate

  ➔ Evaluate using Dipole Model 



13

��⇤p
T,L(x,Q) =

X

f

Z
d2~r

Z 1

0

dz

4⇡
( ⇤ )fT,L �qq̄(x, r)

<latexit sha1_base64="o8vqHQArILBEYH1g7bJHqRzohs4="></latexit><latexit sha1_base64="o8vqHQArILBEYH1g7bJHqRzohs4="></latexit><latexit sha1_base64="o8vqHQArILBEYH1g7bJHqRzohs4="></latexit><latexit sha1_base64="o8vqHQArILBEYH1g7bJHqRzohs4="></latexit>

d�qq̄

d2~b
= 2


1� exp

✓
� ⇡2

2Nc
r2↵S(µ

2)xg(x, µ2)T (b)

◆�
.

<latexit sha1_base64="tqp9WThExgKxL/OF6XA0rZzNSTQ="></latexit><latexit sha1_base64="tqp9WThExgKxL/OF6XA0rZzNSTQ="></latexit><latexit sha1_base64="tqp9WThExgKxL/OF6XA0rZzNSTQ="></latexit><latexit sha1_base64="tqp9WThExgKxL/OF6XA0rZzNSTQ="></latexit>

  Ground State has some similarity to GBW Ansatz 

   Dipole Model evaluation 

  use BFKL Gluon Density with 

�GBW
qq̄ (x, r) = �0

⇣
1� e�r2Q2

s(x)/4
⌘

<latexit sha1_base64="cAHSO+zZje9qBQPED5/k6ZAoZ3c="></latexit><latexit sha1_base64="cAHSO+zZje9qBQPED5/k6ZAoZ3c="></latexit><latexit sha1_base64="cAHSO+zZje9qBQPED5/k6ZAoZ3c="></latexit><latexit sha1_base64="cAHSO+zZje9qBQPED5/k6ZAoZ3c="></latexit>

Q2
s(x) = (x0/x)

�GBW
<latexit sha1_base64="waEo2GiVUUaRkFHlkwrmv5ifTXU=">AAACD3icbVC7TsMwFHXKq5RXgZHFokK0S0kqxGNAqmCAsZUordSkkeM41KrzkO2gVlE+gYVfYWEAxMrKxt/gthmg5UhXOjrnXvve40SMCqnr31puYXFpeSW/Wlhb39jcKm7v3Ikw5pi0cMhC3nGQIIwGpCWpZKQTcYJ8h5G2M7ga++0HwgUNg1s5iojlo/uAehQjqSS7eAibtujVysMKvIDloa0fDSu9xGTqBRfZicl9eH3ZTlO7WNKr+gRwnhgZKYEMDbv4Zbohjn0SSMyQEF1Dj6SVIC4pZiQtmLEgEcIDdE+6igbIJ8JKJgel8EApLvRCriqQcKL+nkiQL8TId1Snj2RfzHpj8T+vG0vvzEpoEMWSBHj6kRczKEM4Tge6lBMs2UgRhDlVu0LcRxxhqTIsqBCM2ZPnSatWPa8azeNS/SRLIw/2wD4oAwOcgjq4AQ3QAhg8gmfwCt60J+1Fe9c+pq05LZvZBX+gff4Atz+atg==</latexit><latexit sha1_base64="waEo2GiVUUaRkFHlkwrmv5ifTXU=">AAACD3icbVC7TsMwFHXKq5RXgZHFokK0S0kqxGNAqmCAsZUordSkkeM41KrzkO2gVlE+gYVfYWEAxMrKxt/gthmg5UhXOjrnXvve40SMCqnr31puYXFpeSW/Wlhb39jcKm7v3Ikw5pi0cMhC3nGQIIwGpCWpZKQTcYJ8h5G2M7ga++0HwgUNg1s5iojlo/uAehQjqSS7eAibtujVysMKvIDloa0fDSu9xGTqBRfZicl9eH3ZTlO7WNKr+gRwnhgZKYEMDbv4Zbohjn0SSMyQEF1Dj6SVIC4pZiQtmLEgEcIDdE+6igbIJ8JKJgel8EApLvRCriqQcKL+nkiQL8TId1Snj2RfzHpj8T+vG0vvzEpoEMWSBHj6kRczKEM4Tge6lBMs2UgRhDlVu0LcRxxhqTIsqBCM2ZPnSatWPa8azeNS/SRLIw/2wD4oAwOcgjq4AQ3QAhg8gmfwCt60J+1Fe9c+pq05LZvZBX+gff4Atz+atg==</latexit><latexit sha1_base64="waEo2GiVUUaRkFHlkwrmv5ifTXU=">AAACD3icbVC7TsMwFHXKq5RXgZHFokK0S0kqxGNAqmCAsZUordSkkeM41KrzkO2gVlE+gYVfYWEAxMrKxt/gthmg5UhXOjrnXvve40SMCqnr31puYXFpeSW/Wlhb39jcKm7v3Ikw5pi0cMhC3nGQIIwGpCWpZKQTcYJ8h5G2M7ga++0HwgUNg1s5iojlo/uAehQjqSS7eAibtujVysMKvIDloa0fDSu9xGTqBRfZicl9eH3ZTlO7WNKr+gRwnhgZKYEMDbv4Zbohjn0SSMyQEF1Dj6SVIC4pZiQtmLEgEcIDdE+6igbIJ8JKJgel8EApLvRCriqQcKL+nkiQL8TId1Snj2RfzHpj8T+vG0vvzEpoEMWSBHj6kRczKEM4Tge6lBMs2UgRhDlVu0LcRxxhqTIsqBCM2ZPnSatWPa8azeNS/SRLIw/2wD4oAwOcgjq4AQ3QAhg8gmfwCt60J+1Fe9c+pq05LZvZBX+gff4Atz+atg==</latexit><latexit sha1_base64="waEo2GiVUUaRkFHlkwrmv5ifTXU=">AAACD3icbVC7TsMwFHXKq5RXgZHFokK0S0kqxGNAqmCAsZUordSkkeM41KrzkO2gVlE+gYVfYWEAxMrKxt/gthmg5UhXOjrnXvve40SMCqnr31puYXFpeSW/Wlhb39jcKm7v3Ikw5pi0cMhC3nGQIIwGpCWpZKQTcYJ8h5G2M7ga++0HwgUNg1s5iojlo/uAehQjqSS7eAibtujVysMKvIDloa0fDSu9xGTqBRfZicl9eH3ZTlO7WNKr+gRwnhgZKYEMDbv4Zbohjn0SSMyQEF1Dj6SVIC4pZiQtmLEgEcIDdE+6igbIJ8JKJgel8EApLvRCriqQcKL+nkiQL8TId1Snj2RfzHpj8T+vG0vvzEpoEMWSBHj6kRczKEM4Tge6lBMs2UgRhDlVu0LcRxxhqTIsqBCM2ZPnSatWPa8azeNS/SRLIw/2wD4oAwOcgjq4AQ3QAhg8gmfwCt60J+1Fe9c+pq05LZvZBX+gff4Atz+atg==</latexit>

~ exp(-1/r2)

µ2 = k2 = C/r2 + µ2
0

<latexit sha1_base64="A69kBm6wz8q9rJI2jqYBz2uTAaQ=">AAACBXicbVDLSgMxFM3UV62vUZciBIsgCHWmiI+FUOjGZQXHFtrpkEkzbWiSGZKMUEpXbvwVNy5U3PoP7vwbM+0stHoguYdz7iW5J0wYVdpxvqzCwuLS8kpxtbS2vrG5ZW/v3Kk4lZh4OGaxbIVIEUYF8TTVjLQSSRAPGWmGw3rmN++JVDQWt3qUEJ+jvqARxUgbKbD3OzztVuEVHGZ3/USacgyNGDjdaimwy07FmQL+JW5OyiBHI7A/O70Yp5wIjRlSqu06ifbHSGqKGZmUOqkiCcJD1CdtQwXiRPnj6RoTeGiUHoxiaY7QcKr+nBgjrtSIh6aTIz1Q814m/ue1Ux1d+GMqklQTgWcPRSmDOoZZJrBHJcGajQxBWFLzV4gHSCKsTXJZCO78yn+JV61cVtyb03LtLE+jCPbAATgCLjgHNXANGsADGDyAJ/ACXq1H69l6s95nrQUrn9kFv2B9fAOKnJV+</latexit><latexit sha1_base64="A69kBm6wz8q9rJI2jqYBz2uTAaQ=">AAACBXicbVDLSgMxFM3UV62vUZciBIsgCHWmiI+FUOjGZQXHFtrpkEkzbWiSGZKMUEpXbvwVNy5U3PoP7vwbM+0stHoguYdz7iW5J0wYVdpxvqzCwuLS8kpxtbS2vrG5ZW/v3Kk4lZh4OGaxbIVIEUYF8TTVjLQSSRAPGWmGw3rmN++JVDQWt3qUEJ+jvqARxUgbKbD3OzztVuEVHGZ3/USacgyNGDjdaimwy07FmQL+JW5OyiBHI7A/O70Yp5wIjRlSqu06ifbHSGqKGZmUOqkiCcJD1CdtQwXiRPnj6RoTeGiUHoxiaY7QcKr+nBgjrtSIh6aTIz1Q814m/ue1Ux1d+GMqklQTgWcPRSmDOoZZJrBHJcGajQxBWFLzV4gHSCKsTXJZCO78yn+JV61cVtyb03LtLE+jCPbAATgCLjgHNXANGsADGDyAJ/ACXq1H69l6s95nrQUrn9kFv2B9fAOKnJV+</latexit><latexit sha1_base64="A69kBm6wz8q9rJI2jqYBz2uTAaQ=">AAACBXicbVDLSgMxFM3UV62vUZciBIsgCHWmiI+FUOjGZQXHFtrpkEkzbWiSGZKMUEpXbvwVNy5U3PoP7vwbM+0stHoguYdz7iW5J0wYVdpxvqzCwuLS8kpxtbS2vrG5ZW/v3Kk4lZh4OGaxbIVIEUYF8TTVjLQSSRAPGWmGw3rmN++JVDQWt3qUEJ+jvqARxUgbKbD3OzztVuEVHGZ3/USacgyNGDjdaimwy07FmQL+JW5OyiBHI7A/O70Yp5wIjRlSqu06ifbHSGqKGZmUOqkiCcJD1CdtQwXiRPnj6RoTeGiUHoxiaY7QcKr+nBgjrtSIh6aTIz1Q814m/ue1Ux1d+GMqklQTgWcPRSmDOoZZJrBHJcGajQxBWFLzV4gHSCKsTXJZCO78yn+JV61cVtyb03LtLE+jCPbAATgCLjgHNXANGsADGDyAJ/ACXq1H69l6s95nrQUrn9kFv2B9fAOKnJV+</latexit><latexit sha1_base64="A69kBm6wz8q9rJI2jqYBz2uTAaQ=">AAACBXicbVDLSgMxFM3UV62vUZciBIsgCHWmiI+FUOjGZQXHFtrpkEkzbWiSGZKMUEpXbvwVNy5U3PoP7vwbM+0stHoguYdz7iW5J0wYVdpxvqzCwuLS8kpxtbS2vrG5ZW/v3Kk4lZh4OGaxbIVIEUYF8TTVjLQSSRAPGWmGw3rmN++JVDQWt3qUEJ+jvqARxUgbKbD3OzztVuEVHGZ3/USacgyNGDjdaimwy07FmQL+JW5OyiBHI7A/O70Yp5wIjRlSqu06ifbHSGqKGZmUOqkiCcJD1CdtQwXiRPnj6RoTeGiUHoxiaY7QcKr+nBgjrtSIh6aTIz1Q814m/ue1Ux1d+GMqklQTgWcPRSmDOoZZJrBHJcGajQxBWFLzV4gHSCKsTXJZCO78yn+JV61cVtyb03LtLE+jCPbAATgCLjgHNXANGsADGDyAJ/ACXq1H69l6s95nrQUrn9kFv2B9fAOKnJV+</latexit>

  but exponentially suppressed at small r2 
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dominated by the  
second eigenfunction !!
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can we see some signs 
of dominance of the  
second eigenfunction at  
HERA?
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preliminary results 
 by A. Luszczak

𝝺-Fit
F2 ∝ (1/x)𝝺

 ⧳  x < 0.01
 ⧳  x < 0.001
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k= 3 GeV

k= 10 GeV

k= 30 GeV
Effects of SuSy threshold
             at 3 TeV

⌅n =
0.96
⇤�

· 1
⇥ + n� 1/4

�SM

�SUSY
=

7
3
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Back up slides  

25



26

contribution to gluon density from negative ω   

x =  10-3

t  =  12  
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